
Offline Reinforcement Learning:
Towards Optimal Sample Complexity and

Distributional Robustness

Laixi Shi

University Center of Excellence Meeting
January 2023



My wonderful collaborators

Yuejie Chi Gen Li Yuxin Chen Yuting Wei

CMU UPenn UPenn UPenn



Recent successes in reinforcement learning (RL)

In RL, an agent learns by interacting with an environment.

RL holds great promise in the next era of artificial intelligence.
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Background and problem formulation



Markov decision processes

• S: state space • A: action space

• r(s, a) ∈ [0, 1]: immediate reward

• π(·|s): policy (or action selection rule)

• P (·|s, a): transition probabilities
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Value function

Value/Q-function function of policy π:

∀s ∈ S : V π(s) := E

[ ∞∑

t=0

γtrt
∣∣ s0 = s

]

∀(s, a) ∈ S ×A : Qπ(s, a) := E

[ ∞∑

t=0

γtrt
∣∣ s0 = s, a0 = a

]

• γ ∈ [0, 1) is the discount factor; 1
1−γ is effective horizon

• Expectation is w.r.t. the sampled trajectory under π

• Given initial state distribution ρ, let V π(ρ) = Es∼ρV π(s).
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Searching for the optimal policy

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

P, r

Goal: find the optimal policy π? that maximize V π(ρ)

• optimal value / Q function: V ? := V π? , Q? := Qπ
?

• optimal policy π?(s) = argmaxa∈AQ
?(s, a)
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Data source in RL

Exploration
Sample trajectory and behavior policy

(s, a) sÕ P (·|s, a) generative model

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory

Key quantities of sample trajectory
• minimum state-action occupancy probability

µmin := min µfib(s, a)¸ ˚˙ ˝
stationary distribution• mixing time: tmix
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generative modelonline RLoffline RL

Our focus: offline RL without exploration
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Offline RL / Batch RL

• Sometimes we can not explore or generate new data

• But we have already stored tons of historical data

medical records data of self-driving clicking times of ads

Can we learn a good policy based solely on historical data
without active exploration?
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Model-based offline RL is nearly minimax optimal



A simplified model of history data from behavior policy

Transition kernel

<latexit sha1_base64="fIFnyjcRLKNFu5kmKHhWAcw6RHw=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJBINfVW9OKxgmkLbSib7aZdutmE3Y1QSn+DFw+KePUHefPfuG0jqOiDgcd7M8zMC1POlHacD2tpeWV1bb2wUdzc2t7ZLe3tN1WSSUJ9kvBEtkOsKGeC+pppTtuppDgOOW2Fo+uZ37qnUrFE3OlxSoMYDwSLGMHaSH5FneKTXqns2J5Xu6y6yLGdOQxxz12vVkVurpQhR6NXeu/2E5LFVGjCsVId10l1MMFSM8LptNjNFE0xGeEB7RgqcExVMJkfO0XHRumjKJGmhEZz9fvEBMdKjePQdMZYD9Vvbyb+5XUyHdWCCRNppqkgi0VRxpFO0Oxz1GeSEs3HhmAimbkVkSGWmGiTT9GE8PUp+p80z2z3wnZuq+X6VR5HAQ7hCCrgggd1uIEG+ECAwQM8wbMlrEfrxXpdtC5Z+cwB/ID19gkhV45A</latexit>

(s, a)
<latexit sha1_base64="59NEgnJZrlYzsbMxVRpLcgi/YuQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkGFGqlN3RTcuK9gHtGPJZNI2NJMMSUYpY//DjQtF3Pov7vwb03YEFT1w4XDOvdx7TxAzqrTjfFi5hcWl5ZX8amFtfWNzq7i901QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKRhdTv3VLpKKCX+txTPwIDTjtU4y0kW7q5S4OhYb3UB2hw16x5NieVz2ruNCxnRkMcU9cr1qBbqaUQIZ6r/jeDQVOIsI1ZkipjuvE2k+R1BQzMil0E0VihEdoQDqGchQR5aezqyfwwCgh7Atpims4U79PpChSahwFpjNCeqh+e1PxL6+T6H7VTymPE004ni/qJwxqAacRwJBKgjUbG4KwpOZWiIdIIqxNUAUTwten8H/SPLbdU9u5qpRq51kcebAH9kEZuMADNXAJ6qABMJDgATyBZ+vOerRerNd5a87KZnbBD1hvnzCDkaw=</latexit>

P (·|s, a)

initial distribution

<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0

No longer 
arbitrary!

