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OTFS Modulation from Radar Perspective* 
•  OTFS modulation transmits “synthetic targets” scaled by comm. symbols 

Doppler Delay 
⌫0
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<latexit sha1_base64="L0hm2PE4fGh0sludKhPIU9vZP8E=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AIFaRkpaDHghePFewHtMuSTdM2NJtdklmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXphIYYCQb6ewsbm1vVPcLe3tHxyW3aPjtolTzXiLxTLW3ZAaLoXiLRAgeTfRnEah5J1wcjv3O49cGxGrB5gm3I/oSImhYBSsFLjlPpXJmAYZuSSzKlwEboXUyAJ4nXg5qaAczcD96g9ilkZcAZPUmJ5HEvAzqkEwyWelfmp4QtmEjnjPUkUjbvxscfgMn1tlgIextqUAL9TfExmNjJlGoe2MKIzNqjcX//N6KQxv/EyoJAWu2HLRMJUYYjxPAQ+E5gzk1BLKtLC3YjammjKwWZVsCN7qy+ukfVXzSM27r1ca9TyOIjpFZ6iKPHSNGugONVELMZSiZ/SK3pwn58V5dz6WrQUnnzlBf+B8/gBzXpI9</latexit><latexit sha1_base64="L0hm2PE4fGh0sludKhPIU9vZP8E=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AIFaRkpaDHghePFewHtMuSTdM2NJtdklmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXphIYYCQb6ewsbm1vVPcLe3tHxyW3aPjtolTzXiLxTLW3ZAaLoXiLRAgeTfRnEah5J1wcjv3O49cGxGrB5gm3I/oSImhYBSsFLjlPpXJmAYZuSSzKlwEboXUyAJ4nXg5qaAczcD96g9ilkZcAZPUmJ5HEvAzqkEwyWelfmp4QtmEjnjPUkUjbvxscfgMn1tlgIextqUAL9TfExmNjJlGoe2MKIzNqjcX//N6KQxv/EyoJAWu2HLRMJUYYjxPAQ+E5gzk1BLKtLC3YjammjKwWZVsCN7qy+ukfVXzSM27r1ca9TyOIjpFZ6iKPHSNGugONVELMZSiZ/SK3pwn58V5dz6WrQUnnzlBf+B8/gBzXpI9</latexit><latexit sha1_base64="L0hm2PE4fGh0sludKhPIU9vZP8E=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AIFaRkpaDHghePFewHtMuSTdM2NJtdklmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXphIYYCQb6ewsbm1vVPcLe3tHxyW3aPjtolTzXiLxTLW3ZAaLoXiLRAgeTfRnEah5J1wcjv3O49cGxGrB5gm3I/oSImhYBSsFLjlPpXJmAYZuSSzKlwEboXUyAJ4nXg5qaAczcD96g9ilkZcAZPUmJ5HEvAzqkEwyWelfmp4QtmEjnjPUkUjbvxscfgMn1tlgIextqUAL9TfExmNjJlGoe2MKIzNqjcX//N6KQxv/EyoJAWu2HLRMJUYYjxPAQ+E5gzk1BLKtLC3YjammjKwWZVsCN7qy+ukfVXzSM27r1ca9TyOIjpFZ6iKPHSNGugONVELMZSiZ/SK3pwn58V5dz6WrQUnnzlBf+B8/gBzXpI9</latexit><latexit sha1_base64="L0hm2PE4fGh0sludKhPIU9vZP8E=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AIFaRkpaDHghePFewHtMuSTdM2NJtdklmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXphIYYCQb6ewsbm1vVPcLe3tHxyW3aPjtolTzXiLxTLW3ZAaLoXiLRAgeTfRnEah5J1wcjv3O49cGxGrB5gm3I/oSImhYBSsFLjlPpXJmAYZuSSzKlwEboXUyAJ4nXg5qaAczcD96g9ilkZcAZPUmJ5HEvAzqkEwyWelfmp4QtmEjnjPUkUjbvxscfgMn1tlgIextqUAL9TfExmNjJlGoe2MKIzNqjcX//N6KQxv/EyoJAWu2HLRMJUYYjxPAQ+E5gzk1BLKtLC3YjammjKwWZVsCN7qy+ukfVXzSM27r1ca9TyOIjpFZ6iKPHSNGugONVELMZSiZ/SK3pwn58V5dz6WrQUnnzlBf+B8/gBzXpI9</latexit>
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<latexit sha1_base64="nbOS89sm2YRmB/mHC+dqOOJHHMQ=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EiVJCSSEGPBS8eK9haaEKYbDft0s0m7E6EEurFv+LFgyJe/Rfe/DduPw7a+mCGx3sz7M4LU8E1Os63VVhZXVvfKG6WtrZ3dvfK+wdtnWSKshZNRKI6IWgmuGQt5ChYJ1UM4lCw+3B4PfHvH5jSPJF3OEqZH0Nf8ohTQCMF5SMPRDqAIPcQssA596Tp4yqeBeWKU3OmsJeJOycVMkczKH95vYRmMZNIBWjddZ0U/RwUcirYuORlmqVAh9BnXUMlxEz7+fSCsX1qlJ4dJcqURHuq/t7IIdZ6FIdmMgYc6EVvIv7ndTOMrvycyzRDJunsoSgTNib2JA67xxWjKEaGAFXc/NWmA1BA0YRWMiG4iycvk/ZFzXVq7m290qjP4yiSY3JCqsQll6RBbkiTtAglj+SZvJI368l6sd6tj9lowZrvHJI/sD5/AIhzljo=</latexit><latexit sha1_base64="nbOS89sm2YRmB/mHC+dqOOJHHMQ=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EiVJCSSEGPBS8eK9haaEKYbDft0s0m7E6EEurFv+LFgyJe/Rfe/DduPw7a+mCGx3sz7M4LU8E1Os63VVhZXVvfKG6WtrZ3dvfK+wdtnWSKshZNRKI6IWgmuGQt5ChYJ1UM4lCw+3B4PfHvH5jSPJF3OEqZH0Nf8ohTQCMF5SMPRDqAIPcQssA596Tp4yqeBeWKU3OmsJeJOycVMkczKH95vYRmMZNIBWjddZ0U/RwUcirYuORlmqVAh9BnXUMlxEz7+fSCsX1qlJ4dJcqURHuq/t7IIdZ6FIdmMgYc6EVvIv7ndTOMrvycyzRDJunsoSgTNib2JA67xxWjKEaGAFXc/NWmA1BA0YRWMiG4iycvk/ZFzXVq7m290qjP4yiSY3JCqsQll6RBbkiTtAglj+SZvJI368l6sd6tj9lowZrvHJI/sD5/AIhzljo=</latexit><latexit sha1_base64="nbOS89sm2YRmB/mHC+dqOOJHHMQ=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EiVJCSSEGPBS8eK9haaEKYbDft0s0m7E6EEurFv+LFgyJe/Rfe/DduPw7a+mCGx3sz7M4LU8E1Os63VVhZXVvfKG6WtrZ3dvfK+wdtnWSKshZNRKI6IWgmuGQt5ChYJ1UM4lCw+3B4PfHvH5jSPJF3OEqZH0Nf8ohTQCMF5SMPRDqAIPcQssA596Tp4yqeBeWKU3OmsJeJOycVMkczKH95vYRmMZNIBWjddZ0U/RwUcirYuORlmqVAh9BnXUMlxEz7+fSCsX1qlJ4dJcqURHuq/t7IIdZ6FIdmMgYc6EVvIv7ndTOMrvycyzRDJunsoSgTNib2JA67xxWjKEaGAFXc/NWmA1BA0YRWMiG4iycvk/ZFzXVq7m290qjP4yiSY3JCqsQll6RBbkiTtAglj+SZvJI368l6sd6tj9lowZrvHJI/sD5/AIhzljo=</latexit><latexit sha1_base64="nbOS89sm2YRmB/mHC+dqOOJHHMQ=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EiVJCSSEGPBS8eK9haaEKYbDft0s0m7E6EEurFv+LFgyJe/Rfe/DduPw7a+mCGx3sz7M4LU8E1Os63VVhZXVvfKG6WtrZ3dvfK+wdtnWSKshZNRKI6IWgmuGQt5ChYJ1UM4lCw+3B4PfHvH5jSPJF3OEqZH0Nf8ohTQCMF5SMPRDqAIPcQssA596Tp4yqeBeWKU3OmsJeJOycVMkczKH95vYRmMZNIBWjddZ0U/RwUcirYuORlmqVAh9BnXUMlxEz7+fSCsX1qlJ4dJcqURHuq/t7IIdZ6FIdmMgYc6EVvIv7ndTOMrvycyzRDJunsoSgTNib2JA67xxWjKEaGAFXc/NWmA1BA0YRWMiG4iycvk/ZFzXVq7m290qjP4yiSY3JCqsQll6RBbkiTtAglj+SZvJI368l6sd6tj9lowZrvHJI/sD5/AIhzljo=</latexit>
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<latexit sha1_base64="AdwJQE3H0YE0/uywDdEu7o3axMI=">AAAB8nicbVDLSgMxFL3js9ZX1aWbwSK4KGVGBF0W3bhswT6gHUomzbShSWZI7oil9Avc6saduPWHBD/GdDoLbT0QOJxzD7n3hIngBj3vy1lb39jc2i7sFHf39g8OS0fHLROnmrImjUWsOyExTHDFmshRsE6iGZGhYO1wfDf3249MGx6rB5wkLJBkqHjEKUErNbx+qexVvQzuKvFzUoYc9X7puzeIaSqZQiqIMV3fSzCYEo2cCjYr9lLDEkLHZMi6lioimQmm2aIz99wqAzeKtX0K3Uz9nZgSacxEhpWnzKqE0mYkwZFZnpqL/3ndFKObYMpVkiJTdPFllAoXY3d+vzvgmlEUE0sI1dxu7dIR0YSibalo6/CXj18lrcuq71X9xlW5dpsXU4BTOIML8OEaanAPdWgCBQbP8AKvDjpvzrvzsRhdc/LMCfyB8/kDSK2Qrg==</latexit><latexit sha1_base64="AdwJQE3H0YE0/uywDdEu7o3axMI=">AAAB8nicbVDLSgMxFL3js9ZX1aWbwSK4KGVGBF0W3bhswT6gHUomzbShSWZI7oil9Avc6saduPWHBD/GdDoLbT0QOJxzD7n3hIngBj3vy1lb39jc2i7sFHf39g8OS0fHLROnmrImjUWsOyExTHDFmshRsE6iGZGhYO1wfDf3249MGx6rB5wkLJBkqHjEKUErNbx+qexVvQzuKvFzUoYc9X7puzeIaSqZQiqIMV3fSzCYEo2cCjYr9lLDEkLHZMi6lioimQmm2aIz99wqAzeKtX0K3Uz9nZgSacxEhpWnzKqE0mYkwZFZnpqL/3ndFKObYMpVkiJTdPFllAoXY3d+vzvgmlEUE0sI1dxu7dIR0YSibalo6/CXj18lrcuq71X9xlW5dpsXU4BTOIML8OEaanAPdWgCBQbP8AKvDjpvzrvzsRhdc/LMCfyB8/kDSK2Qrg==</latexit><latexit sha1_base64="AdwJQE3H0YE0/uywDdEu7o3axMI=">AAAB8nicbVDLSgMxFL3js9ZX1aWbwSK4KGVGBF0W3bhswT6gHUomzbShSWZI7oil9Avc6saduPWHBD/GdDoLbT0QOJxzD7n3hIngBj3vy1lb39jc2i7sFHf39g8OS0fHLROnmrImjUWsOyExTHDFmshRsE6iGZGhYO1wfDf3249MGx6rB5wkLJBkqHjEKUErNbx+qexVvQzuKvFzUoYc9X7puzeIaSqZQiqIMV3fSzCYEo2cCjYr9lLDEkLHZMi6lioimQmm2aIz99wqAzeKtX0K3Uz9nZgSacxEhpWnzKqE0mYkwZFZnpqL/3ndFKObYMpVkiJTdPFllAoXY3d+vzvgmlEUE0sI1dxu7dIR0YSibalo6/CXj18lrcuq71X9xlW5dpsXU4BTOIML8OEaanAPdWgCBQbP8AKvDjpvzrvzsRhdc/LMCfyB8/kDSK2Qrg==</latexit><latexit sha1_base64="AdwJQE3H0YE0/uywDdEu7o3axMI=">AAAB8nicbVDLSgMxFL3js9ZX1aWbwSK4KGVGBF0W3bhswT6gHUomzbShSWZI7oil9Avc6saduPWHBD/GdDoLbT0QOJxzD7n3hIngBj3vy1lb39jc2i7sFHf39g8OS0fHLROnmrImjUWsOyExTHDFmshRsE6iGZGhYO1wfDf3249MGx6rB5wkLJBkqHjEKUErNbx+qexVvQzuKvFzUoYc9X7puzeIaSqZQiqIMV3fSzCYEo2cCjYr9lLDEkLHZMi6lioimQmm2aIz99wqAzeKtX0K3Uz9nZgSacxEhpWnzKqE0mYkwZFZnpqL/3ndFKObYMpVkiJTdPFllAoXY3d+vzvgmlEUE0sI1dxu7dIR0YSibalo6/CXj18lrcuq71X9xlW5dpsXU4BTOIML8OEaanAPdWgCBQbP8AKvDjpvzrvzsRhdc/LMCfyB8/kDSK2Qrg==</latexit> T

<latexit sha1_base64="jDISrZclcYT7v5kiGp14OXXznc8=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KGVGBF0W3bhsoS9oh5JJM21okhmSO2IZ+gVudeNO3PpDgh9jOp2Fth4IHM65h9x7glhwA6775RQ2Nre2d4q7pb39g8Oj8vFJx0SJpqxNIxHpXkAME1yxNnAQrBdrRmQgWDeY3i/87iPThkeqBbOY+ZKMFQ85JWClZmtYrrg1NwNeJ15OKihHY1j+HowimkimgApiTN9zY/BTooFTwealQWJYTOiUjFnfUkUkM36aLTrHF1YZ4TDS9inAmfo7kRJpzEwG1afMqgbSZiSBiVmdWoj/ef0Ewls/5SpOgCm6/DJMBIYIL+7HI64ZBTGzhFDN7daYTogmFGxLJVuHt3r8Oulc1Ty35jWvK/W7vJgiOkPn6BJ56AbV0QNqoDaiiKFn9IJeHXDenHfnYzlacPLMKfoD5/MHgKWQ0g==</latexit><latexit sha1_base64="jDISrZclcYT7v5kiGp14OXXznc8=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KGVGBF0W3bhsoS9oh5JJM21okhmSO2IZ+gVudeNO3PpDgh9jOp2Fth4IHM65h9x7glhwA6775RQ2Nre2d4q7pb39g8Oj8vFJx0SJpqxNIxHpXkAME1yxNnAQrBdrRmQgWDeY3i/87iPThkeqBbOY+ZKMFQ85JWClZmtYrrg1NwNeJ15OKihHY1j+HowimkimgApiTN9zY/BTooFTwealQWJYTOiUjFnfUkUkM36aLTrHF1YZ4TDS9inAmfo7kRJpzEwG1afMqgbSZiSBiVmdWoj/ef0Ewls/5SpOgCm6/DJMBIYIL+7HI64ZBTGzhFDN7daYTogmFGxLJVuHt3r8Oulc1Ty35jWvK/W7vJgiOkPn6BJ56AbV0QNqoDaiiKFn9IJeHXDenHfnYzlacPLMKfoD5/MHgKWQ0g==</latexit><latexit sha1_base64="jDISrZclcYT7v5kiGp14OXXznc8=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KGVGBF0W3bhsoS9oh5JJM21okhmSO2IZ+gVudeNO3PpDgh9jOp2Fth4IHM65h9x7glhwA6775RQ2Nre2d4q7pb39g8Oj8vFJx0SJpqxNIxHpXkAME1yxNnAQrBdrRmQgWDeY3i/87iPThkeqBbOY+ZKMFQ85JWClZmtYrrg1NwNeJ15OKihHY1j+HowimkimgApiTN9zY/BTooFTwealQWJYTOiUjFnfUkUkM36aLTrHF1YZ4TDS9inAmfo7kRJpzEwG1afMqgbSZiSBiVmdWoj/ef0Ewls/5SpOgCm6/DJMBIYIL+7HI64ZBTGzhFDN7daYTogmFGxLJVuHt3r8Oulc1Ty35jWvK/W7vJgiOkPn6BJ56AbV0QNqoDaiiKFn9IJeHXDenHfnYzlacPLMKfoD5/MHgKWQ0g==</latexit><latexit sha1_base64="jDISrZclcYT7v5kiGp14OXXznc8=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KGVGBF0W3bhsoS9oh5JJM21okhmSO2IZ+gVudeNO3PpDgh9jOp2Fth4IHM65h9x7glhwA6775RQ2Nre2d4q7pb39g8Oj8vFJx0SJpqxNIxHpXkAME1yxNnAQrBdrRmQgWDeY3i/87iPThkeqBbOY+ZKMFQ85JWClZmtYrrg1NwNeJ15OKihHY1j+HowimkimgApiTN9zY/BTooFTwealQWJYTOiUjFnfUkUkM36aLTrHF1YZ4TDS9inAmfo7kRJpzEwG1afMqgbSZiSBiVmdWoj/ef0Ewls/5SpOgCm6/DJMBIYIL+7HI64ZBTGzhFDN7daYTogmFGxLJVuHt3r8Oulc1Ty35jWvK/W7vJgiOkPn6BJ56AbV0QNqoDaiiKFn9IJeHXDenHfnYzlacPLMKfoD5/MHgKWQ0g==</latexit>

t
<latexit sha1_base64="fFyOoWPzm3SXxOUSyy/mfm0Kvv0=">AAAB8nicbVDLSgMxFL3js9ZX1aWbwSK4KGVGBF0W3bhswT6gHUomzbShSWZI7oil9Avc6saduPWHBD/GdDoLbT0QOJxzD7n3hIngBj3vy1lb39jc2i7sFHf39g8OS0fHLROnmrImjUWsOyExTHDFmshRsE6iGZGhYO1wfDf3249MGx6rB5wkLJBkqHjEKUErNbBfKntVL4O7SvyclCFHvV/67g1imkqmkApiTNf3EgymRCOngs2KvdSwhNAxGbKupYpIZoJptujMPbfKwI1ibZ9CN1N/J6ZEGjORYeUpsyqhtBlJcGSWp+bif143xegmmHKVpMgUXXwZpcLF2J3f7w64ZhTFxBJCNbdbu3RENKFoWyraOvzl41dJ67Lqe1W/cVWu3ebFFOAUzuACfLiGGtxDHZpAgcEzvMCrg86b8+58LEbXnDxzAn/gfP4AsmWQ8g==</latexit><latexit sha1_base64="fFyOoWPzm3SXxOUSyy/mfm0Kvv0=">AAAB8nicbVDLSgMxFL3js9ZX1aWbwSK4KGVGBF0W3bhswT6gHUomzbShSWZI7oil9Avc6saduPWHBD/GdDoLbT0QOJxzD7n3hIngBj3vy1lb39jc2i7sFHf39g8OS0fHLROnmrImjUWsOyExTHDFmshRsE6iGZGhYO1wfDf3249MGx6rB5wkLJBkqHjEKUErNbBfKntVL4O7SvyclCFHvV/67g1imkqmkApiTNf3EgymRCOngs2KvdSwhNAxGbKupYpIZoJptujMPbfKwI1ibZ9CN1N/J6ZEGjORYeUpsyqhtBlJcGSWp+bif143xegmmHKVpMgUXXwZpcLF2J3f7w64ZhTFxBJCNbdbu3RENKFoWyraOvzl41dJ67Lqe1W/cVWu3ebFFOAUzuACfLiGGtxDHZpAgcEzvMCrg86b8+58LEbXnDxzAn/gfP4AsmWQ8g==</latexit><latexit sha1_base64="fFyOoWPzm3SXxOUSyy/mfm0Kvv0=">AAAB8nicbVDLSgMxFL3js9ZX1aWbwSK4KGVGBF0W3bhswT6gHUomzbShSWZI7oil9Avc6saduPWHBD/GdDoLbT0QOJxzD7n3hIngBj3vy1lb39jc2i7sFHf39g8OS0fHLROnmrImjUWsOyExTHDFmshRsE6iGZGhYO1wfDf3249MGx6rB5wkLJBkqHjEKUErNbBfKntVL4O7SvyclCFHvV/67g1imkqmkApiTNf3EgymRCOngs2KvdSwhNAxGbKupYpIZoJptujMPbfKwI1ibZ9CN1N/J6ZEGjORYeUpsyqhtBlJcGSWp+bif143xegmmHKVpMgUXXwZpcLF2J3f7w64ZhTFxBJCNbdbu3RENKFoWyraOvzl41dJ67Lqe1W/cVWu3ebFFOAUzuACfLiGGtxDHZpAgcEzvMCrg86b8+58LEbXnDxzAn/gfP4AsmWQ8g==</latexit><latexit sha1_base64="fFyOoWPzm3SXxOUSyy/mfm0Kvv0=">AAAB8nicbVDLSgMxFL3js9ZX1aWbwSK4KGVGBF0W3bhswT6gHUomzbShSWZI7oil9Avc6saduPWHBD/GdDoLbT0QOJxzD7n3hIngBj3vy1lb39jc2i7sFHf39g8OS0fHLROnmrImjUWsOyExTHDFmshRsE6iGZGhYO1wfDf3249MGx6rB5wkLJBkqHjEKUErNbBfKntVL4O7SvyclCFHvV/67g1imkqmkApiTNf3EgymRCOngs2KvdSwhNAxGbKupYpIZoJptujMPbfKwI1ibZ9CN1N/J6ZEGjORYeUpsyqhtBlJcGSWp+bif143xegmmHKVpMgUXXwZpcLF2J3f7w64ZhTFxBJCNbdbu3RENKFoWyraOvzl41dJ67Lqe1W/cVWu3ebFFOAUzuACfLiGGtxDHZpAgcEzvMCrg86b8+58LEbXnDxzAn/gfP4AsmWQ8g==</latexit>