Goal of offline RL: given history data D := {(si, ai, ri, s′i)}Ni=1,
find an ε-optimal policy π̂ obeying

V ?(ρ)− V π̂(ρ) ≤ ε

— in a sample-efficient manner
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s�

No longer 
arbitrary!

behavior policyinitial distribution

fib(·|s)

historical dataset D =
)
(s(i), a(i), sÕ(i))

*
: N independent copies of

s ≥ fl, a ≥ fib(· | s), sÕ ≥ P (· | s, a)

for some initial state distribution fl and behavior policy fib

Goal: given some test distribution fl and accuracy level Á, find ‚fi s.t.

V ı(fl) ≠ V ‚fi(fl) = E
s≥fl

#
V ı(s)

$ ≠ E
s≥fl

#
V ‚fi(s)

$ Æ Á

— in a sample-e�cient manner

18/ 41
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<latexit sha1_base64="59NEgnJZrlYzsbMxVRpLcgi/YuQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkGFGqlN3RTcuK9gHtGPJZNI2NJMMSUYpY//DjQtF3Pov7vwb03YEFT1w4XDOvdx7TxAzqrTjfFi5hcWl5ZX8amFtfWNzq7i901QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKRhdTv3VLpKKCX+txTPwIDTjtU4y0kW7q5S4OhYb3UB2hw16x5NieVz2ruNCxnRkMcU9cr1qBbqaUQIZ6r/jeDQVOIsI1ZkipjuvE2k+R1BQzMil0E0VihEdoQDqGchQR5aezqyfwwCgh7Atpims4U79PpChSahwFpjNCeqh+e1PxL6+T6H7VTymPE004ni/qJwxqAacRwJBKgjUbG4KwpOZWiIdIIqxNUAUTwten8H/SPLbdU9u5qpRq51kcebAH9kEZuMADNXAJ6qABMJDgATyBZ+vOerRerNd5a87KZnbBD1hvnzCDkaw=</latexit>

P (·|s, a)
<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0

No longer 
arbitrary!

behavior policyinitial distribution

A mathematical model of o�ine data

transition kernel

<latexit sha1_base64="64ZJ6JBAGhFC0NUgH0HFJdafGXw=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFRKppu6KblxWsA9oQplMJ+3QeYSZiVBCf8ONC0Xc+jPu/BunbQQVPXDhcM693HtPnDKqjed9OKWV1bX1jfJmZWt7Z3evun/Q0TJTmLSxZFL1YqQJo4K0DTWM9FJFEI8Z6caT67nfvSdKUynuzDQlEUcjQROKkbFSqGGoKYehGks4qNY8Nwgal3Ufeq63gCX+uR806tAvlBoo0BpU38OhxBknwmCGtO77XmqiHClDMSOzSphpkiI8QSPSt1QgTnSUL26ewROrDGEilS1h4EL9PpEjrvWUx7aTIzPWv725+JfXz0zSiHIq0swQgZeLkoxBI+E8ADikimDDppYgrKi9FeIxUggbG1PFhvD1KfyfdM5c/8L1buu15lURRxkcgWNwCnwQgCa4AS3QBhik4AE8gWcncx6dF+d12VpyiplD8APO2yd11ZFS</latexit>s � �
<latexit sha1_base64="e9jcrucCK3qAwYCxkh8MBVsQ9rI=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBahbkIi1dRd0Y3LCvYBTSiT6aQdOnkwMxFKDLjxV9y4UMStP+HOv3GaRlDRAxcO59zLvfd4MaNCmuaHVlpYXFpeKa9W1tY3Nrf07Z2OiBKOSRtHLOI9DwnCaEjakkpGejEnKPAY6XqTi5nfvSFc0Ci8ltOYuAEahdSnGEklDfQ9J6aD1AmQHAs/9bKs5uBhJG+hOBroVdOw7cZZ3YKmYeZQxDqx7EYdWoVSBQVaA/3dGUY4CUgoMUNC9C0zlm6KuKSYkaziJILECE/QiPQVDVFAhJvmP2TwUClD6EdcVShhrn6fSFEgxDTwVGd+7G9vJv7l9RPpN9yUhnEiSYjni/yEQRnBWSBwSDnBkk0VQZhTdSvEY8QRliq2igrh61P4P+kcG9apYV7Vq83zIo4y2AcHoAYsYIMmuAQt0AYY3IEH8ASetXvtUXvRXuetJa2Y2QU/oL19ApBvmB0=</latexit>

�b(·|s)
<latexit sha1_base64="fIFnyjcRLKNFu5kmKHhWAcw6RHw=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJBINfVW9OKxgmkLbSib7aZdutmE3Y1QSn+DFw+KePUHefPfuG0jqOiDgcd7M8zMC1POlHacD2tpeWV1bb2wUdzc2t7ZLe3tN1WSSUJ9kvBEtkOsKGeC+pppTtuppDgOOW2Fo+uZ37qnUrFE3OlxSoMYDwSLGMHaSH5FneKTXqns2J5Xu6y6yLGdOQxxz12vVkVurpQhR6NXeu/2E5LFVGjCsVId10l1MMFSM8LptNjNFE0xGeEB7RgqcExVMJkfO0XHRumjKJGmhEZz9fvEBMdKjePQdMZYD9Vvbyb+5XUyHdWCCRNppqkgi0VRxpFO0Oxz1GeSEs3HhmAimbkVkSGWmGiTT9GE8PUp+p80z2z3wnZuq+X6VR5HAQ7hCCrgggd1uIEG+ECAwQM8wbMlrEfrxXpdtC5Z+cwB/ID19gkhV45A</latexit>

(s, a)
<latexit sha1_base64="59NEgnJZrlYzsbMxVRpLcgi/YuQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkGFGqlN3RTcuK9gHtGPJZNI2NJMMSUYpY//DjQtF3Pov7vwb03YEFT1w4XDOvdx7TxAzqrTjfFi5hcWl5ZX8amFtfWNzq7i901QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKRhdTv3VLpKKCX+txTPwIDTjtU4y0kW7q5S4OhYb3UB2hw16x5NieVz2ruNCxnRkMcU9cr1qBbqaUQIZ6r/jeDQVOIsI1ZkipjuvE2k+R1BQzMil0E0VihEdoQDqGchQR5aezqyfwwCgh7Atpims4U79PpChSahwFpjNCeqh+e1PxL6+T6H7VTymPE004ni/qJwxqAacRwJBKgjUbG4KwpOZWiIdIIqxNUAUTwten8H/SPLbdU9u5qpRq51kcebAH9kEZuMADNXAJ6qABMJDgATyBZ+vOerRerNd5a87KZnbBD1hvnzCDkaw=</latexit>

P (·|s, a)
<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s�

No longer 
arbitrary!

behavior policyinitial distribution

fib(·|s)

historical dataset D =
)
(s(i), a(i), sÕ(i))

*
: N independent copies of

s ≥ fl, a ≥ fib(· | s), sÕ ≥ P (· | s, a)

for some initial state distribution fl and behavior policy fib

Goal: given some test distribution fl and accuracy level Á, find ‚fi s.t.

V ı(fl) ≠ V ‚fi(fl) = E
s≥fl

#
V ı(s)

$ ≠ E
s≥fl

#
V ‚fi(s)

$ Æ Á

— in a sample-e�cient manner

18/ 41

Goal of offline RL: given history data D := {(si, ai, ri, s′i)}Ni=1,
find an ε-optimal policy π̂ obeying

V ?(ρ)− V π̂(ρ) ≤ ε

— in a sample-efficient manner

10



Challenges of offline RL

Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies

1

Distribution shift:

distribution(D) 6= target distribution under π?
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Challenges of offline RL

Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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partial coverage (inadequately explored)

1
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1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1
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1
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1
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Challenges of offline RL

Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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1
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1
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1
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1
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1

uniform coverage over entire space (su�ciently explored)
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D
samples cover all (s, a) & all policies historical dataset ideally
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1
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distribution(D) 6= target distribution under π?
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How to quantify the distribution shift?