· · ·<latexit sha1_base64="cr7kSuTbfDUZkhgkBwqAmaz7GK4=">AAAB/3icbVDLSgMxFM3UVx1fVZdugkVwUcqMCLosunFZwT6gHUsmk2lD8xiSjFiGLvwLt7pxJ279FMGPMZ3OQlsPBA7n3MO9OWHCqDae9+WUVlbX1jfKm+7W9s7uXmX/oK1lqjBpYcmk6oZIE0YFaRlqGOkmiiAeMtIJx9czv/NAlKZS3JlJQgKOhoLGFCNjpfvM7Yfc7eNIGu1OB5WqV/dywGXiF6QKCjQHle9+JHHKiTCYIa17vpeYIEPKUMzI1O2nmiQIj9GQ9CwViBMdZPnVU3hilQjGUtknDMzV34kMca0nPKw95lYt5DbDkRnpxamZ+J/XS018GWRUJKkhAs9XximDRsJZGTCiimDDJpYgrKi9GuIRUggbW5lr6/AXP79M2md136v7t+fVxlVRTBkcgWNwCnxwARrgBjRBC2CgwDN4Aa/Ok/PmvDsf89GSU2QOwR84nz9V6JW6</latexit><latexit sha1_base64="cr7kSuTbfDUZkhgkBwqAmaz7GK4=">AAAB/3icbVDLSgMxFM3UVx1fVZdugkVwUcqMCLosunFZwT6gHUsmk2lD8xiSjFiGLvwLt7pxJ279FMGPMZ3OQlsPBA7n3MO9OWHCqDae9+WUVlbX1jfKm+7W9s7uXmX/oK1lqjBpYcmk6oZIE0YFaRlqGOkmiiAeMtIJx9czv/NAlKZS3JlJQgKOhoLGFCNjpfvM7Yfc7eNIGu1OB5WqV/dywGXiF6QKCjQHle9+JHHKiTCYIa17vpeYIEPKUMzI1O2nmiQIj9GQ9CwViBMdZPnVU3hilQjGUtknDMzV34kMca0nPKw95lYt5DbDkRnpxamZ+J/XS018GWRUJKkhAs9XximDRsJZGTCiimDDJpYgrKi9GuIRUggbW5lr6/AXP79M2md136v7t+fVxlVRTBkcgWNwCnxwARrgBjRBC2CgwDN4Aa/Ok/PmvDsf89GSU2QOwR84nz9V6JW6</latexit><latexit sha1_base64="cr7kSuTbfDUZkhgkBwqAmaz7GK4=">AAAB/3icbVDLSgMxFM3UVx1fVZdugkVwUcqMCLosunFZwT6gHUsmk2lD8xiSjFiGLvwLt7pxJ279FMGPMZ3OQlsPBA7n3MO9OWHCqDae9+WUVlbX1jfKm+7W9s7uXmX/oK1lqjBpYcmk6oZIE0YFaRlqGOkmiiAeMtIJx9czv/NAlKZS3JlJQgKOhoLGFCNjpfvM7Yfc7eNIGu1OB5WqV/dywGXiF6QKCjQHle9+JHHKiTCYIa17vpeYIEPKUMzI1O2nmiQIj9GQ9CwViBMdZPnVU3hilQjGUtknDMzV34kMca0nPKw95lYt5DbDkRnpxamZ+J/XS018GWRUJKkhAs9XximDRsJZGTCiimDDJpYgrKi9GuIRUggbW5lr6/AXP79M2md136v7t+fVxlVRTBkcgWNwCnxwARrgBjRBC2CgwDN4Aa/Ok/PmvDsf89GSU2QOwR84nz9V6JW6</latexit><latexit sha1_base64="cr7kSuTbfDUZkhgkBwqAmaz7GK4=">AAAB/3icbVDLSgMxFM3UVx1fVZdugkVwUcqMCLosunFZwT6gHUsmk2lD8xiSjFiGLvwLt7pxJ279FMGPMZ3OQlsPBA7n3MO9OWHCqDae9+WUVlbX1jfKm+7W9s7uXmX/oK1lqjBpYcmk6oZIE0YFaRlqGOkmiiAeMtIJx9czv/NAlKZS3JlJQgKOhoLGFCNjpfvM7Yfc7eNIGu1OB5WqV/dywGXiF6QKCjQHle9+JHHKiTCYIa17vpeYIEPKUMzI1O2nmiQIj9GQ9CwViBMdZPnVU3hilQjGUtknDMzV34kMca0nPKw95lYt5DbDkRnpxamZ+J/XS018GWRUJKkhAs9XximDRsJZGTCiimDDJpYgrKi9GuIRUggbW5lr6/AXP79M2md136v7t+fVxlVRTBkcgWNwCnxwARrgBjRBC2CgwDN4Aa/Ok/PmvDsf89GSU2QOwR84nz9V6JW6</latexit>

2T
<latexit sha1_base64="SK9dNeph7CanOCwZ08EmIIm70tY=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCh1J2i6DHohePVdpaaJeSTbNtaJJdkqxYlv4Dr3rxJl79QYI/xnS7B20dCAwzb3gvE8ScaeO6X05hbX1jc6u4XdrZ3ds/KB8edXSUKELbJOKR6gZYU84kbRtmOO3GimIRcPoQTG7m/sMjVZpFsmWmMfUFHkkWMoKNle7rrUG54tbcDGiVeDmpQI7moPzdH0YkEVQawrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYslVhQ7afZpTN0ZpUhCiNlnzQoU38nUiy0noqg+pRZ1UDYjMBmrJen5uJ/Xi8x4ZWfMhknhkqyWBkmHJkIzQtAQ6YoMXxqCSaK2asRGWOFibE1lWwd3vLnV0mnXvPcmnd3UWlc58UU4QRO4Rw8uIQG3EIT2kAghGd4gVcncd6cd+djMVpw8swx/IHz+QPzgZEO</latexit><latexit sha1_base64="SK9dNeph7CanOCwZ08EmIIm70tY=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCh1J2i6DHohePVdpaaJeSTbNtaJJdkqxYlv4Dr3rxJl79QYI/xnS7B20dCAwzb3gvE8ScaeO6X05hbX1jc6u4XdrZ3ds/KB8edXSUKELbJOKR6gZYU84kbRtmOO3GimIRcPoQTG7m/sMjVZpFsmWmMfUFHkkWMoKNle7rrUG54tbcDGiVeDmpQI7moPzdH0YkEVQawrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYslVhQ7afZpTN0ZpUhCiNlnzQoU38nUiy0noqg+pRZ1UDYjMBmrJen5uJ/Xi8x4ZWfMhknhkqyWBkmHJkIzQtAQ6YoMXxqCSaK2asRGWOFibE1lWwd3vLnV0mnXvPcmnd3UWlc58UU4QRO4Rw8uIQG3EIT2kAghGd4gVcncd6cd+djMVpw8swx/IHz+QPzgZEO</latexit><latexit sha1_base64="SK9dNeph7CanOCwZ08EmIIm70tY=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCh1J2i6DHohePVdpaaJeSTbNtaJJdkqxYlv4Dr3rxJl79QYI/xnS7B20dCAwzb3gvE8ScaeO6X05hbX1jc6u4XdrZ3ds/KB8edXSUKELbJOKR6gZYU84kbRtmOO3GimIRcPoQTG7m/sMjVZpFsmWmMfUFHkkWMoKNle7rrUG54tbcDGiVeDmpQI7moPzdH0YkEVQawrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYslVhQ7afZpTN0ZpUhCiNlnzQoU38nUiy0noqg+pRZ1UDYjMBmrJen5uJ/Xi8x4ZWfMhknhkqyWBkmHJkIzQtAQ6YoMXxqCSaK2asRGWOFibE1lWwd3vLnV0mnXvPcmnd3UWlc58UU4QRO4Rw8uIQG3EIT2kAghGd4gVcncd6cd+djMVpw8swx/IHz+QPzgZEO</latexit><latexit sha1_base64="SK9dNeph7CanOCwZ08EmIIm70tY=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCh1J2i6DHohePVdpaaJeSTbNtaJJdkqxYlv4Dr3rxJl79QYI/xnS7B20dCAwzb3gvE8ScaeO6X05hbX1jc6u4XdrZ3ds/KB8edXSUKELbJOKR6gZYU84kbRtmOO3GimIRcPoQTG7m/sMjVZpFsmWmMfUFHkkWMoKNle7rrUG54tbcDGiVeDmpQI7moPzdH0YkEVQawrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYslVhQ7afZpTN0ZpUhCiNlnzQoU38nUiy0noqg+pRZ1UDYjMBmrJen5uJ/Xi8x4ZWfMhknhkqyWBkmHJkIzQtAQ6YoMXxqCSaK2asRGWOFibE1lWwd3vLnV0mnXvPcmnd3UWlc58UU4QRO4Rw8uIQG3EIT2kAghGd4gVcncd6cd+djMVpw8swx/IHz+QPzgZEO</latexit> (N � 1)T

<latexit sha1_base64="EG+GdJh1Kcw2Q5JXQweyhNdVf7c=">AAAB93icbVDLSgMxFL1TX7W+qi7dBItQoZYZEXRZdONKKvQF7VAyaaaNzWSGJCOWof/gVjfuxK2fI/gxptNZaOuBwOGce7g3x4s4U9q2v6zcyura+kZ+s7C1vbO7V9w/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/M/PYjlYqFoqEnEXUDPBTMZwRrI7XKd2fOaaNfLNlVOwVaJk5GSpCh3i9+9wYhiQMqNOFYqa5jR9pNsNSMcDot9GJFI0zGeEi7hgocUOUm6bVTdGKUAfJDaZ7QKFV/JxIcKDUJvMpTalW8wGQCrEdqcWom/ud1Y+1fuQkTUaypIPOVfsyRDtGsBDRgkhLNJ4ZgIpm5GpERlphoU1XB1OEsfn6ZtM6rjl117i9KteusmDwcwTGUwYFLqMEt1KEJBB7gGV7g1ZpYb9a79TEfzVlZ5hD+wPr8AcXlkgE=</latexit><latexit sha1_base64="EG+GdJh1Kcw2Q5JXQweyhNdVf7c=">AAAB93icbVDLSgMxFL1TX7W+qi7dBItQoZYZEXRZdONKKvQF7VAyaaaNzWSGJCOWof/gVjfuxK2fI/gxptNZaOuBwOGce7g3x4s4U9q2v6zcyura+kZ+s7C1vbO7V9w/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/M/PYjlYqFoqEnEXUDPBTMZwRrI7XKd2fOaaNfLNlVOwVaJk5GSpCh3i9+9wYhiQMqNOFYqa5jR9pNsNSMcDot9GJFI0zGeEi7hgocUOUm6bVTdGKUAfJDaZ7QKFV/JxIcKDUJvMpTalW8wGQCrEdqcWom/ud1Y+1fuQkTUaypIPOVfsyRDtGsBDRgkhLNJ4ZgIpm5GpERlphoU1XB1OEsfn6ZtM6rjl117i9KteusmDwcwTGUwYFLqMEt1KEJBB7gGV7g1ZpYb9a79TEfzVlZ5hD+wPr8AcXlkgE=</latexit><latexit sha1_base64="EG+GdJh1Kcw2Q5JXQweyhNdVf7c=">AAAB93icbVDLSgMxFL1TX7W+qi7dBItQoZYZEXRZdONKKvQF7VAyaaaNzWSGJCOWof/gVjfuxK2fI/gxptNZaOuBwOGce7g3x4s4U9q2v6zcyura+kZ+s7C1vbO7V9w/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/M/PYjlYqFoqEnEXUDPBTMZwRrI7XKd2fOaaNfLNlVOwVaJk5GSpCh3i9+9wYhiQMqNOFYqa5jR9pNsNSMcDot9GJFI0zGeEi7hgocUOUm6bVTdGKUAfJDaZ7QKFV/JxIcKDUJvMpTalW8wGQCrEdqcWom/ud1Y+1fuQkTUaypIPOVfsyRDtGsBDRgkhLNJ4ZgIpm5GpERlphoU1XB1OEsfn6ZtM6rjl117i9KteusmDwcwTGUwYFLqMEt1KEJBB7gGV7g1ZpYb9a79TEfzVlZ5hD+wPr8AcXlkgE=</latexit><latexit sha1_base64="EG+GdJh1Kcw2Q5JXQweyhNdVf7c=">AAAB93icbVDLSgMxFL1TX7W+qi7dBItQoZYZEXRZdONKKvQF7VAyaaaNzWSGJCOWof/gVjfuxK2fI/gxptNZaOuBwOGce7g3x4s4U9q2v6zcyura+kZ+s7C1vbO7V9w/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/M/PYjlYqFoqEnEXUDPBTMZwRrI7XKd2fOaaNfLNlVOwVaJk5GSpCh3i9+9wYhiQMqNOFYqa5jR9pNsNSMcDot9GJFI0zGeEi7hgocUOUm6bVTdGKUAfJDaZ7QKFV/JxIcKDUJvMpTalW8wGQCrEdqcWom/ud1Y+1fuQkTUaypIPOVfsyRDtGsBDRgkhLNJ4ZgIpm5GpERlphoU1XB1OEsfn6ZtM6rjl117i9KteusmDwcwTGUwYFLqMEt1KEJBB7gGV7g1ZpYb9a79TEfzVlZ5hD+wPr8AcXlkgE=</latexit>

Finite pulse train (“pulsone”) 

(like a Coherent Processing Interval) 

*S.K. Mohammed, “Derivation of OTFS Modulation From First Principles”, IEEE Trans. Veh. Tech., Aug 2021. 

Doppler Delay 

Doppler Delay 

...
<latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit>

...
<latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit>

⌫1
<latexit sha1_base64="X0tZJKZ2dFDuo0HoZbKX+MFZKEI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZS2tnd298r7lYPDo+OT6ulZRyeZYuizRCSqF1KNgkv0DTcCe6lCGocCu+H0buF3n1BpnshHM0sxiOlY8ogzaqzkD2Q29IbVmlt3lyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0buqeW/ceGrVWo4ijDBdwCdfgQRNacA9t8IEBh2d4hTdHOi/Ou/Oxai05xcw5/IHz+QOBq45t</latexit><latexit sha1_base64="X0tZJKZ2dFDuo0HoZbKX+MFZKEI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZS2tnd298r7lYPDo+OT6ulZRyeZYuizRCSqF1KNgkv0DTcCe6lCGocCu+H0buF3n1BpnshHM0sxiOlY8ogzaqzkD2Q29IbVmlt3lyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0buqeW/ceGrVWo4ijDBdwCdfgQRNacA9t8IEBh2d4hTdHOi/Ou/Oxai05xcw5/IHz+QOBq45t</latexit><latexit sha1_base64="X0tZJKZ2dFDuo0HoZbKX+MFZKEI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZS2tnd298r7lYPDo+OT6ulZRyeZYuizRCSqF1KNgkv0DTcCe6lCGocCu+H0buF3n1BpnshHM0sxiOlY8ogzaqzkD2Q29IbVmlt3lyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0buqeW/ceGrVWo4ijDBdwCdfgQRNacA9t8IEBh2d4hTdHOi/Ou/Oxai05xcw5/IHz+QOBq45t</latexit><latexit sha1_base64="X0tZJKZ2dFDuo0HoZbKX+MFZKEI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZS2tnd298r7lYPDo+OT6ulZRyeZYuizRCSqF1KNgkv0DTcCe6lCGocCu+H0buF3n1BpnshHM0sxiOlY8ogzaqzkD2Q29IbVmlt3lyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0buqeW/ceGrVWo4ijDBdwCdfgQRNacA9t8IEBh2d4hTdHOi/Ou/Oxai05xcw5/IHz+QOBq45t</latexit>

⌧1
<latexit sha1_base64="IqQwTMjTPVK9oKYqXX9AFiS9whI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9ZBm/aBfrvhVfwGyToKcVCBHo1/+6g00yxKukElqbTfwUwyn1KBgks9KvczylLIxHfKuo4om3IbTxbUzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZm/TgbCcIZy4ghlRrhbCRtRQxm6gEouhGD15XXSuqoGfjW4r1XqtTyOIpzBOVxCANdQhztoQBMYPMIzvMKbp70X7937WLYWvHzmFP7A+/wBRMeO3g==</latexit><latexit sha1_base64="IqQwTMjTPVK9oKYqXX9AFiS9whI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9ZBm/aBfrvhVfwGyToKcVCBHo1/+6g00yxKukElqbTfwUwyn1KBgks9KvczylLIxHfKuo4om3IbTxbUzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZm/TgbCcIZy4ghlRrhbCRtRQxm6gEouhGD15XXSuqoGfjW4r1XqtTyOIpzBOVxCANdQhztoQBMYPMIzvMKbp70X7937WLYWvHzmFP7A+/wBRMeO3g==</latexit><latexit sha1_base64="IqQwTMjTPVK9oKYqXX9AFiS9whI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9ZBm/aBfrvhVfwGyToKcVCBHo1/+6g00yxKukElqbTfwUwyn1KBgks9KvczylLIxHfKuo4om3IbTxbUzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZm/TgbCcIZy4ghlRrhbCRtRQxm6gEouhGD15XXSuqoGfjW4r1XqtTyOIpzBOVxCANdQhztoQBMYPMIzvMKbp70X7937WLYWvHzmFP7A+/wBRMeO3g==</latexit><latexit sha1_base64="IqQwTMjTPVK9oKYqXX9AFiS9whI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9ZBm/aBfrvhVfwGyToKcVCBHo1/+6g00yxKukElqbTfwUwyn1KBgks9KvczylLIxHfKuo4om3IbTxbUzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZm/TgbCcIZy4ghlRrhbCRtRQxm6gEouhGD15XXSuqoGfjW4r1XqtTyOIpzBOVxCANdQhztoQBMYPMIzvMKbp70X7937WLYWvHzmFP7A+/wBRMeO3g==</latexit>

⌫N�1
<latexit sha1_base64="wzEf7O1Q+Lc2V2MagaXtKQO+OKs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2UjBT0WvHiSCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPBjfX9b6+wtr6xuVXcLu3s7u0flA+PWiZONWVNGotYd0JimOCKNS23gnUSzYgMBWuH45uZ335i2vBYPdhJwgJJhopHnBLrpMeeSvvZ3QWe9ssVv+rPgVYJzkkFcjT65a/eIKapZMpSQYzpYj+xQUa05VSwaamXGpYQOiZD1nVUEclMkM0PnqIzpwxQFGtXyqK5+nsiI9KYiQxdpyR2ZJa9mfif101tdB1kXCWpZYouFkWpQDZGs+/RgGtGrZg4Qqjm7lZER0QTal1GJRcCXn55lbQuq9iv4vtapV7L4yjCCZzCOWC4gjrcQgOaQEHCM7zCm6e9F+/d+1i0Frx85hj+wPv8AVG5kAg=</latexit><latexit sha1_base64="wzEf7O1Q+Lc2V2MagaXtKQO+OKs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2UjBT0WvHiSCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPBjfX9b6+wtr6xuVXcLu3s7u0flA+PWiZONWVNGotYd0JimOCKNS23gnUSzYgMBWuH45uZ335i2vBYPdhJwgJJhopHnBLrpMeeSvvZ3QWe9ssVv+rPgVYJzkkFcjT65a/eIKapZMpSQYzpYj+xQUa05VSwaamXGpYQOiZD1nVUEclMkM0PnqIzpwxQFGtXyqK5+nsiI9KYiQxdpyR2ZJa9mfif101tdB1kXCWpZYouFkWpQDZGs+/RgGtGrZg4Qqjm7lZER0QTal1GJRcCXn55lbQuq9iv4vtapV7L4yjCCZzCOWC4gjrcQgOaQEHCM7zCm6e9F+/d+1i0Frx85hj+wPv8AVG5kAg=</latexit><latexit sha1_base64="wzEf7O1Q+Lc2V2MagaXtKQO+OKs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2UjBT0WvHiSCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPBjfX9b6+wtr6xuVXcLu3s7u0flA+PWiZONWVNGotYd0JimOCKNS23gnUSzYgMBWuH45uZ335i2vBYPdhJwgJJhopHnBLrpMeeSvvZ3QWe9ssVv+rPgVYJzkkFcjT65a/eIKapZMpSQYzpYj+xQUa05VSwaamXGpYQOiZD1nVUEclMkM0PnqIzpwxQFGtXyqK5+nsiI9KYiQxdpyR2ZJa9mfif101tdB1kXCWpZYouFkWpQDZGs+/RgGtGrZg4Qqjm7lZER0QTal1GJRcCXn55lbQuq9iv4vtapV7L4yjCCZzCOWC4gjrcQgOaQEHCM7zCm6e9F+/d+1i0Frx85hj+wPv8AVG5kAg=</latexit><latexit sha1_base64="wzEf7O1Q+Lc2V2MagaXtKQO+OKs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2UjBT0WvHiSCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPBjfX9b6+wtr6xuVXcLu3s7u0flA+PWiZONWVNGotYd0JimOCKNS23gnUSzYgMBWuH45uZ335i2vBYPdhJwgJJhopHnBLrpMeeSvvZ3QWe9ssVv+rPgVYJzkkFcjT65a/eIKapZMpSQYzpYj+xQUa05VSwaamXGpYQOiZD1nVUEclMkM0PnqIzpwxQFGtXyqK5+nsiI9KYiQxdpyR2ZJa9mfif101tdB1kXCWpZYouFkWpQDZGs+/RgGtGrZg4Qqjm7lZER0QTal1GJRcCXn55lbQuq9iv4vtapV7L4yjCCZzCOWC4gjrcQgOaQEHCM7zCm6e9F+/d+1i0Frx85hj+wPv8AVG5kAg=</latexit>