Single-policy concentrability coefficient (Rashidineiad et al.)

C? := max
s,a

dπ
?
(s, a)

dπb(s, a)
≥ 1

where dπ(s, a) is the state-action occupation density of policy π.

• captures distribution shift

• allows for partial coverage
⇡?

<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? <1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

<latexit sha1_base64="hEbTh7PvArl9GuysvTuQLcti750=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunFZwT6gjeVmMmmHTiZhZiLUEPwVNy4Ucet/uPNvnD4WWj1wL4dz7mXuHD/hTGnH+bIKC4tLyyvF1dLa+sbmlr2901RxKgltkJjHsu2DopwJ2tBMc9pOJIXI57TlD6/GfuueSsVicatHCfUi6AsWMgLaSD17L7jLugkzTWmQeV5Rx3DUs8tO1ZkA/yXujJTRDPWe/dkNYpJGVGjCQamO6yTay0BqRjjNS91U0QTIEPq0Y6iAiCovm1yf40OjBDiMpSmh8UT9uZFBpNQo8s1kBHqg5r2x+J/XSXV44WVMJKmmgkwfClOOdYzHUeCASUo0HxkCRDJzKyYDkEC0CaxkQnDnv/yXNE+q7lnVuTkt1y5ncRTRPjpAFeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+3S0YM12dtEvWB/fV6qVJA==</latexit>

d⇡
?

(s, a)

<latexit sha1_base64="ISJewiNViXA9eFkGu4KawCuvanI=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEClISEXVZdOOygn1AG8tkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DqgRkO59zLvfd4MaNS2faXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzx1dTv3BMhacRv1SQmboiGnAYUI6Wlgbnn36X9mOovRGokg9TLsqwmj9HRwKzadTuH9Zc4BalCgebA/Oz7EU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00/yEzDrUim8FkdCPKytXf3akKJRyEnq6Ml903puK/3m9RAUXbkp5nCjC8WxQkDBLRdY0D8ungmDFJpogLKje1cIjJBBWOrWKDsGZP/kvaZ/UnbO6fXNabVwWcZRhHw6gBg6cQwOuoQktwPAAT/ACr8aj8Wy8Ge+z0pJR9OzCLxgf33yOl3k=</latexit>

d⇡
b

(s, a)

12



How to quantify the distribution shift?

Single-policy concentrability coefficient (Rashidineiad et al.)

C? := max
s,a

dπ
?
(s, a)

dπb(s, a)
≥ 1

where dπ(s, a) is the state-action occupation density of policy π.

• captures distribution shift

• allows for partial coverage
⇡?

<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? <1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

<latexit sha1_base64="hEbTh7PvArl9GuysvTuQLcti750=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunFZwT6gjeVmMmmHTiZhZiLUEPwVNy4Ucet/uPNvnD4WWj1wL4dz7mXuHD/hTGnH+bIKC4tLyyvF1dLa+sbmlr2901RxKgltkJjHsu2DopwJ2tBMc9pOJIXI57TlD6/GfuueSsVicatHCfUi6AsWMgLaSD17L7jLugkzTWmQeV5Rx3DUs8tO1ZkA/yXujJTRDPWe/dkNYpJGVGjCQamO6yTay0BqRjjNS91U0QTIEPq0Y6iAiCovm1yf40OjBDiMpSmh8UT9uZFBpNQo8s1kBHqg5r2x+J/XSXV44WVMJKmmgkwfClOOdYzHUeCASUo0HxkCRDJzKyYDkEC0CaxkQnDnv/yXNE+q7lnVuTkt1y5ncRTRPjpAFeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+3S0YM12dtEvWB/fV6qVJA==</latexit>

d⇡
?

(s, a)

<latexit sha1_base64="ISJewiNViXA9eFkGu4KawCuvanI=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEClISEXVZdOOygn1AG8tkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DqgRkO59zLvfd4MaNS2faXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzx1dTv3BMhacRv1SQmboiGnAYUI6Wlgbnn36X9mOovRGokg9TLsqwmj9HRwKzadTuH9Zc4BalCgebA/Oz7EU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00/yEzDrUim8FkdCPKytXf3akKJRyEnq6Ml903puK/3m9RAUXbkp5nCjC8WxQkDBLRdY0D8ungmDFJpogLKje1cIjJBBWOrWKDsGZP/kvaZ/UnbO6fXNabVwWcZRhHw6gBg6cQwOuoQktwPAAT/ACr8aj8Wy8Ge+z0pJR9OzCLxgf33yOl3k=</latexit>

d⇡
b

(s, a)

12



How to quantify the distribution shift? — a refinement

Single-policy clipped concentrability coefficient (Li et al., ’22)

C?clipped := max
s,a

min{dπ?(s, a), 1/S}
dπb(s, a)

≥ 1/S

where dπ(s, a) is the state-action occupation density of policy π.

• captures distribution shift

• allows for partial coverage

• C?clipped ≤ C?
⇡?

<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? <1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

<latexit sha1_base64="hEbTh7PvArl9GuysvTuQLcti750=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunFZwT6gjeVmMmmHTiZhZiLUEPwVNy4Ucet/uPNvnD4WWj1wL4dz7mXuHD/hTGnH+bIKC4tLyyvF1dLa+sbmlr2901RxKgltkJjHsu2DopwJ2tBMc9pOJIXI57TlD6/GfuueSsVicatHCfUi6AsWMgLaSD17L7jLugkzTWmQeV5Rx3DUs8tO1ZkA/yXujJTRDPWe/dkNYpJGVGjCQamO6yTay0BqRjjNS91U0QTIEPq0Y6iAiCovm1yf40OjBDiMpSmh8UT9uZFBpNQo8s1kBHqg5r2x+J/XSXV44WVMJKmmgkwfClOOdYzHUeCASUo0HxkCRDJzKyYDkEC0CaxkQnDnv/yXNE+q7lnVuTkt1y5ncRTRPjpAFeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+3S0YM12dtEvWB/fV6qVJA==</latexit>

d⇡
?

(s, a)

<latexit sha1_base64="ISJewiNViXA9eFkGu4KawCuvanI=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEClISEXVZdOOygn1AG8tkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DqgRkO59zLvfd4MaNS2faXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzx1dTv3BMhacRv1SQmboiGnAYUI6Wlgbnn36X9mOovRGokg9TLsqwmj9HRwKzadTuH9Zc4BalCgebA/Oz7EU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00/yEzDrUim8FkdCPKytXf3akKJRyEnq6Ml903puK/3m9RAUXbkp5nCjC8WxQkDBLRdY0D8ungmDFJpogLKje1cIjJBBWOrWKDsGZP/kvaZ/UnbO6fXNabVwWcZRhHw6gBg6cQwOuoQktwPAAT/ACr8aj8Wy8Ge+z0pJR9OzCLxgf33yOl3k=</latexit>

d⇡
b

(s, a)

13



How to quantify the distribution shift? — a refinement

Single-policy clipped concentrability coefficient (Li et al., ’22)

C?clipped := max
s,a

min{dπ?(s, a), 1/S}
dπb(s, a)

≥ 1/S

where dπ(s, a) is the state-action occupation density of policy π.

• captures distribution shift

• allows for partial coverage

• C?clipped ≤ C?
⇡?

<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? <1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

<latexit sha1_base64="hEbTh7PvArl9GuysvTuQLcti750=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunFZwT6gjeVmMmmHTiZhZiLUEPwVNy4Ucet/uPNvnD4WWj1wL4dz7mXuHD/hTGnH+bIKC4tLyyvF1dLa+sbmlr2901RxKgltkJjHsu2DopwJ2tBMc9pOJIXI57TlD6/GfuueSsVicatHCfUi6AsWMgLaSD17L7jLugkzTWmQeV5Rx3DUs8tO1ZkA/yXujJTRDPWe/dkNYpJGVGjCQamO6yTay0BqRjjNS91U0QTIEPq0Y6iAiCovm1yf40OjBDiMpSmh8UT9uZFBpNQo8s1kBHqg5r2x+J/XSXV44WVMJKmmgkwfClOOdYzHUeCASUo0HxkCRDJzKyYDkEC0CaxkQnDnv/yXNE+q7lnVuTkt1y5ncRTRPjpAFeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+3S0YM12dtEvWB/fV6qVJA==</latexit>

d⇡
?