⌧N�1
<latexit sha1_base64="xB35pKvQt1P2crYZFRKo2NIPYfw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh4LXjxJBfuBbSib7aZdutmE3YlQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnCScD+iQyVCwSha6bGHNO1ndxfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn84ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzN4nA6E5QzmxhDIt7K2EjaimDG1IJRuCt/zyKmldVj236t3XKvVaHkcRTuAUzsGDK6jDLTSgCQwUPMMrvDnGeXHenY9Fa8HJZ47hD5zPHxZ5kHk=</latexit><latexit sha1_base64="xB35pKvQt1P2crYZFRKo2NIPYfw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh4LXjxJBfuBbSib7aZdutmE3YlQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnCScD+iQyVCwSha6bGHNO1ndxfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn84ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzN4nA6E5QzmxhDIt7K2EjaimDG1IJRuCt/zyKmldVj236t3XKvVaHkcRTuAUzsGDK6jDLTSgCQwUPMMrvDnGeXHenY9Fa8HJZ47hD5zPHxZ5kHk=</latexit><latexit sha1_base64="xB35pKvQt1P2crYZFRKo2NIPYfw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh4LXjxJBfuBbSib7aZdutmE3YlQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnCScD+iQyVCwSha6bGHNO1ndxfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn84ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzN4nA6E5QzmxhDIt7K2EjaimDG1IJRuCt/zyKmldVj236t3XKvVaHkcRTuAUzsGDK6jDLTSgCQwUPMMrvDnGeXHenY9Fa8HJZ47hD5zPHxZ5kHk=</latexit><latexit sha1_base64="xB35pKvQt1P2crYZFRKo2NIPYfw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh4LXjxJBfuBbSib7aZdutmE3YlQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8c3Mbz9xbUSsHnCScD+iQyVCwSha6bGHNO1ndxfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn84ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzN4nA6E5QzmxhDIt7K2EjaimDG1IJRuCt/zyKmldVj236t3XKvVaHkcRTuAUzsGDK6jDLTSgCQwUPMMrvDnGeXHenY9Fa8HJZ47hD5zPHxZ5kHk=</latexit>

↵⌧1,⌫1(t)
<latexit sha1_base64="/gaYOGo7Ub185JBNraQhixMLqZ4=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EiVJCSSEGPBS8eK9haaEKYbDft0s0m7E6EEurFv+LFgyJe/Rfe/DduPw7a+mCGx3sz7M4LU8E1Os63VVhZXVvfKG6WtrZ3dvfK+wdtnWSKshZNRKI6IWgmuGQt5ChYJ1UM4lCw+3B4PfHvH5jSPJF3OEqZH0Nf8ohTQCMF5SMPRDqAIPcQssA996Tp4yqeBeWKU3OmsJeJOycVMkczKH95vYRmMZNIBWjddZ0U/RwUcirYuORlmqVAh9BnXUMlxEz7+fSCsX1qlJ4dJcqURHuq/t7IIdZ6FIdmMgYc6EVvIv7ndTOMrvycyzRDJunsoSgTNib2JA67xxWjKEaGAFXc/NWmA1BA0YRWMiG4iycvk/ZFzXVq7m290qjP4yiSY3JCqsQll6RBbkiTtAglj+SZvJI368l6sd6tj9lowZrvHJI/sD5/AIuJljw=</latexit><latexit sha1_base64="/gaYOGo7Ub185JBNraQhixMLqZ4=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EiVJCSSEGPBS8eK9haaEKYbDft0s0m7E6EEurFv+LFgyJe/Rfe/DduPw7a+mCGx3sz7M4LU8E1Os63VVhZXVvfKG6WtrZ3dvfK+wdtnWSKshZNRKI6IWgmuGQt5ChYJ1UM4lCw+3B4PfHvH5jSPJF3OEqZH0Nf8ohTQCMF5SMPRDqAIPcQssA996Tp4yqeBeWKU3OmsJeJOycVMkczKH95vYRmMZNIBWjddZ0U/RwUcirYuORlmqVAh9BnXUMlxEz7+fSCsX1qlJ4dJcqURHuq/t7IIdZ6FIdmMgYc6EVvIv7ndTOMrvycyzRDJunsoSgTNib2JA67xxWjKEaGAFXc/NWmA1BA0YRWMiG4iycvk/ZFzXVq7m290qjP4yiSY3JCqsQll6RBbkiTtAglj+SZvJI368l6sd6tj9lowZrvHJI/sD5/AIuJljw=</latexit><latexit sha1_base64="/gaYOGo7Ub185JBNraQhixMLqZ4=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EiVJCSSEGPBS8eK9haaEKYbDft0s0m7E6EEurFv+LFgyJe/Rfe/DduPw7a+mCGx3sz7M4LU8E1Os63VVhZXVvfKG6WtrZ3dvfK+wdtnWSKshZNRKI6IWgmuGQt5ChYJ1UM4lCw+3B4PfHvH5jSPJF3OEqZH0Nf8ohTQCMF5SMPRDqAIPcQssA996Tp4yqeBeWKU3OmsJeJOycVMkczKH95vYRmMZNIBWjddZ0U/RwUcirYuORlmqVAh9BnXUMlxEz7+fSCsX1qlJ4dJcqURHuq/t7IIdZ6FIdmMgYc6EVvIv7ndTOMrvycyzRDJunsoSgTNib2JA67xxWjKEaGAFXc/NWmA1BA0YRWMiG4iycvk/ZFzXVq7m290qjP4yiSY3JCqsQll6RBbkiTtAglj+SZvJI368l6sd6tj9lowZrvHJI/sD5/AIuJljw=</latexit><latexit sha1_base64="/gaYOGo7Ub185JBNraQhixMLqZ4=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EiVJCSSEGPBS8eK9haaEKYbDft0s0m7E6EEurFv+LFgyJe/Rfe/DduPw7a+mCGx3sz7M4LU8E1Os63VVhZXVvfKG6WtrZ3dvfK+wdtnWSKshZNRKI6IWgmuGQt5ChYJ1UM4lCw+3B4PfHvH5jSPJF3OEqZH0Nf8ohTQCMF5SMPRDqAIPcQssA996Tp4yqeBeWKU3OmsJeJOycVMkczKH95vYRmMZNIBWjddZ0U/RwUcirYuORlmqVAh9BnXUMlxEz7+fSCsX1qlJ4dJcqURHuq/t7IIdZ6FIdmMgYc6EVvIv7ndTOMrvycyzRDJunsoSgTNib2JA67xxWjKEaGAFXc/NWmA1BA0YRWMiG4iycvk/ZFzXVq7m290qjP4yiSY3JCqsQll6RBbkiTtAglj+SZvJI368l6sd6tj9lowZrvHJI/sD5/AIuJljw=</latexit>

↵⌧N�1,⌫N�1(t)
<latexit sha1_base64="Tct9x+UfLMl5rkPyJ8/fKKzBYQw=">AAACCXicbZBNS8NAEIY3ftb6VfXoZbEIFbQkIuhR8OJJKlhbaEKYbLd2cbMJuxOhhFy9+Fe8eFDEq//Am//Gbc1Bqy8sPLwzw+y8USqFQdf9dGZm5+YXFitL1eWV1bX12sbmtUkyzXibJTLR3QgMl0LxNgqUvJtqDnEkeSe6PRvXO3dcG5GoKxylPIjhRomBYIDWCmvUB5kOIcx9hCzMLw68Yt9XJRUN3AtrdbfpTkT/gldCnZRqhbUPv5+wLOYKmQRjep6bYpCDRsEkL6p+ZngK7BZueM+igpibIJ9cUtBd6/TpINH2KaQT9+dEDrExoziynTHg0EzXxuZ/tV6Gg5MgFyrNkCv2vWiQSYoJHcdC+0JzhnJkAZgW9q+UDUEDQxte1YbgTZ/8F64Pm57b9C6P6qdHZRwVsk12SIN45JicknPSIm3CyD15JM/kxXlwnpxX5+27dcYpZ7bILznvX20HmXI=</latexit><latexit sha1_base64="Tct9x+UfLMl5rkPyJ8/fKKzBYQw=">AAACCXicbZBNS8NAEIY3ftb6VfXoZbEIFbQkIuhR8OJJKlhbaEKYbLd2cbMJuxOhhFy9+Fe8eFDEq//Am//Gbc1Bqy8sPLwzw+y8USqFQdf9dGZm5+YXFitL1eWV1bX12sbmtUkyzXibJTLR3QgMl0LxNgqUvJtqDnEkeSe6PRvXO3dcG5GoKxylPIjhRomBYIDWCmvUB5kOIcx9hCzMLw68Yt9XJRUN3AtrdbfpTkT/gldCnZRqhbUPv5+wLOYKmQRjep6bYpCDRsEkL6p+ZngK7BZueM+igpibIJ9cUtBd6/TpINH2KaQT9+dEDrExoziynTHg0EzXxuZ/tV6Gg5MgFyrNkCv2vWiQSYoJHcdC+0JzhnJkAZgW9q+UDUEDQxte1YbgTZ/8F64Pm57b9C6P6qdHZRwVsk12SIN45JicknPSIm3CyD15JM/kxXlwnpxX5+27dcYpZ7bILznvX20HmXI=</latexit><latexit sha1_base64="Tct9x+UfLMl5rkPyJ8/fKKzBYQw=">AAACCXicbZBNS8NAEIY3ftb6VfXoZbEIFbQkIuhR8OJJKlhbaEKYbLd2cbMJuxOhhFy9+Fe8eFDEq//Am//Gbc1Bqy8sPLwzw+y8USqFQdf9dGZm5+YXFitL1eWV1bX12sbmtUkyzXibJTLR3QgMl0LxNgqUvJtqDnEkeSe6PRvXO3dcG5GoKxylPIjhRomBYIDWCmvUB5kOIcx9hCzMLw68Yt9XJRUN3AtrdbfpTkT/gldCnZRqhbUPv5+wLOYKmQRjep6bYpCDRsEkL6p+ZngK7BZueM+igpibIJ9cUtBd6/TpINH2KaQT9+dEDrExoziynTHg0EzXxuZ/tV6Gg5MgFyrNkCv2vWiQSYoJHcdC+0JzhnJkAZgW9q+UDUEDQxte1YbgTZ/8F64Pm57b9C6P6qdHZRwVsk12SIN45JicknPSIm3CyD15JM/kxXlwnpxX5+27dcYpZ7bILznvX20HmXI=</latexit><latexit sha1_base64="Tct9x+UfLMl5rkPyJ8/fKKzBYQw=">AAACCXicbZBNS8NAEIY3ftb6VfXoZbEIFbQkIuhR8OJJKlhbaEKYbLd2cbMJuxOhhFy9+Fe8eFDEq//Am//Gbc1Bqy8sPLwzw+y8USqFQdf9dGZm5+YXFitL1eWV1bX12sbmtUkyzXibJTLR3QgMl0LxNgqUvJtqDnEkeSe6PRvXO3dcG5GoKxylPIjhRomBYIDWCmvUB5kOIcx9hCzMLw68Yt9XJRUN3AtrdbfpTkT/gldCnZRqhbUPv5+wLOYKmQRjep6bYpCDRsEkL6p+ZngK7BZueM+igpibIJ9cUtBd6/TpINH2KaQT9+dEDrExoziynTHg0EzXxuZ/tV6Gg5MgFyrNkCv2vWiQSYoJHcdC+0JzhnJkAZgW9q+UDUEDQxte1YbgTZ/8F64Pm57b9C6P6qdHZRwVsk12SIN45JicknPSIm3CyD15JM/kxXlwnpxX5+27dcYpZ7bILznvX20HmXI=</latexit>

A[0]
<latexit sha1_base64="avtwexp/F+CVaLU+lVi8yrWnEKE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtcuvXdYFRvuE23AFonXkkaUKIzqn8NxzFJBZWGcKy177mJCTKsDCOcLmrDVNMEkxmeUN9SiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzP81MT3QQZk0lqqCTLRVHKkYlR/jgaM0WJ4XNLMFHM3orIFCtMjI2nZkPwVl9eJ72rpuc2vYdWo90q46jCGZzDJXhwDW24hw50gcAUnuEV3hzhvDjvzseyteKUM6fwB87nD17Ajb0=</latexit><latexit sha1_base64="avtwexp/F+CVaLU+lVi8yrWnEKE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtcuvXdYFRvuE23AFonXkkaUKIzqn8NxzFJBZWGcKy177mJCTKsDCOcLmrDVNMEkxmeUN9SiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzP81MT3QQZk0lqqCTLRVHKkYlR/jgaM0WJ4XNLMFHM3orIFCtMjI2nZkPwVl9eJ72rpuc2vYdWo90q46jCGZzDJXhwDW24hw50gcAUnuEV3hzhvDjvzseyteKUM6fwB87nD17Ajb0=</latexit><latexit sha1_base64="avtwexp/F+CVaLU+lVi8yrWnEKE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtcuvXdYFRvuE23AFonXkkaUKIzqn8NxzFJBZWGcKy177mJCTKsDCOcLmrDVNMEkxmeUN9SiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzP81MT3QQZk0lqqCTLRVHKkYlR/jgaM0WJ4XNLMFHM3orIFCtMjI2nZkPwVl9eJ72rpuc2vYdWo90q46jCGZzDJXhwDW24hw50gcAUnuEV3hzhvDjvzseyteKUM6fwB87nD17Ajb0=</latexit><latexit sha1_base64="avtwexp/F+CVaLU+lVi8yrWnEKE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtcuvXdYFRvuE23AFonXkkaUKIzqn8NxzFJBZWGcKy177mJCTKsDCOcLmrDVNMEkxmeUN9SiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzP81MT3QQZk0lqqCTLRVHKkYlR/jgaM0WJ4XNLMFHM3orIFCtMjI2nZkPwVl9eJ72rpuc2vYdWo90q46jCGZzDJXhwDW24hw50gcAUnuEV3hzhvDjvzseyteKUM6fwB87nD17Ajb0=</latexit>

A[1]
<latexit sha1_base64="IF0GsgXbbga59+8vU8N6yRtfk6g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtcuvW9YFRvuE23AFonXkkaUKIzqn8NxzFJBZWGcKy177mJCTKsDCOcLmrDVNMEkxmeUN9SiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzP81MT3QQZk0lqqCTLRVHKkYlR/jgaM0WJ4XNLMFHM3orIFCtMjI2nZkPwVl9eJ72rpuc2vYdWo90q46jCGZzDJXhwDW24hw50gcAUnuEV3hzhvDjvzseyteKUM6fwB87nD2BFjb4=</latexit><latexit sha1_base64="IF0GsgXbbga59+8vU8N6yRtfk6g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtcuvW9YFRvuE23AFonXkkaUKIzqn8NxzFJBZWGcKy177mJCTKsDCOcLmrDVNMEkxmeUN9SiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzP81MT3QQZk0lqqCTLRVHKkYlR/jgaM0WJ4XNLMFHM3orIFCtMjI2nZkPwVl9eJ72rpuc2vYdWo90q46jCGZzDJXhwDW24hw50gcAUnuEV3hzhvDjvzseyteKUM6fwB87nD2BFjb4=</latexit><latexit sha1_base64="IF0GsgXbbga59+8vU8N6yRtfk6g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtcuvW9YFRvuE23AFonXkkaUKIzqn8NxzFJBZWGcKy177mJCTKsDCOcLmrDVNMEkxmeUN9SiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzP81MT3QQZk0lqqCTLRVHKkYlR/jgaM0WJ4XNLMFHM3orIFCtMjI2nZkPwVl9eJ72rpuc2vYdWo90q46jCGZzDJXhwDW24hw50gcAUnuEV3hzhvDjvzseyteKUM6fwB87nD2BFjb4=</latexit><latexit sha1_base64="IF0GsgXbbga59+8vU8N6yRtfk6g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtcuvW9YFRvuE23AFonXkkaUKIzqn8NxzFJBZWGcKy177mJCTKsDCOcLmrDVNMEkxmeUN9SiQXVQVbcukAXVhmjKFa2pEGF+nsiw0LruQhtp8Bmqle9XPzP81MT3QQZk0lqqCTLRVHKkYlR/jgaM0WJ4XNLMFHM3orIFCtMjI2nZkPwVl9eJ72rpuc2vYdWo90q46jCGZzDJXhwDW24hw50gcAUnuEV3hzhvDjvzseyteKUM6fwB87nD2BFjb4=</latexit>

A[N � 1]
<latexit sha1_base64="F+jOMCZwROJFh/nw/rOkyMcghr4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCvVY8eJJKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJxzczv/NElWZSPJhJQoMYDwWLGMHGSu1r/+7CC/rlilt150CrxMtJBXI0++Wv3kCSNKbCEI619j03MUGGlWGE02mpl2qaYDLGQ+pbKnBMdZDNr52iM6sMUCSVLWHQXP09keFY60kc2s4Ym5Fe9mbif56fmugqyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88ippX1Y9t+rd1yqNWh5HEU7gFM7Bgzo04Baa0AICj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8AZxKOTQ==</latexit><latexit sha1_base64="F+jOMCZwROJFh/nw/rOkyMcghr4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCvVY8eJJKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJxzczv/NElWZSPJhJQoMYDwWLGMHGSu1r/+7CC/rlilt150CrxMtJBXI0++Wv3kCSNKbCEI619j03MUGGlWGE02mpl2qaYDLGQ+pbKnBMdZDNr52iM6sMUCSVLWHQXP09keFY60kc2s4Ym5Fe9mbif56fmugqyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88ippX1Y9t+rd1yqNWh5HEU7gFM7Bgzo04Baa0AICj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8AZxKOTQ==</latexit><latexit sha1_base64="F+jOMCZwROJFh/nw/rOkyMcghr4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCvVY8eJJKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJxzczv/NElWZSPJhJQoMYDwWLGMHGSu1r/+7CC/rlilt150CrxMtJBXI0++Wv3kCSNKbCEI619j03MUGGlWGE02mpl2qaYDLGQ+pbKnBMdZDNr52iM6sMUCSVLWHQXP09keFY60kc2s4Ym5Fe9mbif56fmugqyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88ippX1Y9t+rd1yqNWh5HEU7gFM7Bgzo04Baa0AICj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8AZxKOTQ==</latexit><latexit sha1_base64="F+jOMCZwROJFh/nw/rOkyMcghr4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCvVY8eJJKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJxzczv/NElWZSPJhJQoMYDwWLGMHGSu1r/+7CC/rlilt150CrxMtJBXI0++Wv3kCSNKbCEI619j03MUGGlWGE02mpl2qaYDLGQ+pbKnBMdZDNr52iM6sMUCSVLWHQXP09keFY60kc2s4Ym5Fe9mbif56fmugqyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88ippX1Y9t+rd1yqNWh5HEU7gFM7Bgzo04Baa0AICj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8AZxKOTQ==</latexit>

...
<latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit><latexit sha1_base64="/HJK5Y+FTh53Fjq86Mgfl+rLgWc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0GPBi8cKthXaUDabTbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTlLWpEko/hsQwwSVrI0fBHlPNSBIK1g3Ht3O/O2HacCUfcJqyICFDyWNOCVqp059ECs2gWvPq3gLuOvELUoMCrUH1qx8pmiVMIhXEmJ7vpRjkRCOngs0q/cywlNAxGbKepZIkzAT54tqZe2GVyI2VtiXRXai/J3KSGDNNQtuZEByZVW8u/uf1MoxvgpzLNEMm6XJRnAkXlTt/3Y24ZhTF1BJCNbe3unRENKFoA6rYEPzVl9dJ56rue3X/vlFrNoo4ynAG53AJPlxDE+6gBW2g8ATP8ApvjnJenHfnY9lacoqZU/gD5/MHxzmPNA==</latexit>

Delay / Range 

D
op

pl
er

 