(s, a)

<latexit sha1_base64="ISJewiNViXA9eFkGu4KawCuvanI=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEClISEXVZdOOygn1AG8tkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DqgRkO59zLvfd4MaNS2faXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzx1dTv3BMhacRv1SQmboiGnAYUI6Wlgbnn36X9mOovRGokg9TLsqwmj9HRwKzadTuH9Zc4BalCgebA/Oz7EU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00/yEzDrUim8FkdCPKytXf3akKJRyEnq6Ml903puK/3m9RAUXbkp5nCjC8WxQkDBLRdY0D8ungmDFJpogLKje1cIjJBBWOrWKDsGZP/kvaZ/UnbO6fXNabVwWcZRhHw6gBg6cQwOuoQktwPAAT/ACr8aj8Wy8Ge+z0pJR9OzCLxgf33yOl3k=</latexit>

d⇡
b

(s, a)

13



A “plug-in” model-based approach

— (Azar et al. ’13, Agarwal et al. ’19, Li et al. ’20)

Planning (e.g., value iteration) based on the the empirical MDP P̂ :

Q̂(s, a) ← r(s, a) + γ
〈
P̂ (· | s, a), V̂

〉
, V̂ (s) = max

a
Q̂(s, a).

Issue: poor value estimates under partial and poor coverage.

14



Pessimism in the face of uncertainty

Penalize value estimate of (s, a) pairs that were poorly visited

— (Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21)

with 
pessimism

without 
pessimism

<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?
<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?

Value iteration with lower confidence bound (VI-LCB):

Q̂(s, a) ← max
{
r(s, a) + γ

〈
P̂ (· | s, a), V̂

〉
− b(s, a; V̂ )︸ ︷︷ ︸
uncertainty penalty

, 0
}
,

where V̂ (s) = maxa Q̂(s, a).

15



Pessimism in the face of uncertainty

Penalize value estimate of (s, a) pairs that were poorly visited

— (Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21)

with 
pessimism

without 
pessimism

<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?
<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?

Value iteration with lower confidence bound (VI-LCB):

Q̂(s, a) ← max
{
r(s, a) + γ

〈
P̂ (· | s, a), V̂

〉
− b(s, a; V̂ )︸ ︷︷ ︸
uncertainty penalty

, 0
}
,

where V̂ (s) = maxa Q̂(s, a).
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Can we close the gap with the minimax lower bound?
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Can we close the gap with the minimax lower bound?
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Sample complexity of model-based offline RL

Theorem (Li, Shi, Chen, Chi, Wei ’22)

For any 0 < ε ≤ 1
1−γ , the policy π̂ returned by VI-LCB using a

Bernstein-style penalty term achieves

V ?(ρ)− V π̂(ρ) ≤ ε

with high prob., with sample complexity at most

Õ

(
SC?clipped

(1− γ)3ε2

)
.

• depends on distribution shift (as reflected by C?clipped)

• improves upon prior results by allowing C?clipped � 1/S.

• full ε-range (no burn-in cost)
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Minimax optimality of model-based offline RL

Theorem (Li, Shi, Chen, Chi, Wei ’22)

For any γ ∈ [2/3, 1), S ≥ 2, C?clipped ≥ 8γ/S, and 0 < ε ≤ 1
42(1−γ) ,

there exists some MDP and batch dataset such that no algorithm
succeeds if the sample size is below

Ω̃

(
SC?clipped

(1− γ)3ε2

)
.

• verifies the minimax optimality of the pessimistic model-based
algorithm

18
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q ≠ QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3
cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29

(1≠“)5Á2 poly: 1
tÊ , Ê œ ( 1

2 , 1)

Beck & Srikant ’12 t3
mix|S|3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2

(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Model-based RL is minimax optimal with no burn-in cost!



Offline RL meets distributional robustness



Safety and robustness in RL

—(Zhou et al., 2021; Panaganti and Kalathil, 2022; Yang et al., 2022;)

Training environment 6= Test environment

Can we learn optimal policies that are robust to model
perturbations from historical data?