N�1X

i=0

A[i] · ↵⌧i,⌫i(t)
<latexit sha1_base64="uQAOWtBIO2i38heKlQ2Kz1nqEnk=">AAACHXicbVBNS8NAEN3U7/pV9ehlsQgVtCRS0IugePEkClaFJobJdtsubjZhdyKUkD/ixb/ixYMiHryI/8Zt7UGrD2Z4vDfD7rwolcKg6346pYnJqemZ2bny/MLi0nJlZfXSJJlmvMkSmejrCAyXQvEmCpT8OtUc4kjyq+j2eOBf3XFtRKIusJ/yIIauEh3BAK0UVhq+yeIwFwducZOf7ngFPWqJgPqsnSD1QaY9CHMfIQvFtq9sL2q4FVaqbt0dgv4l3ohUyQhnYeXdbycsi7lCJsGYluemGOSgUTDJi7KfGZ4Cu4Uub1mqIOYmyIfXFXTTKm3aSbQthXSo/tzIITamH0d2MgbsmXFvIP7ntTLs7Ae5UGmGXLHvhzqZpJjQQVS0LTRnKPuWANPC/pWyHmhgaAMt2xC88ZP/ksvduufWvfNG9bAximOWrJMNUiMe2SOH5ISckSZh5J48kmfy4jw4T86r8/Y9WnJGO2vkF5yPL2D2oWw=</latexit><latexit sha1_base64="uQAOWtBIO2i38heKlQ2Kz1nqEnk=">AAACHXicbVBNS8NAEN3U7/pV9ehlsQgVtCRS0IugePEkClaFJobJdtsubjZhdyKUkD/ixb/ixYMiHryI/8Zt7UGrD2Z4vDfD7rwolcKg6346pYnJqemZ2bny/MLi0nJlZfXSJJlmvMkSmejrCAyXQvEmCpT8OtUc4kjyq+j2eOBf3XFtRKIusJ/yIIauEh3BAK0UVhq+yeIwFwducZOf7ngFPWqJgPqsnSD1QaY9CHMfIQvFtq9sL2q4FVaqbt0dgv4l3ohUyQhnYeXdbycsi7lCJsGYluemGOSgUTDJi7KfGZ4Cu4Uub1mqIOYmyIfXFXTTKm3aSbQthXSo/tzIITamH0d2MgbsmXFvIP7ntTLs7Ae5UGmGXLHvhzqZpJjQQVS0LTRnKPuWANPC/pWyHmhgaAMt2xC88ZP/ksvduufWvfNG9bAximOWrJMNUiMe2SOH5ISckSZh5J48kmfy4jw4T86r8/Y9WnJGO2vkF5yPL2D2oWw=</latexit><latexit sha1_base64="uQAOWtBIO2i38heKlQ2Kz1nqEnk=">AAACHXicbVBNS8NAEN3U7/pV9ehlsQgVtCRS0IugePEkClaFJobJdtsubjZhdyKUkD/ixb/ixYMiHryI/8Zt7UGrD2Z4vDfD7rwolcKg6346pYnJqemZ2bny/MLi0nJlZfXSJJlmvMkSmejrCAyXQvEmCpT8OtUc4kjyq+j2eOBf3XFtRKIusJ/yIIauEh3BAK0UVhq+yeIwFwducZOf7ngFPWqJgPqsnSD1QaY9CHMfIQvFtq9sL2q4FVaqbt0dgv4l3ohUyQhnYeXdbycsi7lCJsGYluemGOSgUTDJi7KfGZ4Cu4Uub1mqIOYmyIfXFXTTKm3aSbQthXSo/tzIITamH0d2MgbsmXFvIP7ntTLs7Ae5UGmGXLHvhzqZpJjQQVS0LTRnKPuWANPC/pWyHmhgaAMt2xC88ZP/ksvduufWvfNG9bAximOWrJMNUiMe2SOH5ISckSZh5J48kmfy4jw4T86r8/Y9WnJGO2vkF5yPL2D2oWw=</latexit><latexit sha1_base64="uQAOWtBIO2i38heKlQ2Kz1nqEnk=">AAACHXicbVBNS8NAEN3U7/pV9ehlsQgVtCRS0IugePEkClaFJobJdtsubjZhdyKUkD/ixb/ixYMiHryI/8Zt7UGrD2Z4vDfD7rwolcKg6346pYnJqemZ2bny/MLi0nJlZfXSJJlmvMkSmejrCAyXQvEmCpT8OtUc4kjyq+j2eOBf3XFtRKIusJ/yIIauEh3BAK0UVhq+yeIwFwducZOf7ngFPWqJgPqsnSD1QaY9CHMfIQvFtq9sL2q4FVaqbt0dgv4l3ohUyQhnYeXdbycsi7lCJsGYluemGOSgUTDJi7KfGZ4Cu4Uub1mqIOYmyIfXFXTTKm3aSbQthXSo/tzIITamH0d2MgbsmXFvIP7ntTLs7Ae5UGmGXLHvhzqZpJjQQVS0LTRnKPuWANPC/pWyHmhgaAMt2xC88ZP/ksvduufWvfNG9bAximOWrJMNUiMe2SOH5ISckSZh5J48kmfy4jw4T86r8/Y9WnJGO2vkF5yPL2D2oWw=</latexit>

•  Doppler-Delay space is populated with communication symbols 
–  Similar to pulse amplitude modulation, but in Doppler-Delay space 

•  Implement via pre- and post-processing block overlays to existing OFDM architecture** 

**R. Hadani, S. Rakib, S. Kons, M. Tsatsanis et al., “Orthogonal Time Frequency Space Modulation,” arXiv:1808.00519 [cs, math], Aug. 2018. 
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Outline 

•  Introduction 
•  MUSIC Method  
•  OTFS Channel Estimation via MUSIC 
•  1D v/s 2D MUSIC 
•  Numerical Results 

•  Summary 
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•  The wireless channel is characterized by: 
–  Multipath scattering environment 
–  User mobility 

•  The channel changes dynamically                
due to user mobility. 

•  Goal: Estimate and track the channel                     
 accurately 

•  The OTFS waveform provides the ability              
to estimate and track the channel               
like a radar.  

Dynamic Wireless Environments 

User 

Base station 

Scatterers 

.  .  .  

0
<latexit sha1_base64="Tzr+N3kHtzzvb2dU1T9t3srZZzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXpfrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AcpWMng==</latexit> t

<latexit sha1_base64="TCRxzOWe0tmRBnVf2UMWnVa8pcQ=">AAAB6HicbVBNS8NAEN34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7E6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVHFo8lrHuBsyAFApaKFBCN9HAokBCJ5jczf3OE2gjYvWA0wT8iI2UCAVnaKUmDkplt+ouQNeJl5MyydEYlL76w5inESjkkhnT89wE/YxpFFzCrNhPDSSMT9gIepYqFoHxs8WhM3pplSENY21LIV2ovycyFhkzjQLbGTEcm1VvLv7n9VIMb/1MqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuiDcFbfXmdtGtV76paa16X65U8jgI5JxekQjxyQ+rknjRIi3AC5Jm8kjfn0Xlx3p2PZeuGk8+ckT9wPn8A2aWM4g==</latexit>

Pulsone 
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•      multipath components parameterized by  
–  Delays    , Doppler shifts  
–  Path gains   

•    

•  Goal: Estimate  
•  Doppler Rayleigh resolution limit:  

 
 
Ex.:  

Estimating Sparse Linear  
Time-Varying Channels  

(⌧1, ⌫1,↵1)
<latexit sha1_base64="/py/cxu07iYa5/IkmkxemEWSBv8=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCIlqYIuC25cVrAPaEK4mU7aoZNJmJkIJXTjr7hxoYhbP8Odf+M0zUJbD9zL4Zx7mbknSBiVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJwKTNo4ZrHoBSAJo5y0FVWM9BJBIAoY6Qbj25nffSRC0pg/qElCvAiGnIYUg9KSbx7VXAWp71y4PO/AkhH4zplvVu26ncNaJk5BqqhAyze/3EGM04hwhRlI2XfsRHkZCEUxI9OKm0qSAB7DkPQ15RAR6WX5AVPrVCsDK4yFLq6sXP29kUEk5SQK9GQEaiQXvZn4n9dPVXjjZZQnqSIczx8KU2ap2JqlYQ2oIFixiSaABdV/tfAIBGClM6voEJzFk5dJp1F3LuuN+6tq87yIo4yO0QmqIQddoya6Qy3URhhN0TN6RW/Gk/FivBsf89GSUewcoj8wPn8AtOWVHQ==</latexit>

(⌧2, ⌫2,↵2)
<latexit sha1_base64="wjgMJXTggqGRKCEbeeRpmVPCDYM=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCIliYIuC25cVrAPaEK4mU7aoZNJmJkIJXTjr7hxoYhbP8Odf+M07UJbD9zL4Zx7mbknTBmVyra/jdLK6tr6RnmzsrW9s7tn7h+0ZZIJTFo4YYnohiAJo5y0FFWMdFNBIA4Z6YSj26nfeSRC0oQ/qHFK/BgGnEYUg9JSYB7VPAVZ4F54vOjA0iEE7llgVu26XcBaJs6cVNEczcD88voJzmLCFWYgZc+xU+XnIBTFjEwqXiZJCngEA9LTlENMpJ8XB0ysU630rSgRuriyCvX3Rg6xlOM41JMxqKFc9Kbif14vU9GNn1OeZopwPHsoypilEmuahtWngmDFxpoAFlT/1cJDEICVzqyiQ3AWT14mbbfuXNbd+6tq43weRxkdoxNUQw66Rg10h5qohTCaoGf0it6MJ+PFeDc+ZqMlY75ziP7A+PwBuYyVIA==</latexit>

(⌧3, ⌫3,↵3)
<latexit sha1_base64="DzsrTW4g2f9P68LmHuzRLzMGY3s=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCIlaQVdFty4rGAf0IRwM520g5NJmJkIJXTjr7hxoYhbP8Odf+M0zUJbD9zL4Zx7mbknSBiVyra/jdLK6tr6RnmzsrW9s7tn7h90ZZwKTDo4ZrHoByAJo5x0FFWM9BNBIAoY6QUPNzO/90iEpDG/V5OEeBGMOA0pBqUl3zyquQpSv3nh8rwDS8bgN898s2rX7RzWMnEKUkUF2r755Q5jnEaEK8xAyoFjJ8rLQCiKGZlW3FSSBPADjMhAUw4RkV6WHzC1TrUytMJY6OLKytXfGxlEUk6iQE9GoMZy0ZuJ/3mDVIXXXkZ5kirC8fyhMGWWiq1ZGtaQCoIVm2gCWFD9VwuPQQBWOrOKDsFZPHmZdBt1p1lv3F1WW+dFHGV0jE5QDTnoCrXQLWqjDsJoip7RK3oznowX4934mI+WjGLnEP2B8fkDvjOVIw==</latexit>

D
<latexit sha1_base64="yGh+crpqNgJ4DGzr/eIqOlFhMRk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGRY8BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVa+yOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5TOjL8=</latexit>

{(⌧i, ⌫i,↵i)}Di=1
<latexit sha1_base64="+zuJw9aYztwMfFwJ609AxiX7XFg=">AAACDHicbVDLSsNAFJ34rPVVdekmWIQKUpJa0I1Q0IXLCvYBTQw300k7dDIJMxOhhH6AG3/FjQtF3PoB7vwbp2kW2npghsM55zJzjx8zKpVlfRtLyyura+uFjeLm1vbObmlvvy2jRGDSwhGLRNcHSRjlpKWoYqQbCwKhz0jHH11N/c4DEZJG/E6NY+KGMOA0oBiUlrxS2UkrjoLEo6cOz25g8RA8euJMvJRe2pP7a52yqlYGc5HYOSmjHE2v9OX0I5yEhCvMQMqebcXKTUEoihmZFJ1EkhjwCAakpymHkEg3zZaZmMda6ZtBJPThyszU3xMphFKOQ18nQ1BDOe9Nxf+8XqKCCzelPE4U4Xj2UJAwU0XmtBmzTwXBio01ASyo/quJhyAAK91fUZdgz6+8SNq1qn1Wrd3Wy416XkcBHaIjVEE2OkcNdIOaqIUwekTP6BW9GU/Gi/FufMyiS0Y+c4D+wPj8Ac4rmsc=</latexit>

⌧i
<latexit sha1_base64="snMB8T38+26q7lCozzdk3nr82r0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ9lsN+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7T7SdCAG5YpbdRcg68TLSQVyNAflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWapoxI2fLa6dkQurDEkYa1sKyUL9PZHRyJhpFNjOiOLYrHpz8T+vl2J442dCJSlyxZaLwlQSjMn8dTIUmjOUU0so08LeStiYasrQBlSyIXirL6+Tdq3qXVVr9/VKo57HUYQzOIdL8OAaGnAHTWgBg0d4hld4c2LnxXl3PpatBSefOYU/cD5/AJr1jxo=</latexit>

⌫i
<latexit sha1_base64="44z0yqxM6gBMDyUMwQ/l9i2uwEY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5m/udJ1SaJ/LRTFMMYjqSPOKMGiv5fZkN+KBSdWvuAmSdeAWpQoHWoPLVHyYsi1EaJqjWPc9NTZBTZTgTOCv3M40pZRM6wp6lksaog3xx7IxcWmVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90GOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7YheKsvr5N2veZd1+oPjWqzUcRRgnO4gCvw4AaacA8t8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8wfX2Y6p</latexit>

↵i
<latexit sha1_base64="xizn1X2ZmHcWb8UucrKuHP3MoWc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2Vun0UyRgHfFCuuFV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfra4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwhs/4zJJDZN0uShMBTExmT9PhlwxasTUEqSK21sJHaNCamxEJRuCt/ryOmnXqt5VtXZfrzTqeRxFOINzuAQPrqEBd9CEFlAQ8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QMG2I/q</latexit>

{(⌧i, ⌫i,↵i)}Di=1
<latexit sha1_base64="+zuJw9aYztwMfFwJ609AxiX7XFg=">AAACDHicbVDLSsNAFJ34rPVVdekmWIQKUpJa0I1Q0IXLCvYBTQw300k7dDIJMxOhhH6AG3/FjQtF3PoB7vwbp2kW2npghsM55zJzjx8zKpVlfRtLyyura+uFjeLm1vbObmlvvy2jRGDSwhGLRNcHSRjlpKWoYqQbCwKhz0jHH11N/c4DEZJG/E6NY+KGMOA0oBiUlrxS2UkrjoLEo6cOz25g8RA8euJMvJRe2pP7a52yqlYGc5HYOSmjHE2v9OX0I5yEhCvMQMqebcXKTUEoihmZFJ1EkhjwCAakpymHkEg3zZaZmMda6ZtBJPThyszU3xMphFKOQ18nQ1BDOe9Nxf+8XqKCCzelPE4U4Xj2UJAwU0XmtBmzTwXBio01ASyo/quJhyAAK91fUZdgz6+8SNq1qn1Wrd3Wy416XkcBHaIjVEE2OkcNdIOaqIUwekTP6BW9GU/Gi/FufMyiS0Y+c4D+wPj8Ac4rmsc=</latexit>

r(t) =
DX

i=1

↵is(t� ⌧i)e
j2⇡⌫it

<latexit sha1_base64="fJ0sBcWKAwezmoWzx/rn+fQNlqM="></latexit>

Transmitted 
signal 
s(t)

<latexit sha1_base64="r4KrxwxIBb7q3Qqa+5Dz/oQkZdw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJUDyWpgh4LXjxWsB/QhrLZbtqlu5uwOxFK6F/w4kERr/4hb/4b0zYHbX0w8Hhvhpl5QSyFRdf9dtbWNza3tgs7xd29/YPD0tFxy0aJYbzJIhmZTkAtl0LzJgqUvBMbTlUgeTsY38389hM3VkT6EScx9xUdahEKRnEm2Qpe9Etlt+rOQVaJl5My5Gj0S1+9QcQSxTUySa3tem6MfkoNCib5tNhLLI8pG9Mh72ZUU8Wtn85vnZLzTBmQMDJZaSRz9fdESpW1ExVknYriyC57M/E/r5tgeOunQscJcs0Wi8JEEozI7HEyEIYzlJOMUGZEdithI2oowyyeYhaCt/zyKmnVqt5VtfZwXa5f5nEU4BTOoAIe3EAd7qEBTWAwgmd4hTdHOS/Ou/OxaF1z8pkT+APn8wd0PI3G</latexit>

Received 
 signal 
r(t)

<latexit sha1_base64="4ay2jydqwWnaWez0X8wjunV8vfc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJUDyWpgh4LXjxWsB/QhrLZbtqlu5uwOxFK6F/w4kERr/4hb/4b0zYHbX0w8Hhvhpl5QSyFRdf9dtbWNza3tgs7xd29/YPD0tFxy0aJYbzJIhmZTkAtl0LzJgqUvBMbTlUgeTsY38389hM3VkT6EScx9xUdahEKRnEmmQpe9Etlt+rOQVaJl5My5Gj0S1+9QcQSxTUySa3tem6MfkoNCib5tNhLLI8pG9Mh72ZUU8Wtn85vnZLzTBmQMDJZaSRz9fdESpW1ExVknYriyC57M/E/r5tgeOunQscJcs0Wi8JEEozI7HEyEIYzlJOMUGZEdithI2oowyyeYhaCt/zyKmnVqt5VtfZwXa5f5nEU4BTOoAIe3EAd7qEBTWAwgmd4hTdHOS/Ou/OxaF1z8pkT+APn8wdytY3F</latexit>

�⌫ =
1

Signal duration
<latexit sha1_base64="Txux4dr58I41Yd3he47E5/Oz4KQ=">AAACFnicbVA9SwNBFNzz2/gVtbRZDIKN4S4K2ggBLSwVTSLkQtjbvEuW7O0du+/EcNyvsPGv2FgoYit2/hs3MYUmDiwMM/N4+yZIpDDoul/OzOzc/MLi0nJhZXVtfaO4uVU3cao51HgsY30bMANSKKihQAm3iQYWBRIaQf9s6DfuQBsRqxscJNCKWFeJUHCGVmoXD/xzkMior1J6Sv1QM555eeYj3GN2LbqKSdpJ9Sid5+1iyS27I9Bp4o1JiYxx2S5++p2YpxEo5JIZ0/TcBFsZ0yi4hLzgpwYSxvusC01LFYvAtLLRWTnds0qHhrG2TyEdqb8nMhYZM4gCm4wY9sykNxT/85ophietTKgkRVD8Z1GYSooxHXZEO0IDRzmwhHEt7F8p7zFbDdomC7YEb/LkaVKvlL3DcuXqqFStjOtYIjtkl+wTjxyTKrkgl6RGOHkgT+SFvDqPzrPz5rz/RGec8cw2+QPn4xuJBJ+Z</latexit>

�⌫ = 1/(1 ms) = 1 kHz
<latexit sha1_base64="uV4rSfL4TptWWx+UwCIFVrAtoiQ=">AAACE3icbVA9SwNBEN2L3/ErammzGIRoEe+ioE1A0MJSwaiQC2FvM0mW7O0du3NiPPIfbPwrNhaK2NrY+W/cxCs08cHA2/dm2JkXxFIYdN0vJzc1PTM7N7+QX1xaXlktrK1fmSjRHGo8kpG+CZgBKRTUUKCEm1gDCwMJ10HvZOhf34I2IlKX2I+hEbKOEm3BGVqpWdj1T0Eio75Kqt5eyfMR7jCloRns0Cr1aPbund0PmoWiW3ZHoJPEy0iRZDhvFj79VsSTEBRyyYype26MjZRpFFzCIO8nBmLGe6wDdUsVC8E00tFNA7ptlRZtR9qWQjpSf0+kLDSmHwa2M2TYNePeUPzPqyfYPmqkQsUJguI/H7UTSTGiw4BoS2jgKPuWMK6F3ZXyLtOMo40xb0Pwxk+eJFeVsrdfrlwcFI/LWRzzZJNskRLxyCE5JmfknNQIJw/kibyQV+fReXbenPef1pyTzWyQP3A+vgEEoZxQ</latexit>

•  Fractional delays and Dopplers            Need for parametric 
     super-resolution methods 
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Outline 

•  Introduction 
•  MUSIC Method  
•  OTFS Channel Estimation via MUSIC 
•  1D v/s 2D MUSIC 
•  Numerical Results 

•  Summary 
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•  Received Signal:  
 
•  Goal: Estimate frequencies            and complex gains              .   

•  Vector form: 

–                     
 
–             ,                                                 

 
•  Max. likelihood (ML) solution:    - dimensional search  

–  Pros: Achieves Cramér-Rao bound asymptotically  
–  Cons: Computationally expensive           

         

and        .  