21
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Distributionally robust MDP

Uncertainty set of the nominal transition kernel P o:

Uσ(P o) =
{
P : KL

(
P ‖ P o

)
≤ σ

}

Robust value/Q function of policy π:

∀s ∈ S : V π,σ(s) := inf
P∈Uσ(P o)

Eπ,P

[ ∞∑

t=0

γtrt
∣∣ s0 = s

]

∀(s, a) ∈ S ×A : Qπ,σ(s, a) := inf
P∈Uσ(P o)

Eπ,P

[ ∞∑

t=0

γtrt
∣∣ s0 = s, a0 = a

]

The optimal robust policy π? maximizes V π,σ(ρ)

22



Distributionally robust Bellman’s optimality equation

(Iyengar. ’05, Nilim and El Ghaoui. ’05)

Robust Bellman’s optimality equation: the optimal robust
policy π? and optimal robust value V ?,σ := V π?,σ satisfy

Q?,σ(s, a) = r(s, a) + γ inf
Ps,a∈Uσ(P os,a)

〈Ps,a, V ?,σ〉 ,

V ?,σ(s) = max
a

Q?,σ(s, a)

Solvable by robust value iteration:

Q(s, a)← r(s, a) + γ inf
Ps,a∈Uσ(P os,a)

〈Ps,a, V 〉,

where V (s) = maxa Q(s, a).
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Distributionally robust offline RL

initial distribution
Nominal Transition 

kernel

<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0

Not
arbitrary!

(s, a) ⇠ db
<latexit sha1_base64="mrJqt9lHod2UZ97U2AkgMAwuWgM="></latexit>

P o(·|s, a)
<latexit sha1_base64="DvOoLsl3GotrsAEJDKH+HcfdCLs="></latexit>

Goal of robust offline RL: given D := {(si, ai, s′i)}Ni=1 from the
nominal environment P 0, find an ε-optimal robust policy π̂ obeying

V ?,σ(ρ)− V π̂,σ(ρ) ≤ ε

— in a sample-efficient manner

24
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Prior art under full coverage

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q ≠ QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3
cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29

(1≠“)5Á2 poly: 1
tÊ , Ê œ ( 1

2 , 1)

Beck & Srikant ’12 t3
mix|S|3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2

(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Questions: Can we improve the sample efficiency and
allow partial coverage?
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Prior art under full coverage

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q ≠ QıÎŒ Æ Á?
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Questions: Can we improve the sample efficiency and
allow partial coverage?
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How to quantify the compounded distribution shift?

Robust single-policy concentrability coefficient

C?rob := max
(s,a,P )∈S×A×U(P o)

min{dπ?,P (s, a), 1S }
db(s, a)

=

∥∥∥∥
occupancy distribution of (π?,U(P o))

occupancy distribution of D

∥∥∥∥
∞

where dπ,P is the state-action occupation density of π under P .

• captures distributional shift due
to behavior policy and
environment.

• C?rob ≤ A under full coverage.
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Distributionally robust value iteration with pessimism

Distributionally robust value iteration (DRVI) with LCB:

Q̂(s, a) ← max
{
r(s, a) + γ inf

P∈Uσ(P̂ os,a)
PV̂ − b(s, a; V̂ )︸ ︷︷ ︸

uncertainty penalty

, 0
}
,

where V̂ (s) = maxa Q̂(s, a).

Key innovation: design the penalty term to capture the variability
in robust RL:

∣∣∣∣∣ inf
P∈Uσ(P os,a)

PV̂ − inf
P∈Uσ(P̂ os,a)

PV̂
∣∣∣∣∣

︸ ︷︷ ︸
No closed form w.r.t. P os,a−P̂ os,a due to Uσ(·)
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Sample complexity of DRVI-LCB

Theorem (Shi and Chi ’22)

For any uncertainty level σ > 0 and small enough ε, DRVI-LCB
outputs an ε-optimal policy with high prob., with sample
complexity at most

Õ

(
SC?rob

P ?min(1− γ)4σ2ε2

)
,

where P ?min is the smallest positive state transition probability of
the nominal kernel visited by the optimal robust policy π?.