Line Spectral Estimation 

a(!i) =
⇥
ej!i(0), ej!i(1), . . . , ej!i(N�1)

⇤T
<latexit sha1_base64="m7BCtiu/Yf7c/BraarlbDDqZbWs="></latexit>

y[n] =
DX

i=1

↵ie
j!in + w[n], n = 0, . . . , N � 1

<latexit sha1_base64="fnIP31wY0CBnlfLvoc/azVUfIac="></latexit>

w[n] ⇠ CN (0,�2)
<latexit sha1_base64="SFI2lO0Dl2oxQ1S6teH2LwBd1AU=">AAACCXicbVDLSgMxFM3UV62vqks3wSJUkDJTC7osdONKKtgHTMeSSTNtaJIZkoxShm7d+CtuXCji1j9w59+YaWehrQcuHM65l3vv8SNGlbbtbyu3srq2vpHfLGxt7+zuFfcP2iqMJSYtHLJQdn2kCKOCtDTVjHQjSRD3Gen440bqd+6JVDQUt3oSEY+joaABxUgbqV+ED67weoryHkd6hBFLGtfTsn1mpCFHd9XTfrFkV+wZ4DJxMlICGZr94ldvEOKYE6ExQ0q5jh1pL0FSU8zItNCLFYkQHqMhcQ0ViBPlJbNPpvDEKAMYhNKU0HCm/p5IEFdqwn3Tmd6rFr1U/M9zYx1cegkVUayJwPNFQcygDmEaCxxQSbBmE0MQltTcCvEISYS1Ca9gQnAWX14m7WrFOa9Ub2qlei2LIw+OwDEoAwdcgDq4Ak3QAhg8gmfwCt6sJ+vFerc+5q05K5s5BH9gff4AkyaZjA==</latexit>

w =
⇥
w[0], . . . , w[N � 1]

⇤T ⇠ CN (0,�2I)
<latexit sha1_base64="KwfFLHVM33HKOOcgYcBQRJI7ZXY="></latexit>

y =
⇥
y[0], . . . , y[N � 1]

⇤T
,

<latexit sha1_base64="E1ENvHo1tT7s6VYoEUTBKS/2n4U="></latexit>

y =
DX

i=1

↵ia(!i) +w
<latexit sha1_base64="g8oqI4g8/hdjwFx+p4Tlv8GtpG8="></latexit>

A =
⇥
a(!1), . . . ,a(!D)

⇤
<latexit sha1_base64="Wef0fhx65+xX0idiaE/1ebFfNtM="></latexit>

{!i}Di=1
<latexit sha1_base64="FKrV/kG6k2RoCcbpxhIPjgwZZ6c=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4Kkkt6EYo6MJlBfuAJobJdNIOnUeYmQg1BH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niihRGnX/baWlldW19ZLG+XNre2dXXtvv61EKhFuIUGF7EZQYUo4bmmiKe4mEkMWUdyJRlcTv/OApSKC3+lxggMGB5zEBEFtpNA+9DNfMDyAIfHzMCOXXn5/HdoVt+pO4SwSryAVUKAZ2l9+X6CUYa4RhUr1PDfRQQalJojivOynCicQjeAA9wzlkGEVZNPrc+fEKH0nFtIU185U/T2RQabUmEWmk0E9VPPeRPzP66U6vggywpNUY45mi+KUOlo4kyicPpEYaTo2BCJJzK0OGkIJkTaBlU0I3vzLi6Rdq3pn1dptvdKoF3GUwBE4BqfAA+egAW5AE7QAAo/gGbyCN+vJerHerY9Z65JVzByAP7A+fwBTCJUW</latexit>

{↵i}Di=1
<latexit sha1_base64="Sd2VUmgFAG4OYaPgJ97Qmm+jm54=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4Kkkt6EYo6MJlBfuAJoab6aQdOpmEmYlQQ/BX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSRqWy7W9jaXlldW29tFHe3Nre2TX39tsyTgUmLRyzWHQDkIRRTlqKKka6iSAQBYx0gtHVxO88ECFpzO/UOCFeBANOQ4pBack3D93MBZYMwadu7mf00snvr32zYlftKaxF4hSkggo0ffPL7cc4jQhXmIGUPcdOlJeBUBQzkpfdVJIE8AgGpKcph4hIL5ten1snWulbYSx0cWVN1d8TGURSjqNAd0aghnLem4j/eb1UhRdeRnmSKsLxbFGYMkvF1iQKq08FwYqNNQEsqL7VwkMQgJUOrKxDcOZfXiTtWtU5q9Zu65VGvYijhI7QMTpFDjpHDXSDmqiFMHpEz+gVvRlPxovxbnzMWpeMYuYA/YHx+QNONJUT</latexit>

= A↵+w
<latexit sha1_base64="RA8nUASZOZa/BBY9DgqK3HaJxqM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJJUUTdCxY3LCvYBTSiTyaQdOpmEmYlSQj7Bjb/ixoUibl2682+ctFlo64HhHs65l7n3eDGjUlnWt1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXQ9JwignLUUVI91YEBR6jHS80XXud+6JkDTid2ocEzdEA04DipHSUt88vISp4wXwKtMlYr4ch7pAB7F4iDJ4PHUfsr5ZtWrWBHCe2AWpggLNvvnl+BFOQsIVZkjKnm3Fyk2RUBQzklWcRJIY4REakJ6mHIVEuunkoAweaMWHQST04wpO1N8TKQplvqnuDJEaylkvF//zeokKLtyU8jhRhOPpR0HCoIpgng70qSBYsbEmCAuqd4V4iATCSmdY0SHYsyfPk3a9Zp/U6ren1cZZEUcZ7IF9cARscA4a4AY0QQtg8AiewSt4M56MF+Pd+Ji2loxiZhf8gfH5A3KunC4=</latexit>

↵ =
⇥
↵1,↵2, . . . ,↵D

⇤T
<latexit sha1_base64="wc/f4tTjKfD1Jn6fSDJkMS8d6Lg="></latexit>

D
<latexit sha1_base64="Hypu302UTaGYguMh2h5T+MmdNvs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4DevCYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjbt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvatypVEt1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZSBjL4=</latexit>
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•  MUSIC only requires a single 1D search.  

•    
 
 

 

 
 

•  The true frequency values                           are the only solutions of    

•                    : Eigenvalues and eigenvectors of     ,   

The MUSIC (Multiple Signal 
Classification) Method 

�1 � �2 � · · · � �N
<latexit sha1_base64="UEQJt95K4kFCNi7llk+mStmfdD8=">AAACG3icbVDLSgMxFL3js9bXqEs3wSK4KjOjqMuCG1dSwT6gHYZMJtOGZh4mGaEM/Q83/oobF4q4Elz4N6btCLb1QODcc+5Nco+fciaVZX0bS8srq2vrpY3y5tb2zq65t9+USSYIbZCEJ6LtY0k5i2lDMcVpOxUURz6nLX9wNfZbD1RIlsR3aphSN8K9mIWMYKUlz3S6XDcH2LNRt0fv0W/pFGWQKDnr3HhmxapaE6BFYhekAgXqnvmpryFZRGNFOJayY1upcnMsFCOcjsrdTNIUkwHu0Y6mMY6odPPJbiN0rJUAhYnQJ1Zoov6dyHEk5TDydWeEVV/Oe2PxP6+TqfDSzVmcZorGZPpQmHGkEjQOCgVMUKL4UBNMBNN/RaSPBSZKx1nWIdjzKy+SplO1T6vO7Vmldl7EUYJDOIITsOECanANdWgAgUd4hld4M56MF+Pd+Ji2LhnFzAHMwPj6ATLuoD0=</latexit>

{�i,vi}Ni=1
<latexit sha1_base64="8ur2is8hGoyxIzBQJDTFpmPl3Ak=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4kJJUUTdCwY0rqWAf0MQwmUzaoZNJmJkUSsjSjb/ixoUibv0Ed/6N0zYLbT0wcDjnXO7c4yeMSmVZ38bC4tLyympprby+sbm1be7stmScCkyaOGax6PhIEkY5aSqqGOkkgqDIZ6TtD67HfntIhKQxv1ejhLgR6nEaUoyUljzzwMkcpuMB8uhJ5vghHOYedXIvo1d2/nDrmRWrak0A54ldkAoo0PDMLyeIcRoRrjBDUnZtK1FuhoSimJG87KSSJAgPUI90NeUoItLNJofk8EgrAQxjoR9XcKL+nshQJOUo8nUyQqovZ72x+J/XTVV46WaUJ6kiHE8XhSmDKobjVmBABcGKjTRBWFD9V4j7SCCsdHdlXYI9e/I8adWq9mm1dndWqZ8XdZTAPjgEx8AGF6AObkADNAEGj+AZvII348l4Md6Nj2l0wShm9sAfGJ8/cBqZjg==</latexit>

!i, i = 1, . . . , D
<latexit sha1_base64="gTSxlryBljUmJuIZXY+XW8TnqWM=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEF6XM1IJuhIIuXFawrdAOQybNtKF5DElGKEPBX3HjQhG3foc7/8a0nYW2HggczrmHe3OihFFtPO/bKaysrq1vFDdLW9s7u3vu/kFby1Rh0sKSSfUQIU0YFaRlqGHkIVEE8YiRTjS6nvqdR6I0leLejBMScDQQNKYYGSuF7lFPcjJAIa1AeuVXen1pdOUmdMte1ZsBLhM/J2WQoxm6XzaJU06EwQxp3fW9xAQZUoZiRialXqpJgvAIDUjXUoE40UE2O38CT63Sh7FU9gkDZ+rvRIa41mMe2UmOzFAvelPxP6+bmvgyyKhIUkMEni+KUwaNhNMuYJ8qgg0bW4KwovZWiIdIIWxsYyVbgr/45WXSrlX982rtrl5u1PM6iuAYnIAz4IML0AC3oAlaAIMMPINX8OY8OS/Ou/MxHy04eeYQ/IHz+QNyKZR1</latexit>

aH(!i)GGHa(!i) = 0
<latexit sha1_base64="ITS/gX24eKcpRssZmoA68+TKHVA=">AAACIXicbVBLSwMxGMzWV62vVY9egkWol7JbC/YiFDzYYwX7gO52yabZNjT7IMkKZdm/4sW/4sWDIr2Jf8Z0u6C2DoQMM/ORfONGjAppGJ9aYWNza3unuFva2z84PNKPT7oijDkmHRyykPddJAijAelIKhnpR5wg32Wk505vF37vkXBBw+BBziJi+2gcUI9iJJXk6I3Ecj2I0mGrYoU+GSOHXmbSXZpfw1Ye+QnAG2g4etmoGhngOjFzUgY52o4+t0Yhjn0SSMyQEAPTiKSdIC4pZiQtWbEgEcJTNCYDRQPkE2En2YYpvFDKCHohVyeQMFN/TyTIF2LmuyrpIzkRq95C/M8bxNJr2AkNoliSAC8f8mIGZQgXdcER5QRLNlMEYU7VXyGeII6wVKWWVAnm6srrpFurmlfV2n293KzndRTBGTgHFWCCa9AELdAGHYDBE3gBb+Bde9ZetQ9tvowWtHzmFPyB9vUN53qiBg==</latexit>

–  Eigenvector matrix:  

y = A↵+w
<latexit sha1_base64="YsTlmzzcACq69iuncQK8j+/izk0=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQhJpURTdCxY3LCvYBTSiTyaQdOnkwM1FCyGe48VfcuFDEbXf+jZM0C209MNzDOfcy9x4nYlRIw/jWKkvLK6tr1fXaxubW9o6+u9cVYcwx6eCQhbzvIEEYDUhHUslIP+IE+Q4jPWdym/u9R8IFDYMHmUTE9tEooB7FSCppqJ+mluPBJIPXsGA3mSohc0XiqwItxKIxyuDJzH3KhnrdaBgF4CIxS1IHJdpDfWq5IY59EkjMkBAD04iknSIuKWYkq1mxIBHCEzQiA0UD5BNhp8VhGTxSigu9kKsXSFiovydS5It8U9XpIzkW814u/ucNYuld2SkNoliSAM8+8mIGZQjzlKBLOcGSJYogzKnaFeIx4ghLlWVNhWDOn7xIus2GedZo3p/XWxdlHFVwAA7BMTDBJWiBO9AGHYDBM3gF7+BDe9HetE/ta9Za0cqZffAH2vQHYYifUg==</latexit>

K
<latexit sha1_base64="eYZQ3ozw3OoCOZGTY9pqX/zSNZE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9FjwInipYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWamfdICR3E9Irld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsdu+EnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMNrPxMqSZErNl8UppJgTKbPk77QnKEcW0KZFvZWwoZUU4Y2oqINwVt8eZk0qxXvvFK9vyjXLvM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPQAWPaA==</latexit>

Covariance matrix 

Knowledge of number of  
scatterers      required  D

<latexit sha1_base64="Ld1JFFXe7e13Lv1d3QuEsREI7vU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeCHjy2YGuhDWWznbRrN5uwuxFK6S/w4kERr/4kb/4bt20O2vpg4PHeDDPzwlRwbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGodkg1Ci6xabgR2E4V0jgU+BCObmb+wxMqzRN5b8YpBjEdSB5xRo2VGre9csVzvTnIKvFzUoEc9V75q9tPWBajNExQrTu+l5pgQpXhTOC01M00ppSN6AA7lkoaow4m80On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRdTDhMs0MSrZYFGWCmITMviZ9rpAZMbaEMsXtrYQNqaLM2GxKNgR/+eVV0qq6/oVbbVxWam4eRxFO4BTOwYcrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AJKzjLg=</latexit>

 
P. Stoica and R. L. Moses, Spectral analysis of signals. 

 

Spans the  
column space of         Noise subspace  

matrix 

G
<latexit sha1_base64="Wz2Nh/LtfluEVDakAlDjsYkSxW0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FD3qsYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrdbJ+EJK72aBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKuVb16tfZwVWnU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wfhUY84</latexit>

V = [v1, . . . ,vD,vD+1, . . . ,vN ]
<latexit sha1_base64="ckmfPzsv/02iKQQ/cRe4HU2MRA0=">AAACKnicbZDLSgMxFIYz9VbrbdSlm2ARBEuZaQXdCBW7cCUV7AWmw5BJM21o5kKSKZRhnseNr+KmC6W49UFM21G09UDgy//nJDm/GzEqpGFMtdza+sbmVn67sLO7t3+gHx61RBhzTJo4ZCHvuEgQRgPSlFQy0ok4Qb7LSNsd3s389ohwQcPgSY4jYvuoH1CPYiSV5Oi3Sdf1YCu9seYwSh2z1O2FUpS+9/UfSuoXZrrkPtiOXjTKxrzgKpgZFEFWDUefqCtw7JNAYoaEsEwjknaCuKSYkbTQjQWJEB6iPrEUBsgnwk7mo6bwTCk96IVcrUDCufq7I0G+EGPfVSd9JAdi2ZuJ/3lWLL1rO6FBFEsS4MVDXsygDOEsN9ijnGDJxgoQ5lT9FeIB4ghLlW5BhWAuj7wKrUrZrJYrj5fFWjWLIw9OwCk4Bya4AjVwDxqgCTB4Bq/gDbxrL9pEm2ofi6M5Les5Bn9K+/wC/XOmWA==</latexit>

A
<latexit sha1_base64="udlmdZ2VaIBDXINFe2gvTi5LeIY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8VLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnawfhOR2NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx7oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5r+TodCcoZxaQpkW9lbCxlRThjahkg3BW315nbRrVe+qWnuoVxpeHkcRzuAcLsGDa2jAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gDXmY8w</latexit>

K = E
⇥
yyH

⇤
<latexit sha1_base64="bpT/Zc/SeGxEoa/ZVpOdKgROe28=">AAACE3icbVDLSsNAFJ34rPVVdelmsAjioiRV0Y1QEKHgpoJ9QBPLZDpph04ezNwIIfQf3Pgrblwo4taNO//GaZqFth643MM59zJzjxsJrsA0v42FxaXlldXCWnF9Y3Nru7Sz21JhLClr0lCEsuMSxQQPWBM4CNaJJCO+K1jbHV1N/PYDk4qHwR0kEXN8Mgi4xykBLfVKx6ntevhmjC/xtS2YB12cKck4b/d1W/LBEBzcK5XNipkBzxMrJ2WUo9Erfdn9kMY+C4AKolTXMiNwUiKBU8HGRTtWLCJ0RAasq2lAfKacNLtpjA+10sdeKHUFgDP190ZKfKUS39WTPoGhmvUm4n9eNwbvwkl5EMXAAjp9yIsFhhBPAsJ9LhkFkWhCqOT6r5gOiSQUdIxFHYI1e/I8aVUr1kmlentarp3lcRTQPjpAR8hC56iG6qiBmoiiR/SMXtGb8WS8GO/Gx3R0wch39tAfGJ8/N0idGA==</latexit>

Range(A) ? Range(G)
<latexit sha1_base64="dLiNyQtEikQypQFaA9hg2oWVcm4=">AAACGHicbVA9SwNBEN2L3/ErammzGISkiXcxoKVioWUUo4FcCHububhkb+/YnRPDkZ9h41+xsVDENp3/xk1ModEHA4/3ZpiZFyRSGHTdTyc3N7+wuLS8kl9dW9/YLGxt35g41RwaPJaxbgbMgBQKGihQQjPRwKJAwm3QPxv7t/egjYjVNQ4SaEesp0QoOEMrdQoHPsIDZldM9WBYyvwgpKfDMvUT0An95Y2t83KnUHQr7gT0L/GmpEimqHcKI78b8zQChVwyY1qem2A7YxoFlzDM+6mBhPE+60HLUsUiMO1s8tiQ7lulS8NY21JIJ+rPiYxFxgyiwHZGDO/MrDcW//NaKYbH7UyoJEVQ/HtRmEqKMR2nRLtCA0c5sIRxLeytlN8xzTjaLPM2BG/25b/kplrxDivVy1rxpDaNY5nskj1SIh45IifkgtRJg3DySJ7JK3lznpwX5935+G7NOdOZHfILzugLvR2fgA==</latexit>
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•  Practically, the covariance matrix must be estimated from data 
–  Single snapshot case: Consider subsequences of     as snapshots  

                                      
 

•  Sample covariance matrix    

•  Spectral MUSIC:            are the      peaks of the pseudospectrum 

•  Let                                                                                   
–            snapshots of length  

The MUSIC Method 

y
<latexit sha1_base64="fKzCcuNkfd1J0u010l3gWo7y490=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF+wFtKJvtpF262YTdjRBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6N/e7T6g0j+WjyRL0IzqWPOSMGit180EQkmw2rFTdmrsAWSdeQapQoDWsfA1GMUsjlIYJqnXfcxPj51QZzgTOyoNUY0LZlI6xb6mkEWo/X5w7I5dWGZEwVrakIQv190ROI62zKLCdETUTverNxf+8fmrCWz/nMkkNSrZcFKaCmJjMfycjrpAZkVlCmeL2VsImVFFmbEJlG4K3+vI66dRr3nWt/tCoNhtFHCU4hwu4Ag9uoAn30II2MJjCM7zCm5M4L86787Fs3XCKmTP4A+fzBy2nj2s=</latexit>

M
<latexit sha1_base64="cBmNWM9IqT8PRhojWamD+lJ/YL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ61K2bsqVxrVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6IljMc=</latexit>

Nsnap
<latexit sha1_base64="YOPNSlonsqwLTzIrhrhrKIWWO0c=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lqQY8FL56kgv2ANoTNdtMu3WzC7kSsIb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7W2vrG5tV3aKe/u7R9U7MOjjo5TRVmbxiJWvYBoJrhkbeAgWC9RjESBYN1gcj3zuw9MaR7Le5gmzIvISPKQUwJG8u3KrZ8NgD1CpiVJ8ty3q07NmQOvErcgVVSg5dtfg2FM04hJoIJo3XedBLyMKOBUsLw8SDVLCJ2QEesbKknEtJfND8/xmVGGOIyVKQl4rv6eyEik9TQKTGdEYKyXvZn4n9dPIbzyMi6TFJiki0VhKjDEeJYCHnLFKIipIYQqbm7FdEwUoWCyKpsQ3OWXV0mnXnMvavW7RrXZKOIooRN0is6Riy5RE92gFmojilL0jF7Rm/VkvVjv1seidc0qZo7RH1ifP5fxk6c=</latexit>

K̂ =
1

Nsnap

Nsnap�1X

l=0

ỹ(l)ỹ(l)H

<latexit sha1_base64="L5gfjZxY/N9kkHk6NMsLa5Ut6o4="></latexit>

Ĝ
<latexit sha1_base64="/rZFJVo2b/DvOtxPHPiC2UZEss8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjwoMcK9gOSUjbbTbt0swm7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88S1EYl6xEnKezEdKhEJRtFKfjCimAdhRO6m/UrVrblzkFXiFaQKBZr9ylcwSFgWc4VMUmN8z02xl1ONgkk+LQeZ4SllYzrkvqWKxtz08vnJU3JulQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7n+RlGN71cqDRDrthiUZRJggmZ/U8GQnOGcmIJZVrYWwkbUU0Z2pTKNgRv+eVV0q7XvMta/eGq2qgXcZTgFM7gAjy4hgbcQxNawCCBZ3iFNwedF+fd+Vi0rjnFzAn8gfP5A+5VkPg=</latexit>

D
<latexit sha1_base64="Hypu302UTaGYguMh2h5T+MmdNvs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4DevCYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjbt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvatypVEt1apZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZSBjL4=</latexit>

. . . . . .
<latexit sha1_base64="9ZtUWwb58m1rfR+YCxFbaaXSBSw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/cA2lM120y7dbMLuRCih/8KLB0W8+m+8+W/cpjlo68Auj/fmMTMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt3O988S1EbF6wGnC/YiOlAgFo2ipx/4wRpN/g0rVrbl5kVXgFaAKRTUHlS/rY2nEFTJJjel5boJ+RjUKJvms3E8NTyib0BHvWahoxI2f5RvPyLllhiSMtX0KSc7+dmQ0MmYaBbYzojg2y9qc/E/rpRje+JlQSYpcscWgMJUEYzI/nwyF5gzl1ALKtLC7EjammjK0IZVtCN7yyaugXa95l7X6/VW14RVxlOAUzuACPLiGBtxBE1rAQMEzvMKbY5wX5935WLSuOYXnBP6U8/kD3jmQ/Q==</latexit> . . . . . .

<latexit sha1_base64="9ZtUWwb58m1rfR+YCxFbaaXSBSw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/cA2lM120y7dbMLuRCih/8KLB0W8+m+8+W/cpjlo68Auj/fmMTMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt3O988S1EbF6wGnC/YiOlAgFo2ipx/4wRpN/g0rVrbl5kVXgFaAKRTUHlS/rY2nEFTJJjel5boJ+RjUKJvms3E8NTyib0BHvWahoxI2f5RvPyLllhiSMtX0KSc7+dmQ0MmYaBbYzojg2y9qc/E/rpRje+JlQSYpcscWgMJUEYzI/nwyF5gzl1ALKtLC7EjammjK0IZVtCN7yyaugXa95l7X6/VW14RVxlOAUzuACPLiGBtxBE1rAQMEzvMKbY5wX5935WLSuOYXnBP6U8/kD3jmQ/Q==</latexit>

y[0]
<latexit sha1_base64="qy/41nFbp5T8wQqQj7Q71vK2lJ8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeCF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOVMG8/7diobm1vbO9Xd2t7+weFR/fikq5NMEdohCU9UP8KaciZpxzDDaT9VFIuI0140vSv83hNVmiXy0cxSGgo8lixmBJtCmgVeOKw3PNdbAK0TvyQNKNEe1r8Go4RkgkpDONY68L3UhDlWhhFO57VBpmmKyRSPaWCpxILqMF/cOkcXVhmhOFG2pEEL9fdEjoXWMxHZToHNRK96hfifF2Qmvg1zJtPMUEmWi+KMI5Og4nE0YooSw2eWYKKYvRWRCVaYGBtPzYbgr768TrpN179ymw/XjZZbxlGFMziHS/DhBlpwD23oAIEJPMMrvDnCeXHenY9la8UpZ07hD5zPH7PIjfM=</latexit>

y[1]
<latexit sha1_base64="6V9mGVEB9ERaJynqIqEQdQqRcWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeCF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOVMG8/7diobm1vbO9Xd2t7+weFR/fikq5NMEdohCU9UP8KaciZpxzDDaT9VFIuI0140vSv83hNVmiXy0cxSGgo8lixmBJtCmgV+OKw3PNdbAK0TvyQNKNEe1r8Go4RkgkpDONY68L3UhDlWhhFO57VBpmmKyRSPaWCpxILqMF/cOkcXVhmhOFG2pEEL9fdEjoXWMxHZToHNRK96hfifF2Qmvg1zJtPMUEmWi+KMI5Og4nE0YooSw2eWYKKYvRWRCVaYGBtPzYbgr768TrpN179ymw/XjZZbxlGFMziHS/DhBlpwD23oAIEJPMMrvDnCeXHenY9la8UpZ07hD5zPH7VNjfQ=</latexit>

y[M � 1]
<latexit sha1_base64="pSICZYIL5JZ1cOtFmfJinXm4vkE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyFRQY8FL16ECvYD0lA22027drMbdjdCKP0PXjwo4tX/481/47bNQVsfDDzem2FmXpRypo3nfTulldW19Y3yZmVre2d3r7p/0NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqORjdTv/1ElWZSPJg8pWGCB4LFjGBjpVYe3J35Ya9a81xvBrRM/ILUoECjV/3q9iXJEioM4VjrwPdSE46xMoxwOql0M01TTEZ4QANLBU6oDsezayfoxCp9FEtlSxg0U39PjHGidZ5EtjPBZqgXvan4nxdkJr4Ox0ykmaGCzBfFGUdGounrqM8UJYbnlmCimL0VkSFWmBgbUMWG4C++vExa565/4Z7fX9bqbhFHGY7gGE7Bhyuowy00oAkEHuEZXuHNkc6L8+58zFtLTjFzCH/gfP4AuwOOgg==</latexit>

y[M ]
<latexit sha1_base64="lzin+dHk06LLLgxCgpxW0LCyzR0=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4kWoYD8gDWWz3bRLdzdhdyOE0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmRSln2njet7O2vrG5tV3Zqe7u7R8c1o6OOzrJFKFtkvBE9SKsKWeStg0znPZSRbGIOO1Gk9vC7z5RpVkiH02e0lDgkWQxI9gUUh7ch4Na3XO9OdAq8UtShxKtQe2rP0xIJqg0hGOtA99LTTjFyjDC6azazzRNMZngEQ0slVhQHU7nt87QuVWGKE6ULWnQXP09McVC61xEtlNgM9bLXiH+5wWZiW/CKZNpZqgki0VxxpFJUPE4GjJFieG5JZgoZm9FZIwVJsbGU7Uh+Msvr5JOw/Uv3cbDVb3plnFU4BTO4AJ8uIYm3EEL2kBgDM/wCm+OcF6cd+dj0brmlDMn8AfO5w/f2Y4Q</latexit>

y[N � 1]
<latexit sha1_base64="L7lieTwKdd4xsMGSh7w1B3rDcsU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyFRQY8FL56kgv2ANJTNdtOu3eyG3Y0QSv+DFw+KePX/ePPfuG1z0NYHA4/3ZpiZF6WcaeN5305pZXVtfaO8Wdna3tndq+4ftLTMFKFNIrlUnQhrypmgTcMMp51UUZxEnLaj0c3Ubz9RpZkUDyZPaZjggWAxI9hYqZUHd2d+2KvWPNebAS0TvyA1KNDoVb+6fUmyhApDONY68L3UhGOsDCOcTirdTNMUkxEe0MBSgROqw/Hs2gk6sUofxVLZEgbN1N8TY5xonSeR7UywGepFbyr+5wWZia/DMRNpZqgg80VxxpGRaPo66jNFieG5JZgoZm9FZIgVJsYGVLEh+IsvL5PWuetfuOf3l7W6W8RRhiM4hlPw4QrqcAsNaAKBR3iGV3hzpPPivDsf89aSU8wcwh84nz+8io6D</latexit>

ỹ[1]
<latexit sha1_base64="Z+8TJPkbgOGlZUGmjodAOEGMFTY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4CkkV9Fjw4rGC/YAmlM1m0i7dbMLuphBC/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXZpwp7brf1sbm1vbObm2vvn9weHRsn5x2VZpLCh2a8lT2Q6KAMwEdzTSHfiaBJCGHXji5n/u9KUjFUvGkiwyChIwEixkl2khD2/Y14xGUfhjjYjbwgqHdcB13AbxOvIo0UIX20P7yo5TmCQhNOVFq4LmZDkoiNaMcZnU/V5AROiEjGBgqSAIqKBeXz/ClUSIcp9KU0Hih/p4oSaJUkYSmMyF6rFa9ufifN8h1fBeUTGS5BkGXi+KcY53ieQw4YhKo5oUhhEpmbsV0TCSh2oRVNyF4qy+vk27T8a6d5uNNo+VUcdTQObpAV8hDt6iFHlAbdRBFU/SMXtGbVVov1rv1sWzdsKqZM/QH1ucPKA+TRw==</latexit>

ỹ[0]
<latexit sha1_base64="gs6B0PRt8ZqdQuxl+of7isOeFEc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4CkkV9Fjw4rGC/YAmlM1m0y7dbMLuphBC/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXZpwp7brf1sbm1vbObm2vvn9weHRsn5x2VZpLQjsk5ansh1hRzgTtaKY57WeS4iTktBdO7ud+b0qlYql40kVGgwSPBIsZwdpIQ9v2NeMRLf0wRsVs4AZDu+E67gJonXgVaUCF9tD+8qOU5AkVmnCs1MBzMx2UWGpGOJ3V/VzRDJMJHtGBoQInVAXl4vIZujRKhOJUmhIaLdTfEyVOlCqS0HQmWI/VqjcX//MGuY7vgpKJLNdUkOWiOOdIp2geA4qYpETzwhBMJDO3IjLGEhNtwqqbELzVl9dJt+l4107z8abRcqo4anAOF3AFHtxCCx6gDR0gMIVneIU3q7RerHfrY9m6YVUzZ/AH1ucPJoqTRg==</latexit>

, noise subspace matrix 

{!̂i}Di=1
<latexit sha1_base64="KJI6k5sJDzWEUf2czSIhlnt5gco=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiRV0I1Q0IXLCvYBTQyT6aQdOo8wMxFKCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe++JEkqUdt1vq7S0vLK6Vl6vbGxube/Yu3ttJVKJcAsJKmQ3ggpTwnFLE01xN5EYsojiTjS6mvidBywVEfxOjxMcMDjgJCYIaiOF9oGf+UOoM18wPIB5SPw8zMill99fh3bVrblTOIvEK0gVFGiG9pffFyhlmGtEoVI9z010kEGpCaI4r/ipwglEIzjAPUM5ZFgF2fSH3Dk2St+JhTTFtTNVf09kkCk1ZpHpZFAP1bw3Ef/zeqmOL4KM8CTVmKPZojiljhbOJBCnTyRGmo4NgUgSc6uDhlBCpE1sFROCN//yImnXa95prX57Vm3UizjK4BAcgRPggXPQADegCVoAgUfwDF7Bm/VkvVjv1sestWQVM/vgD6zPH042l+E=</latexit>

 
P. Stoica and R. L. Moses, Spectral analysis of signals. 

 

Snapshots of 
length        M

<latexit sha1_base64="cBmNWM9IqT8PRhojWamD+lJ/YL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ61K2bsqVxrVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6IljMc=</latexit>

PMUSIC(!) =
1

aH(!)ĜĜHa(!)
<latexit sha1_base64="bx0aODrTrAzmyAIGEukL8cgQ5W0="></latexit>

1D search 

ỹ(l), l = 0, . . . , Nsnap � 1
<latexit sha1_base64="cJUMh+v8fvujgw6h/bK2HxEFhS0=">AAACFnicbVBNSwMxEM36WetX1aOXYBEU2rJbC3oRCl48SQWrQreUbDqrwWx2SWbFsuyv8OJf8eJBEa/izX9jWntQ64OBx3szycwLEikMuu6nMzU9Mzs3X1goLi4tr6yW1tbPTZxqDm0ey1hfBsyAFAraKFDCZaKBRYGEi+DmaOhf3II2IlZnOEigG7ErJULBGVqpV6r6KGQfMj8I6SDfkbsVKg/dit+P0VROepmPcIeZUSzJ86rXK5XdmjsCnSTemJTJGK1e6cO+xNMIFHLJjOl4boLdjGkUXEJe9FMDCeM37Ao6lioWgelmo7Nyum2VPg1jbUshHak/JzIWGTOIAtsZMbw2f72h+J/XSTE86GZCJSmC4t8fhamkGNNhRrQvNHCUA0sY18LuSvk104yjTbJoQ/D+njxJzus1b69WP22Um41xHAWySbbIDvHIPmmSY9IibcLJPXkkz+TFeXCenFfn7bt1yhnPbJBfcN6/AAu3nqQ=</latexit>
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Outline 

•  Introduction 
•  MUSIC Method  
•  OTFS Channel Estimation via MUSIC 
•  1D v/s 2D MUSIC 
•  Numerical Results 

•  Summary 
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•              OTFS delay-Doppler grid:  
Single non-zero  

pilot symbol     at  
position              

OTFS Signal Model 

M ⇥N
<latexit sha1_base64="K0ojFWw3Vb5JPwKeh+TjEEjlz/c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGRY8BL16UCOaByRJmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSkHnAccz+kAyX6glG00uMt6aAIuSF33WLJLbszkGXiZaQEGWrd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1V1K7x09nFE3JilR7pR9qWQjJTf0+kNDRmHAa2M6Q4NIveVPzPayfYv/JToeIEuWLzRf1EEozI9H3SE5ozlGNLKNPC3krYkGrK0IZUsCF4iy8vk0al7J2VK/fnpepFFkcejuAYTsGDS6jCDdSgDgwUPMMrvDnGeXHenY95a87JZg7hD5zPH5wvkC4=</latexit>

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

. . . . . .
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

M � 1
<latexit sha1_base64="V8p7yDzVRoOeTfYKTJ6WL1Fg/FU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBixehov2ANpTNdtMu3WzC7kQopT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1MpDHret7Oyura+sVnYKm7v7O7tlw4OGybJNON1lshEt0JquBSK11Gg5K1UcxqHkjfD4c3Ubz5xbUSiHnGU8iCmfSUiwSha6eHu3O+Wyp7rzUCWiZ+TMuSodUtfnV7CspgrZJIa0/a9FIMx1SiY5JNiJzM8pWxI+7xtqaIxN8F4duqEnFqlR6JE21JIZurviTGNjRnFoe2MKQ7MojcV//PaGUbXwVioNEOu2HxRlEmCCZn+TXpCc4ZyZAllWthbCRtQTRnadIo2BH/x5WXSqLj+hVu5vyxX3TyOAhzDCZyBD1dQhVuoQR0Y9OEZXuHNkc6L8+58zFtXnHzmCP7A+fwBeW+NMw==</latexit>

..
..
..

<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

N � 1
<latexit sha1_base64="dZ8/FyjefDD4+Hm7IZZer0xGv5o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBiyepaD+gDWWz3bRLN5uwOxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737aysrq1vbBa2its7u3v7pYPDhkkyzXidJTLRrZAaLoXidRQoeSvVnMah5M1weDP1m09cG5GoRxylPIhpX4lIMIpWerg797ulsud6M5Bl4uekDDlq3dJXp5ewLOYKmaTGtH0vxWBMNQom+aTYyQxPKRvSPm9bqmjMTTCenTohp1bpkSjRthSSmfp7YkxjY0ZxaDtjigOz6E3F/7x2htF1MBYqzZArNl8UZZJgQqZ/k57QnKEcWUKZFvZWwgZUU4Y2naINwV98eZk0Kq5/4VbuL8tVN4+jAMdwAmfgwxVU4RZqUAcGfXiGV3hzpPPivDsf89YVJ585gj9wPn8AevWNNA==</latexit>

(kp, lp)
<latexit sha1_base64="cx5cYgzrVXjGq4ax9h4X6KxcnKQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgiy7VdBjwYvHCvZD2mXJptk2NNkNSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMiyRn2njet1NYW9/Y3Cpul3Z29/YPyodHLZ1mitAmSXmqOhHWlLOENg0znHakolhEnLaj0e3Mbz9RpVmaPJixpIHAg4TFjGBjpcfqKJQXPJTnYbniud4caJX4OalAjkZY/ur1U5IJmhjCsdZd35MmmGBlGOF0WuplmkpMRnhAu5YmWFAdTOYHT9GZVfooTpWtxKC5+ntigoXWYxHZToHNUC97M/E/r5uZ+CaYsERmhiZksSjOODIpmn2P+kxRYvjYEkwUs7ciMsQKE2MzKtkQ/OWXV0mr5vqXbu3+qlJ38ziKcAKnUAUfrqEOd9CAJhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwDVx4+2</latexit>

•    
(Twisted  

convolution) 
0

<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

. . . . . .
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

M � 1
<latexit sha1_base64="V8p7yDzVRoOeTfYKTJ6WL1Fg/FU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBixehov2ANpTNdtMu3WzC7kQopT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1MpDHret7Oyura+sVnYKm7v7O7tlw4OGybJNON1lshEt0JquBSK11Gg5K1UcxqHkjfD4c3Ubz5xbUSiHnGU8iCmfSUiwSha6eHu3O+Wyp7rzUCWiZ+TMuSodUtfnV7CspgrZJIa0/a9FIMx1SiY5JNiJzM8pWxI+7xtqaIxN8F4duqEnFqlR6JE21JIZurviTGNjRnFoe2MKQ7MojcV//PaGUbXwVioNEOu2HxRlEmCCZn+TXpCc4ZyZAllWthbCRtQTRnadIo2BH/x5WXSqLj+hVu5vyxX3TyOAhzDCZyBD1dQhVuoQR0Y9OEZXuHNkc6L8+58zFtXnHzmCP7A+fwBeW+NMw==</latexit>

..
..
..

<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

N � 1
<latexit sha1_base64="dZ8/FyjefDD4+Hm7IZZer0xGv5o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBiyepaD+gDWWz3bRLN5uwOxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737aysrq1vbBa2its7u3v7pYPDhkkyzXidJTLRrZAaLoXidRQoeSvVnMah5M1weDP1m09cG5GoRxylPIhpX4lIMIpWerg797ulsud6M5Bl4uekDDlq3dJXp5ewLOYKmaTGtH0vxWBMNQom+aTYyQxPKRvSPm9bqmjMTTCenTohp1bpkSjRthSSmfp7YkxjY0ZxaDtjigOz6E3F/7x2htF1MBYqzZArNl8UZZJgQqZ/k57QnKEcWUKZFvZWwgZUU4Y2naINwV98eZk0Kq5/4VbuL8tVN4+jAMdwAmfgwxVU4RZqUAcGfXiGV3hzpPPivDsf89YVJ585gj9wPn8AevWNNA==</latexit>

•    
Channel 

•    
•    

Delayed and Doppler-shifted  
copies of pilot symbol 

SFFT 

D
el

ay
 

Doppler 

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

. . . . . .
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

M � 1
<latexit sha1_base64="V8p7yDzVRoOeTfYKTJ6WL1Fg/FU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBixehov2ANpTNdtMu3WzC7kQopT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1MpDHret7Oyura+sVnYKm7v7O7tlw4OGybJNON1lshEt0JquBSK11Gg5K1UcxqHkjfD4c3Ubz5xbUSiHnGU8iCmfSUiwSha6eHu3O+Wyp7rzUCWiZ+TMuSodUtfnV7CspgrZJIa0/a9FIMx1SiY5JNiJzM8pWxI+7xtqaIxN8F4duqEnFqlR6JE21JIZurviTGNjRnFoe2MKQ7MojcV//PaGUbXwVioNEOu2HxRlEmCCZn+TXpCc4ZyZAllWthbCRtQTRnadIo2BH/x5WXSqLj+hVu5vyxX3TyOAhzDCZyBD1dQhVuoQR0Y9OEZXuHNkc6L8+58zFtXnHzmCP7A+fwBeW+NMw==</latexit>

..
..
..

<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

N � 1
<latexit sha1_base64="dZ8/FyjefDD4+Hm7IZZer0xGv5o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBiyepaD+gDWWz3bRLN5uwOxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737aysrq1vbBa2its7u3v7pYPDhkkyzXidJTLRrZAaLoXidRQoeSvVnMah5M1weDP1m09cG5GoRxylPIhpX4lIMIpWerg797ulsud6M5Bl4uekDDlq3dJXp5ewLOYKmaTGtH0vxWBMNQom+aTYyQxPKRvSPm9bqmjMTTCenTohp1bpkSjRthSSmfp7YkxjY0ZxaDtjigOz6E3F/7x2htF1MBYqzZArNl8UZZJgQqZ/k57QnKEcWUKZFvZWwgZUU4Y2naINwV98eZk0Kq5/4VbuL8tVN4+jAMdwAmfgwxVU4RZqUAcGfXiGV3hzpPPivDsf89YVJ585gj9wPn8AevWNNA==</latexit>

•    

Fr
eq

ue
nc

y 
(m

)
<latexit sha1_base64="QQ9LAXarWeekSmWRSoMys/I9Ncs=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjRbcttEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXScKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8e3Mbz9RpVksH80koYHAQ8kiRrCx0kNVnPfLFbfmzoFWiZeTCuRo9stfvUFMUkGlIRxr3fXcxAQZVoYRTqelXqppgskYD2nXUokF1UE2P3WKzqwyQFGsbEmD5urviQwLrScitJ0Cm5Fe9mbif143NdFNkDGZpIZKslgUpRyZGM3+RgOmKDF8YgkmitlbERlhhYmx6ZRsCN7yy6ukVa95l7X6/VWlcZHHUYQTOIUqeHANDbiDJvhAYAjP8ApvDndenHfnY9FacPKZY/gD5/MHlZeNRA==</latexit>

Slow-time (q)
<latexit sha1_base64="3xG2wpYTjlfXchT5QkkhTQIVltw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh4DXjxGNA9IljA76U2GzM6uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDm6nffEKleSwfzChBP6J9yUPOqLHSfenxrFsoumV3BrJMvIwUIUOtW/jq9GKWRigNE1Trtucmxh9TZTgTOMl3Uo0JZUPax7alkkao/fHs1Ak5tUqPhLGyJQ2Zqb8nxjTSehQFtjOiZqAXvan4n9dOTXjtj7lMUoOSzReFqSAmJtO/SY8rZEaMLKFMcXsrYQOqKDM2nbwNwVt8eZk0KmXvoly5uyxWz7M4cnAMJ1ACD66gCrdQgzow6MMzvMKbI5wX5935mLeuONnMEfyB8/kDm6uNSA==</latexit>

•    •    •    •    
•    •    •    •    •    

•    •    •    •    •    
•    •    •    •    •    

(l)
<latexit sha1_base64="36dB0IEDpagYgP/FBdqShZpy0xo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD2Vx3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqa1Yp3WaneX5VqF1kceTiBUyiDB9dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AlBKNQw==</latexit>

(k
)

<latexit sha1_base64="+HkSB0nWCLTlFDTktRwXoTEpmk8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQY8OIxonlAsoTZySQZMju7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328mtrW9sbuW3Czu7e/sHxcOjpokSzXiDRTLS7YAaLoXiDRQoeTvWnIaB5K1gfDvzW09cGxGpR5zE3A/pUImBYBSt9FAen/eKJbfizkFWiZeREmSo94pf3X7EkpArZJIa0/HcGP2UahRM8mmhmxgeUzamQ96xVNGQGz+dnzolZ1bpk0GkbSkkc/X3REpDYyZhYDtDiiOz7M3E/7xOgoMbPxUqTpArtlg0SCTBiMz+Jn2hOUM5sYQyLeythI2opgxtOgUbgrf88ippViveZaV6f1WqXWRx5OEETqEMHlxDDe6gDg1gMIRneIU3RzovzrvzsWjNOdnMMfyB8/kDko2NQg==</latexit>