• scales linearly with respect to S

• reflects the impact of distribution shift of offline dataset
(C?rob) and also model shift level (σ)
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Minimax lower bound

Theorem (Shi and Chi ’22)

Suppose that 1
1−γ ≥ e8, S ≥ log

(
1

1−γ
)
, C?rob ≥ 8/S, σ � log 1

1−γ
and ε . 1

(1−γ) log 1
1−γ

, there exists some MDP and batch dataset

such that no algorithm succeeds if the sample size is below

Ω̃

(
SC?rob

P ?min(1− γ)2σ2ε2

)
.

• the first lower bound for robust MDP with KL divergence

• Establishes the near minimax-optimality of DRVI-LCB up to
factors of 1/(1− γ)
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Compare to prior art under full coverage

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q ≠ QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3
cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29

(1≠“)5Á2 poly: 1
tÊ , Ê œ ( 1

2 , 1)

Beck & Srikant ’12 t3
mix|S|3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2

(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q ≠ QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3
cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29

(1≠“)5Á2 poly: 1
tÊ , Ê œ ( 1

2 , 1)

Beck & Srikant ’12 t3
mix|S|3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2

(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

S
<latexit sha1_base64="vFchJGr6Z+gyWiveB04FdIL/myI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK9zjNs=</latexit>

Prior
art

• [Kearn
s and

Singh,
1999]

• [Azar
et al.,

2013]

• [Sidfor
d et al.,

2018a
]

• [Sidfor
d et al.,

2018b
]

• [Wang, 2
019]

• [Agarw
al et a

l., 201
9]

• [Wainwri
ght, 2

019a]

• [Wainwri
ght, 2

019b]

• [Panan
jady and Wainwri

ght, 2
019]

• [Yang
and Wang, 2

019]

• [Kham
aru et al.,

2020]

• [Mou et al.,
2020]

minimax lower b
ound

15 / 34

Lagrangian

Xie et al. Shi et al.

Rashidinejad et al. Yan et al.

our results

standard form problem (not necessarily convex)

minimize f0(x)

subject to fi(x) Æ 0, i = 1, . . . , m

hi(x) = 0, i = 1, . . . , p

variable x œ Rn , domain D, optimal value pı

Lagrangian: L : Rn ◊ Rm ◊ Rp æ R, with dom(L) = D ◊ Rm ◊ Rp ,

L(x, ⁄, ‹) = f0(x) +
mÿ

i=1
⁄ifi(x) +

pÿ

i=1
‹ihi(x)

Duality

6-2

[Y
an

g 
et

 a
l. 

’2
1]

[Z
ho

u 
et

 a
l. 

’2
1]

[Y
an

g e
t a

l. ’
21

]
S

2 A
· P

ol
y
�

1
1
�
�

� /P
2

m
in
�

2 "
2

<latexit sha1_base64="EmcjxC3iE7cj9yg5H4IQno4T/SA="></latexit>

S
2
A
· e
x
p
�

1
1
�
�

� /�
2
"
2

<latexit sha1_base64="LNDppoTIBuUR/inRpOKg2n5Jae4="></latexit>

SA · Poly
� 1

1� �

�
/Pmin�

2"
2

<latexit sha1_base64="kQ7X03H2vbOIyIhwloC/6Sw7ddI="></latexit>

Our DRVI-LCB method is near minimax-optimal!

30



Compare to prior art under full coverage

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q ≠ QıÎŒ Æ Á?
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if we take µmin ® 1
|S||A| , tcover ® tmix
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All prior results require a sample size of at least tmix|S|2|A|2!
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Numerical experiments
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Pessimism improves the sample efficiency in robust offline RL!
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Model-based offline RL algorithms with pessimism are near
minimax-optimal in both nominal MDP and robust MDP!
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Thank you!

• Settling the sample complexity of model-based offline reinforcement
learning, arXiv:2204.05275.

• Pessimistic Q-Learning for Offline Reinforcement Learning: Towards
Optimal Sample Complexity, ICML 2022.

• Distributionally Robust Model-Based Offline Reinforcement Learning with
Near-Optimal Sample Complexity, arXiv:2208.05767.

https://www.andrew.cmu.edu/user/laixis/
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