Doppler (l)
<latexit sha1_base64="36dB0IEDpagYgP/FBdqShZpy0xo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD2Vx3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqa1Yp3WaneX5VqF1kceTiBUyiDB9dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AlBKNQw==</latexit>

Transmitter  Receiver  

Frequency/slow-time  
domain 

m = 0, . . . ,M � 1
<latexit sha1_base64="0FT4jK91hchNOJgPakahCnOoDd4=">AAAB9HicbVDLSgMxFM34rPVVdekmWAQXtcxUQTdCwY0boYJ9QDuUTJppQ5PMmNwplKHf4caFIm79GHf+jWk7C209EDiccw/35gSx4AZc99tZWV1b39jMbeW3d3b39gsHhw0TJZqyOo1EpFsBMUxwxerAQbBWrBmRgWDNYHg79Zsjpg2P1COMY+ZL0lc85JSAlXx545Y6vQhM6f7c6xaKbtmdAS8TLyNFlKHWLXzZLE0kU0AFMabtuTH4KdHAqWCTfCcxLCZ0SPqsbakikhk/nR09wadW6eEw0vYpwDP1dyIl0pixDOykJDAwi95U/M9rJxBe+ylXcQJM0fmiMBEYIjxtAPe4ZhTE2BJCNbe3YjogmlCwPeVtCd7il5dJo1L2LsqVh8ti1c3qyKFjdILOkIeuUBXdoRqqI4qe0DN6RW/OyHlx3p2P+eiKk2WO0B84nz/83pDh</latexit>

q = 0, . . . , N � 1
<latexit sha1_base64="k16yIhiYmUGSDxExcZ43jLmqO1c=">AAAB9HicbVBNS0JBFL2vT7Mvq2WbIQlamLxnQm0CoU2rMMgP0IfMG+fp4LwPZ+4TRPwdbVoU0bYf065/06hvUdqBgcM593DvHC+WQqNtf1tr6xubW9uZnezu3v7BYe7ouK6jRDFeY5GMVNOjmksR8hoKlLwZK04DT/KGN7ib+Y0RV1pE4ROOY+4GtBcKXzCKRnKHt3ah3Y1QFx4unU4ubxftOcgqcVKShxTVTu7LZFkS8BCZpFq3HDtGd0IVCib5NNtONI8pG9Aebxka0oBrdzI/ekrOjdIlfqTMC5HM1d+JCQ20HgeemQwo9vWyNxP/81oJ+jfuRIRxgjxki0V+IglGZNYA6QrFGcqxIZQpYW4lrE8VZWh6ypoSnOUvr5J6qehcFUuP5XylnNaRgVM4gwtw4BoqcA9VqAGDITzDK7xZI+vFerc+FqNrVpo5gT+wPn8ABeeQ6g==</latexit>

xp
<latexit sha1_base64="HO4CKQKv4D9RR2zJLF68aDgpGHY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJUQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VMv6ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVryLSvXuslw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx9l3I3N</latexit>

xp, kp, lp
<latexit sha1_base64="LMDBmcI9bkwsPEKhU45qAi8HX44=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSBT0WvHisYD8gDWGz3bRLN7vL7kYsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMiyWj2njet1NaW9/Y3CpvV3Z29/YPqodHHS0yhUkbCyZUL0aaMMpJ21DDSE8qgtKYkW48vp353UeiNBX8wUwkCVM05DShGBkrBU+RvBjbYpGMqjWv7s3hrhK/IDUo0IqqX/2BwFlKuMEMaR34njRhjpShmJFppZ9pIhEeoyEJLOUoJTrM5ydP3TOrDNxEKFvcuHP190SOUq0naWw7U2RGetmbif95QWaSmzCnXGaGcLxYlGTMNcKd/e8OqCLYsIklCCtqb3XxCCmEjU2pYkPwl19eJZ1G3b+sN+6vak2viKMMJ3AK5+DDNTThDlrQBgwCnuEV3hzjvDjvzseiteQUM8fwB87nD+DLkO4=</latexit>

are know pilot  
parameters 

Sum of 2D  
complex exponentials 

D
el

ay
 (k

)
<latexit sha1_base64="+HkSB0nWCLTlFDTktRwXoTEpmk8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQY8OIxonlAsoTZySQZMju7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328mtrW9sbuW3Czu7e/sHxcOjpokSzXiDRTLS7YAaLoXiDRQoeTvWnIaB5K1gfDvzW09cGxGpR5zE3A/pUImBYBSt9FAen/eKJbfizkFWiZeREmSo94pf3X7EkpArZJIa0/HcGP2UahRM8mmhmxgeUzamQ96xVNGQGz+dnzolZ1bpk0GkbSkkc/X3REpDYyZhYDtDiiOz7M3E/7xOgoMbPxUqTpArtlg0SCTBiMz+Jn2hOUM5sYQyLeythI2opgxtOgUbgrf88ippViveZaV6f1WqXWRx5OEETqEMHlxDDe6gDg1gMIRneIU3RzovzrvzsWjNOdnMMfyB8/kDko2NQg==</latexit>

{(⌧i, ⌫i,↵i)}Di=1
<latexit sha1_base64="+zuJw9aYztwMfFwJ609AxiX7XFg=">AAACDHicbVDLSsNAFJ34rPVVdekmWIQKUpJa0I1Q0IXLCvYBTQw300k7dDIJMxOhhH6AG3/FjQtF3PoB7vwbp2kW2npghsM55zJzjx8zKpVlfRtLyyura+uFjeLm1vbObmlvvy2jRGDSwhGLRNcHSRjlpKWoYqQbCwKhz0jHH11N/c4DEZJG/E6NY+KGMOA0oBiUlrxS2UkrjoLEo6cOz25g8RA8euJMvJRe2pP7a52yqlYGc5HYOSmjHE2v9OX0I5yEhCvMQMqebcXKTUEoihmZFJ1EkhjwCAakpymHkEg3zZaZmMda6ZtBJPThyszU3xMphFKOQ18nQ1BDOe9Nxf+8XqKCCzelPE4U4Xj2UJAwU0XmtBmzTwXBio01ASyo/quJhyAAK91fUZdgz6+8SNq1qn1Wrd3Wy416XkcBHaIjVEE2OkcNdIOaqIUwekTP6BW9GU/Gi/FufMyiS0Y+c4D+wPj8Ac4rmsc=</latexit>

R[m, q] =
xpp
MN

DX

i=1

↵ie
�j2⇡

⇣
kp
M +

⌧i
T

⌘
m
e
j2⇡

⇣
lp
N +⌫iT

⌘
q

<latexit sha1_base64="2jgaZVWAbyFDXy7KCRVgOIHcK9c="></latexit>
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•  Frequency/slow-time domain signal: 

•  Matrix form:   

•  Vectorizing,  

•  Thus, we can apply the MUSIC method for estimating                 :  

b(⌧, ⌫) = b1(⌫)⌦ b2(⌧) =

2

666664

1

e
j2⇡

⇣
lp
N +⌫T

⌘

...

e
j2⇡

⇣
lp
N +⌫T

⌘
(N�1)

3

777775
⌦

2

666664

1

e
�j2⇡

⇣
kp
M + ⌧

T

⌘

...

e
�j2⇡

⇣
kp
M + ⌧

T

⌘
(M�1)

3

777775

<latexit sha1_base64="jv0s3uiCpfxxDp17WQvTcQDzGL8="></latexit>

2D MUSIC in the  
Frequency/Slow-time Domain 

m = 0, . . . ,M � 1
<latexit sha1_base64="0FT4jK91hchNOJgPakahCnOoDd4=">AAAB9HicbVDLSgMxFM34rPVVdekmWAQXtcxUQTdCwY0boYJ9QDuUTJppQ5PMmNwplKHf4caFIm79GHf+jWk7C209EDiccw/35gSx4AZc99tZWV1b39jMbeW3d3b39gsHhw0TJZqyOo1EpFsBMUxwxerAQbBWrBmRgWDNYHg79Zsjpg2P1COMY+ZL0lc85JSAlXx545Y6vQhM6f7c6xaKbtmdAS8TLyNFlKHWLXzZLE0kU0AFMabtuTH4KdHAqWCTfCcxLCZ0SPqsbakikhk/nR09wadW6eEw0vYpwDP1dyIl0pixDOykJDAwi95U/M9rJxBe+ylXcQJM0fmiMBEYIjxtAPe4ZhTE2BJCNbe3YjogmlCwPeVtCd7il5dJo1L2LsqVh8ti1c3qyKFjdILOkIeuUBXdoRqqI4qe0DN6RW/OyHlx3p2P+eiKk2WO0B84nz/83pDh</latexit>

q = 0, . . . , N � 1
<latexit sha1_base64="k16yIhiYmUGSDxExcZ43jLmqO1c=">AAAB9HicbVBNS0JBFL2vT7Mvq2WbIQlamLxnQm0CoU2rMMgP0IfMG+fp4LwPZ+4TRPwdbVoU0bYf065/06hvUdqBgcM593DvHC+WQqNtf1tr6xubW9uZnezu3v7BYe7ouK6jRDFeY5GMVNOjmksR8hoKlLwZK04DT/KGN7ib+Y0RV1pE4ROOY+4GtBcKXzCKRnKHt3ah3Y1QFx4unU4ubxftOcgqcVKShxTVTu7LZFkS8BCZpFq3HDtGd0IVCib5NNtONI8pG9Aebxka0oBrdzI/ekrOjdIlfqTMC5HM1d+JCQ20HgeemQwo9vWyNxP/81oJ+jfuRIRxgjxki0V+IglGZNYA6QrFGcqxIZQpYW4lrE8VZWh6ypoSnOUvr5J6qehcFUuP5XylnNaRgVM4gwtw4BoqcA9VqAGDITzDK7xZI+vFerc+FqNrVpo5gT+wPn8ABeeQ6g==</latexit>

{⌧i, ⌫i}Di=1
<latexit sha1_base64="yuktZv+8i40vddKvapvP11aRSWc=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCCylJFXQjFHThsoJ9QBPDZDpph04mYWYilBA3/oobF4q49S/c+TdO2yy09cC9HM65l5l7goRRqWz721hYXFpeWS2tldc3Nre2zZ3dloxTgUkTxywWnQBJwignTUUVI51EEBQFjLSD4dXYbz8QIWnM79QoIV6E+pyGFCOlJd/cdzNXodSnJy7X3c39jF46+f21b1bsqj2BNU+cglSgQMM3v9xejNOIcIUZkrLr2InyMiQUxYzkZTeVJEF4iPqkqylHEZFeNrkgt4600rPCWOjiypqovzcyFEk5igI9GSE1kLPeWPzP66YqvPAyypNUEY6nD4Ups1RsjeOwelQQrNhIE4QF1X+18AAJhJUOraxDcGZPnietWtU5rdZuzyp1u4ijBAdwCMfgwDnU4QYa0AQMj/AMr/BmPBkvxrvxMR1dMIqdPfgD4/MHOreWrg==</latexit>

bH(⌧, ⌫)GGHb(⌧, ⌫) = 0
<latexit sha1_base64="AV6fQ5TJYT1Bks+1k/wkou55aUg=">AAACJHicbVDLSgMxFM3UV62vUZdugkWoIGWmCgoiFFy0ywr2AZ1aMmmmDc1khiQjlKEf48ZfcePCBy7c+C1m2pFq64HA4Zxzyb3HDRmVyrI+jczS8srqWnY9t7G5tb1j7u41ZBAJTOo4YIFouUgSRjmpK6oYaYWCIN9lpOkOrxO/eU+EpAG/VaOQdHzU59SjGCktdc1Lx0dq4HqxO76rFhyFohOHR8c/aqWi5VlkFoBX0OqaeatoTQAXiZ2SPEhR65pvTi/AkU+4wgxJ2batUHViJBTFjIxzTiRJiPAQ9UlbU458Ijvx5MgxPNJKD3qB0I8rOFF/T8TIl3LkuzqZ7CvnvUT8z2tHyrvoxJSHkSIcTz/yIgZVAJPGYI8KghUbaYKwoHpXiAdIIKx0rzldgj1/8iJplIr2abF0c5Yvl9I6suAAHIICsME5KIMqqIE6wOABPIEX8Go8Gs/Gu/ExjWaMdGYf/IHx9Q0FH6RO</latexit>

w ⇠ CN (0,�2I)
<latexit sha1_base64="IzWjPV3pM4ZugIen4gQTmtSZQa4=">AAACG3icbVDLSsNAFJ3UV62vqks3g0WoICWpgi4L3ehGKtgHNLFMppN26EwSZiZKCfkPN/6KGxeKuBJc+DdO0iy09cDA4ZxzmXuPGzIqlWl+G4Wl5ZXVteJ6aWNza3unvLvXkUEkMGnjgAWi5yJJGPVJW1HFSC8UBHGXka47aaZ+954ISQP/Vk1D4nA08qlHMVJaGpTrse168CGBtqQc2hypMUYsbl4n1cwxkxPtjDi6myWvkuNBuWLWzAxwkVg5qYAcrUH50x4GOOLEV5ghKfuWGSonRkJRzEhSsiNJQoQnaET6mvqIE+nE2W0JPNLKEHqB0M9XMFN/T8SISznlrk6my8t5LxX/8/qR8i6cmPphpIiPZx95EYMqgGlRcEgFwYpNNUFYUL0rxGMkEFa6zpIuwZo/eZF06jXrtFa/Oas06nkdRXAADkEVWOAcNMAlaIE2wOARPINX8GY8GS/Gu/ExixaMfGYf/IHx9QNqxKBV</latexit>

Noise term 
W [m, q] ⇠ CN (0,�2)

<latexit sha1_base64="nK+taUElbntS4YCFW2UBBDmAH1w=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoVSkmioMtCN66kgn1AEstkOmmHziRxZiKU0B9w46+4caGIW/fu/BunbRbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/JeNUYNLEMYtFJ0CSMBqRpqKKkU4iCOIBI+1gWJ/47QciJI2jWzVKiM9RP6IhxUhpqWset11eufehJymHHkdqgBHL6tfjslXRWp+jO+e0a5asqjUFXCR2TkogR6Nrfnm9GKecRAozJKVrW4nyMyQUxYyMi14qSYLwEPWJq2mEOJF+Nv1mDE+00oNhLHRFCk7V3xMZ4lKOeKA7J/fKeW8i/ue5qQov/YxGSapIhGeLwpRBFcNJNLBHBcGKjTRBWFB9K8QDJBBWOsCiDsGef3mRtJyqfVZ1bs5LNSePowAOwREoAxtcgBq4Ag3QBBg8gmfwCt6MJ+PFeDc+Zq1LRj5zAP7A+PwBYVeabg==</latexit>

b(⌧, ⌫) = b1(⌫)⌦ b2(⌧) =

2

666664

1

e
j2⇡

⇣
lp
N +⌫T

⌘

...

e
j2⇡

⇣
lp
N +⌫T

⌘
(N�1)

3

777775
⌦

2

666664

1

e
�j2⇡

⇣
kp
M + ⌧

T

⌘

...

e
�j2⇡

⇣
kp
M + ⌧

T

⌘
(M�1)

3

777775

<latexit sha1_base64="jv0s3uiCpfxxDp17WQvTcQDzGL8="></latexit>

R[m, q] =
xpp
MN

DX

i=1

↵ie
�j2⇡

⇣
kp
M +

⌧i
T

⌘
m
e
j2⇡

⇣
lp
N +⌫iT

⌘
q
+W [m, q]

<latexit sha1_base64="MQ7Nr6q76+vWtfQ6G7GgPIia5Pw="></latexit>

[R]m,q
<latexit sha1_base64="j8UaQrxUtiulqGByHCVUq7RnPR0=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkCnosePFYxX5AG8Jmu2mX7iZxd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHacb6u0tr6xuVXeruzs7u0f2IdHbRWnktAWiXksuwFWlLOItjTTnHYTSbEIOO0E49uZ35lQqVgcPeppQj2BhxELGcHaSL5t97J+EKKH3PMzcfGUI9+uOjVnDrRK3IJUoUDTt7/6g5ikgkaacKxUz3US7WVYakY4zSv9VNEEkzEe0p6hERZUedn88hydGWWAwliaijSaq78nMiyUmorAdAqsR2rZm4n/eb1UhzdexqIk1TQii0VhypGO0SwGNGCSEs2nhmAimbkVkRGWmGgTVsWE4C6/vEra9Zp7WavfX1UbThFHGU7gFM7BhWtowB00oQUEJvAMr/BmZdaL9W59LFpLVjFzDH9gff4AvQKTBA==</latexit>

[B(⌧, ⌫)]m,q
<latexit sha1_base64="hYQBSSn4e0JcHdB02wc1vNvTols=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iECqUktaDLohuXFewDkhAm00k7dDKJMxOhhOLGX3HjQhG3foU7/8Zpm4W2HrhwOOde7r0nSBiVyrK+jcLK6tr6RnGztLW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBuMrqd+94EISWN+p8YJ8SI04DSkGCkt+eaRk7lBCK8mFVehtOry9Mzzs6h6P/HNslWzZoDLxM5JGeRo+eaX249xGhGuMENSOraVKC9DQlHMyKTkppIkCI/QgDiachQR6WWzFybwVCt9GMZCF1dwpv6eyFAk5TgKdGeE1FAuelPxP89JVXjpZZQnqSIczxeFKYMqhtM8YJ8KghUba4KwoPpWiIdIIKx0aiUdgr348jLp1Gv2ea1+2yg3G3kcRXAMTkAF2OACNMENaIE2wOARPINX8GY8GS/Gu/Exby0Y+cwh+APj8wch8ZaU</latexit>

[W]m,q
<latexit sha1_base64="KOBMOrA70geShfl2+MsH/6+GM2Q=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJJUQY8FLx4r2A9IQ9hsN+3SzSbubgol5J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zba2tb2xubVd2qrt7+weH9tFxRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh+G7mdydUKpaIRz1NqR/joWARI1gbKbBtL++HEeoWfpDHl08FCuyaU3fmQKvELUkNSrQC+6s/SEgWU6EJx0p5rpNqP8dSM8JpUe1niqaYjPGQeoYKHFPl5/PLC3RulAGKEmlKaDRXf0/kOFZqGoemM8Z6pJa9mfif52U6uvVzJtJMU0EWi6KMI52gWQxowCQlmk8NwUQycysiIywx0SasqgnBXX55lXQadfeq3ni4rjWdMo4KnMIZXIALN9CEe2hBGwhM4Ble4c3KrRfr3fpYtK5Z5cwJ/IH1+QPEw5MJ</latexit>

R =
xpp
MN

DX

i=1

↵iB(⌧i, ⌫i) +W
<latexit sha1_base64="+0xH8+1NVgqn7lTigUFDs3WI918="></latexit>

y = vec(R) =
xpp
MN

DX

i=1

↵ib(⌧i, ⌫i) +w
<latexit sha1_base64="rLFNpQ39QOBxTH5RolAEtwYiEx4="></latexit>
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2D Root-MUSIC 

•  2D spectral-MUSIC: 
–  2D search over           grid for finding     peaks of:  

•  2D root-MUSIC: Let                            and 

   

*J. Lee, J. Park, and J. Chun, “Weighted Two-Dimensional Root MUSIC for 
Joint Angle-Doppler Estimation With MIMO Radar,” IEEE Trans. on Aerosp. and 
Elect. Syst., vol. 55, no. 3, pp. 1474–1482, Jun. 2019.. 

(⌧, ⌫)
<latexit sha1_base64="dnWBTtyVsLlHG2zRbr2/4bgoatw=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BItQQcpuFfRY8OKxgv3A7lKyabYNzWaXZCKUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMC1PBNbjut1NYW9/Y3Cpul3Z29/YPyodHbZ0YRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDvzO09MaZ7IB5ikLIjJUPKIUwJWeqz6QMyFL815v1xxa+4ceJV4OamgHM1++csfJNTETAIVROue56YQZEQBp4JNS77RLCV0TIasZ6kkMdNBNr94is+sMsBRomxJwHP190RGYq0ncWg7YwIjvezNxP+8noHoJsi4TA0wSReLIiMwJHj2Ph5wxSiIiSWEKm5vxXREFKFgQyrZELzll1dJu17zLmv1+6tKo57HUUQn6BRVkYeuUQPdoSZqIYokekav6M3Rzovz7nwsWgtOPnOM/sD5/AGpHZA0</latexit>

D
<latexit sha1_base64="ENvA0y99GvAhXlnsX8zlF34qhYk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1GtNS8r9VoeRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AJPnjLw=</latexit>

, where 

z2 = e
�j2⇡

⇣
kp
M + ⌧

T

⌘

<latexit sha1_base64="g1Gcsy6U+fboyi6AxYA4N+wHphY="></latexit>

z1 = e
j2⇡

⇣
lp
N +⌫T

⌘

<latexit sha1_base64="ZWrByP27+IucNJedi7vBWqVrAHE=">AAACGXicbVBNS8NAEN34bf2qevSyWARFKEkV9CIIXjyJQluFpobNdtKubjZhdyLUkL/hxb/ixYMiHvXkv3Fbe/DrwcDjvRlm5oWpFAZd98MZG5+YnJqemS3NzS8sLpWXV5omyTSHBk9koi9CZkAKBQ0UKOEi1cDiUMJ5eH008M9vQBuRqDr2U2jHrKtEJDhDKwVl9zbwDuAyv6r5qfAlRLjpR5rxXAZpkZ8UdJv6KqN16mvR7eFWEZQrbtUdgv4l3ohUyAinQfnN7yQ8i0Ehl8yYluem2M6ZRsElFCU/M5Ayfs260LJUsRhMOx9+VtANq3RolGhbCulQ/T6Rs9iYfhzazphhz/z2BuJ/XivDaL+dC5VmCIp/LYoySTGhg5hoR2jgKPuWMK6FvZXyHrPBoA2zZEPwfr/8lzRrVW+nWjvbrRzWRnHMkDWyTjaJR/bIITkmp6RBOLkjD+SJPDv3zqPz4rx+tY45o5lV8gPO+ydY7Z/T</latexit>

b(⌧, ⌫) = b̃(z2, z1) = b̃1(z1)⌦ b̃2(z2)
<latexit sha1_base64="VS534fGV0aigvPpDgx5MDz6INYk="></latexit>

b̃1(z1) =

2

6664

1
z1
...

zN�1
1

3

7775

<latexit sha1_base64="PnogHX5N5kyUyLOuLZcC/I7H5bM="></latexit>

b̃2(z2) =

2

6664

1
z2
...

zM�1
2

3

7775

<latexit sha1_base64="EvtWEpk2bgQwZR+2ynl7gLhUyXg="></latexit>

PMUSIC(⌧, ⌫) =
1

bH(⌧, ⌫)Enb(⌧, ⌫)
<latexit sha1_base64="vqo138Tn/Wj+P9RR9lwoWQUvC1M="></latexit>

GGH = En
<latexit sha1_base64="t2VMlFPBTk7i4pXf5WL6zpLSeqY=">AAACBXicbZDLSgMxFIbP1Futt6pLXQSL4KrMVEE3QkHELivYC7RjyaSZNjSTGZKMUIbZuPFV3LhQxK3v4M63MW1noa0HQj7+/xyS83sRZ0rb9reVW1peWV3Lrxc2Nre2d4q7e00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteaOrid96oFKxUNzpcUTdAA8E8xnB2ki94mHS9Xx0k2bXfQ1doilfpz1jl+yyPS20CE4GJciq3it+dfshiQMqNOFYqY5jR9pNsNSMcJoWurGiESYjPKAdgwIHVLnJdIsUHRulj/xQmiM0mqq/JxIcKDUOPNMZYD1U895E/M/rxNq/cBMmolhTQWYP+TFHOkSTSFCfSUo0HxvARDLzV0SGWGKiTXAFE4Izv/IiNCtl57RcuT0rVStZHHk4gCM4AQfOoQo1qEMDCDzCM7zCm/VkvVjv1sesNWdlM/vwp6zPH2h/ly4=</latexit>

bH(⌧, ⌫)Enb(⌧, ⌫) = b̃T (z�1
2 , z�1

1 )Enb̃(z2, z1) = 0
<latexit sha1_base64="o9CRI0nglRXt8zIkiKrIMW4k5gM="></latexit>

Polynomial in two variables (z1, z2)
<latexit sha1_base64="ahk8BJyuq0/6GIMpKRmkXL1ABhk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUoSBT0WvHisYD+kDWGz3bRLdzdhdyO0ob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxNGlXacb6uwtr6xuVXcLu3s7u0flA+PWipOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHo9uZ334iUtFYPOhxQnyOBoJGFCNtpMfqJHAvJoF3HpQrTs2Zw14lbk4qkKMRlL96/RinnAiNGVKq6zqJ9jMkNcWMTEu9VJEE4REakK6hAnGi/Gx+8NQ+M0rfjmJpSmh7rv6eyBBXasxD08mRHqplbyb+53VTHd34GRVJqonAi0VRymwd27Pv7T6VBGs2NgRhSc2tNh4iibA2GZVMCO7yy6uk5dXcy5p3f1Wpe3kcRTiBU6iCC9dQhztoQBMwcHiGV3izpPVivVsfi9aClc8cwx9Ynz9ElY9a</latexit>

•  Solutions for            can be obtained by solving two separate  
     polynomial rooting problems*.  

  

(z1, z2)
<latexit sha1_base64="ahk8BJyuq0/6GIMpKRmkXL1ABhk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUoSBT0WvHisYD+kDWGz3bRLdzdhdyO0ob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxNGlXacb6uwtr6xuVXcLu3s7u0flA+PWipOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHo9uZ334iUtFYPOhxQnyOBoJGFCNtpMfqJHAvJoF3HpQrTs2Zw14lbk4qkKMRlL96/RinnAiNGVKq6zqJ9jMkNcWMTEu9VJEE4REakK6hAnGi/Gx+8NQ+M0rfjmJpSmh7rv6eyBBXasxD08mRHqplbyb+53VTHd34GRVJqonAi0VRymwd27Pv7T6VBGs2NgRhSc2tNh4iibA2GZVMCO7yy6uk5dXcy5p3f1Wpe3kcRTiBU6iCC9dQhztoQBMwcHiGV3izpPVivVsfi9aClc8cwx9Ynz9ElY9a</latexit>

                                   
–  2D search not required         Computationally feasible 

bH(⌧, ⌫)Enb(⌧, ⌫) = 0
<latexit sha1_base64="3TYCKFEH5MFCXQe6a8SYjg6yZrg=">AAACI3icbVDLSgMxFM34rPU16tJNsAgVpMxUQRGEgghdVrAP6NSSSTNtaCYz5CGUof/ixl9x40Ipblz4L2baSrX1QOBwzrnk3uPHjErlOJ/W0vLK6tp6ZiO7ubW9s2vv7ddkpAUmVRyxSDR8JAmjnFQVVYw0YkFQ6DNS9/s3qV9/JELSiN+rQUxaIepyGlCMlJHa9pUXItXzg8QfPpTznkL61OP65Ee9Hbb5LDHz4TV02nbOKThjwEXiTkkOTFFp2yOvE2EdEq4wQ1I2XSdWrQQJRTEjw6ynJYkR7qMuaRrKUUhkKxnfOITHRunAIBLmcQXH6u+JBIVSDkLfJNN95byXiv95Ta2Cy1ZCeawV4XjyUaAZVBFMC4MdKghWbGAIwoKaXSHuIYGwMrVmTQnu/MmLpFYsuGeF4t15rlSc1pEBh+AI5IELLkAJlEEFVAEGT+AFvIF369l6tUbWxyS6ZE1nDsAfWF/fnEmkIg==</latexit>

(Consequence of the complex exponential steering vector structure)  
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Snapshots for Covariance Estimation 

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

. . . . . .
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

M � 1
<latexit sha1_base64="V8p7yDzVRoOeTfYKTJ6WL1Fg/FU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBixehov2ANpTNdtMu3WzC7kQopT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1MpDHret7Oyura+sVnYKm7v7O7tlw4OGybJNON1lshEt0JquBSK11Gg5K1UcxqHkjfD4c3Ubz5xbUSiHnGU8iCmfSUiwSha6eHu3O+Wyp7rzUCWiZ+TMuSodUtfnV7CspgrZJIa0/a9FIMx1SiY5JNiJzM8pWxI+7xtqaIxN8F4duqEnFqlR6JE21JIZurviTGNjRnFoe2MKQ7MojcV//PaGUbXwVioNEOu2HxRlEmCCZn+TXpCc4ZyZAllWthbCRtQTRnadIo2BH/x5WXSqLj+hVu5vyxX3TyOAhzDCZyBD1dQhVuoQR0Y9OEZXuHNkc6L8+58zFtXnHzmCP7A+fwBeW+NMw==</latexit>

. . . . . .
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

N � 1
<latexit sha1_base64="dZ8/FyjefDD4+Hm7IZZer0xGv5o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBiyepaD+gDWWz3bRLN5uwOxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737aysrq1vbBa2its7u3v7pYPDhkkyzXidJTLRrZAaLoXidRQoeSvVnMah5M1weDP1m09cG5GoRxylPIhpX4lIMIpWerg797ulsud6M5Bl4uekDDlq3dJXp5ewLOYKmaTGtH0vxWBMNQom+aTYyQxPKRvSPm9bqmjMTTCenTohp1bpkSjRthSSmfp7YkxjY0ZxaDtjigOz6E3F/7x2htF1MBYqzZArNl8UZZJgQqZ/k57QnKEcWUKZFvZWwgZUU4Y2naINwV98eZk0Kq5/4VbuL8tVN4+jAMdwAmfgwxVU4RZqUAcGfXiGV3hzpPPivDsf89YVJ585gj9wPn8AevWNNA==</latexit>

......
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

(q)
<latexit sha1_base64="SMEbV8JY1QK9zwlZdZIagKefuwA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMePEY0TwgWcLspDcZMju7zswKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOl+/Ljea9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveRaV6d1mquVkceTiBUyiDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AnN+NTA==</latexit>

Slow-time 

......
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

Frequency (m)
<latexit sha1_base64="77XPBNt3+8F837XnSmuuDoA04bQ=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRaheii7VdBjwYvHim5baJeSTbNtaJJdkqxQlv4ELx4U8eov8ua/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auk4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H49uZ336iSrNYPppJQgOBh5JFjGBjpYeqOO+XK27NnQOtEi8nFcjR7Je/eoOYpIJKQzjWuuu5iQkyrAwjnE5LvVTTBJMxHtKupRILqoNsfuoUnVllgKJY2ZIGzdXfExkWWk9EaDsFNiO97M3E/7xuaqKbIGMySQ2VZLEoSjkyMZr9jQZMUWL4xBJMFLO3IjLCChNj0ynZELzll1dJq17zLmv1+6tK4yKPowgncApV8OAaGnAHTfCBwBCe4RXeHO68OO/Ox6K14OQzx/AHzucPlP2NQg==</latexit>

2D snapshots          
of size                

 

•  2D subsequences are considered as snapshots              

[R]m,q = R[m, q]
<latexit sha1_base64="uUJqv/T/yM4NqXATR81JNCblOsw=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBBdSZqqgG6HgxmUt9gLTYcikmTY0yYxJRijDuPFV3LhQxK1v4c63Mb0stPWHwMd/zuHk/GHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLwe19sPRCoaizs9SojPUV/QiGKkjRXYB17WDSPYyP0g46f3ObyCDc+AH9hlp+JMBBfBnUEZzFQP7K9uL8YpJ0JjhpTyXCfRfoakppiRvNRNFUkQHqI+8QwKxInys8kFOTw2Tg9GsTRPaDhxf09kiCs14qHp5EgP1HxtbP5X81IdXfoZFUmqicDTRVHKoI7hOA7Yo5JgzUYGEJbU/BXiAZIIaxNayYTgzp+8CK1qxT2rVG/PyzVnFkcRHIIjcAJccAFq4AbUQRNg8AiewSt4s56sF+vd+pi2FqzZzD74I+vzB8+KlcU=</latexit>

X0,0
<latexit sha1_base64="OIQw4KxSARxgJggnXSLW2eeH3ow=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBRMpuFfRY8OKxgv2AdinZNNuGJtk1yRbKsr/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H47uZ355QpVkkH800pr7AQ8lCRrCxkp/2ghB1sn7qXrpZv1xxq+4caJV4OalAjka//NUbRCQRVBrCsdZdz42Nn2JlGOE0K/USTWNMxnhIu5ZKLKj20/nRGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetmbif953cSEt37KZJwYKsliUZhwZCI0SwANmKLE8KklmChmb0VkhBUmxuZUsiF4yy+vklat6l1Vaw/XlfpFHkcRTuAUzsGDG6jDPTSgCQSe4Ble4c2ZOC/Ou/OxaC04+cwx/IHz+QPGzpFf</latexit>

X0,1
<latexit sha1_base64="v1FrsYBvCTo0rUb1BT5OPmy29Hk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBRMpuFfRY8OKxgv2AdinZNNuGJtk1yRbKsr/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H47uZ355QpVkkH800pr7AQ8lCRrCxkp/2ghB1sn7qXnpZv1xxq+4caJV4OalAjka//NUbRCQRVBrCsdZdz42Nn2JlGOE0K/USTWNMxnhIu5ZKLKj20/nRGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetmbif953cSEt37KZJwYKsliUZhwZCI0SwANmKLE8KklmChmb0VkhBUmxuZUsiF4yy+vklat6l1Vaw/XlfpFHkcRTuAUzsGDG6jDPTSgCQSe4Ble4c2ZOC/Ou/OxaC04+cwx/IHz+QPIU5Fg</latexit>

X1,0
<latexit sha1_base64="EQG1teL4GFWngxB1VUa5FgeIjyY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBRMpuFfRY8OKxgv2AdinZNNuGJtk1yRbKsr/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H47uZ355QpVkkH800pr7AQ8lCRrCxkp/2ghB1sn7qXbpZv1xxq+4caJV4OalAjka//NUbRCQRVBrCsdZdz42Nn2JlGOE0K/USTWNMxnhIu5ZKLKj20/nRGTqzygCFkbIlDZqrvydSLLSeisB2CmxGetmbif953cSEt37KZJwYKsliUZhwZCI0SwANmKLE8KklmChmb0VkhBUmxuZUsiF4yy+vklat6l1Vaw/XlfpFHkcRTuAUzsGDG6jDPTSgCQSe4Ble4c2ZOC/Ou/OxaC04+cwx/IHz+QPIVZFg</latexit>

M 0 ⇥N 0
<latexit sha1_base64="/SB4nOGnK2V+fVla3JUlgiyedfE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYJCIh7AbBT0GvHhRIpgHZJcwO5lNhsw+mOkVwpLf8OJBEa/+jDf/xkmyB00saCiquunu8hMpNNr2t7Wyura+sVnYKm7v7O7tlw4OWzpOFeNNFstYdXyquRQRb6JAyTuJ4jT0JW/7o5up337iSos4esRxwr2QDiIRCEbRSO5dhbgoQq7JfaVXKttVewayTJyclCFHo1f6cvsxS0MeIZNU665jJ+hlVKFgkk+Kbqp5QtmIDnjX0IiaPV42u3lCTo3SJ0GsTEVIZurviYyGWo9D33SGFId60ZuK/3ndFINrLxNRkiKP2HxRkEqCMZkGQPpCcYZybAhlSphbCRtSRRmamIomBGfx5WXSqlWdi2rt4bJcP8/jKMAxnMAZOHAFdbiFBjSBQQLP8ApvVmq9WO/Wx7x1xcpnjuAPrM8fXkGQhQ==</latexit>

Xi,j
<latexit sha1_base64="fkDl1Hr/1gQZuokq75nZL7e+4QQ=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBFEpOxWQY8FLx4r2A9ol5JNs21sNrsm2UJZ9nd48aCIV3+MN/+NabsHbX0w8Hhvhpl5fiy4No7zjVZW19Y3Ngtbxe2d3b390sFhU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Hbqt8ZMaR7JBzOJmReSgeQBp8RYyUu7foDbWS/lF49Zr1R2Ks4MeJm4OSlDjnqv9NXtRzQJmTRUEK07rhMbLyXKcCpYVuwmmsWEjsiAdSyVJGTaS2dHZ/jUKn0cRMqWNHim/p5ISaj1JPRtZ0jMUC96U/E/r5OY4MZLuYwTwySdLwoSgU2EpwngPleMGjGxhFDF7a2YDoki1NicijYEd/HlZdKsVtzLSvX+qlw7z+MowDGcwBm4cA01uIM6NIDCEzzDK7yhMXpB7+hj3rqC8pkj+AP0+QN2DpHS</latexit>

Vectorized version 

Snapshots: xi,j = vec(Xi,j)
<latexit sha1_base64="Cy4MKGDDo7Rb2txDxyumrDTnPN0=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBCMSNiNgl6EgBePEcwDkhBmJ73J6OyDmV4xLPsNXvwVLx4U8erJm3/jJNmDRgsaiqpuurvcSAqNtv1lzc0vLC4t51byq2vrG5uFre2GDmPFoc5DGaqWyzRIEUAdBUpoRQqY70pourcXY795B0qLMLjGUQRdnw0C4QnO0Ei9QinpuB69T3uJOLpJ6TntINxjcgc8PZhYrcwq9QpFu2xPQP8SJyNFkqHWK3x2+iGPfQiQS6Z127Ej7CZMoeAS0nwn1hAxfssG0DY0YD7objJ5KaX7RulTL1SmAqQT9edEwnytR75rOn2GQz3rjcX/vHaM3lk3EUEUIwR8usiLJcWQjvOhfaGAoxwZwrgS5lbKh0wxjibFvAnBmX35L2lUys5xuXJ1UqweZnHkyC7ZIwfEIaekSi5JjdQJJw/kibyQV+vRerberPdp65yVzeyQX7A+vgGDK51K</latexit>

i = 0, . . . ,M �M 0, j = 0, . . . , N �N 0
<latexit sha1_base64="3ZfgcvEdMEx1m/U1gFWOTjjVgU4=">AAACB3icbVBLSwMxGMzWV62vVY+CBItUpC27VdCLUPDipaWCfUC7lGyabWOz2SXJCmXpzYt/xYsHRbz6F7z5b0zbRbQ6EJjMfEPyjRsyKpVlfRqphcWl5ZX0amZtfWNzy9zeacggEpjUccAC0XKRJIxyUldUMdIKBUG+y0jTHV5O/OYdEZIG/EaNQuL4qM+pRzFSWuqa+/TCynd6gZL5SqGSy8Pb73u1UM11zaxVtKaAf4mdkCxIUOuaHzqMI59whRmSsm1boXJiJBTFjIwznUiSEOEh6pO2phz5RDrxdI8xPNRKD3qB0IcrOFV/JmLkSznyXT3pIzWQ895E/M9rR8o7d2LKw0gRjmcPeRGDKoCTUmCPCoIVG2mCsKD6rxAPkEBY6eoyugR7fuW/pFEq2ifF0vVptnyc1JEGe+AAHAEbnIEyuAI1UAcY3INH8AxejAfjyXg13majKSPJ7IJfMN6/AIX6lnY=</latexit>

Nsnap = (M �M 0 + 1)(N �N 0 + 1)
<latexit sha1_base64="t/aLexhN8Pcgd+3HkLJBGMSlhGY=">AAACB3icbVDLSgMxFM3UV62vqktBBotYlZaZKuhGKLhx01LBPqAdSiZN29BMZkjuiGXozo2/4saFIm79BXf+jWk7C209cLmHc+4luccNOFNgWd9GYmFxaXkluZpaW9/Y3Epv79SUH0pCq8Tnvmy4WFHOBK0CA04bgaTYczmtu4PrsV+/p1IxX9zBMKCOh3uCdRnBoKV2er/cbgF9gEgJHIyusqVc6ejUPs6Wc+Vxb6czVt6awJwndkwyKEalnf5qdXwSelQA4Vippm0F4ERYAiOcjlKtUNEAkwHu0aamAntUOdHkjpF5qJWO2fWlLgHmRP29EWFPqaHn6kkPQ1/NemPxP68ZQvfSiZgIQqCCTB/qhtwE3xyHYnaYpAT4UBNMJNN/NUkfS0xAR5fSIdizJ8+TWiFvn+ULt+eZ4kkcRxLtoQOURTa6QEV0gyqoigh6RM/oFb0ZT8aL8W58TEcTRryzi/7A+PwB9g+WsA==</latexit>

Sample covariance matrix 

K̂ =
1

Nsnap

M�M
0X

i=0

N�N
0X

j=1

xi,jx
H

i,j

<latexit sha1_base64="RXJz2dKiY70RLvHAaExo5K2Wd44="></latexit>

•    

•    

•    

y = vec(R) =
xpp
MN

DX

i=1

↵ib(⌧i, ⌫i) +w
<latexit sha1_base64="rLFNpQ39QOBxTH5RolAEtwYiEx4="></latexit>

Consecutive snapshots shifted by  
one sample 

•    
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2D MUSIC for Embedded Pilot Structure 

•  Pilot symbol separated from data symbols with a guard interval 
–  Max. Doppler tap                         , Max. delay tap    
–     and     chosen to control interference between data and pilot symbols 

     

lmax = ⌫maxTw/2
<latexit sha1_base64="/NOXGrZY50r3Y6DEQc50jJ4ccBQ=">AAACDXicbVDLSsNAFJ3UV62vqks3wSq4ikkVdCMU3Lis0Bc0IUymk3boZBJmbrQl9Afc+CtuXCji1r07/8bpY2FbD1w4nHMv994TJJwpsO0fI7eyura+kd8sbG3v7O4V9w8aKk4loXUS81i2AqwoZ4LWgQGnrURSHAWcNoP+7dhvPlCpWCxqMEyoF+GuYCEjGLTkF0+4n7lAB5BFeDAa3bginRNq/uN52S+WbMuewFwmzoyU0AxVv/jtdmKSRlQA4ViptmMn4GVYAiOcjgpuqmiCSR93aVtTgSOqvGzyzcg81UrHDGOpS4A5Uf9OZDhSahgFujPC0FOL3lj8z2unEF57GRNJClSQ6aIw5SbE5jgas8MkJcCHmmAimb7VJD0sMQEdYEGH4Cy+vEwaZcu5sMr3l6WKNYsjj47QMTpDDrpCFXSHqqiOCHpCL+gNvRvPxqvxYXxOW3PGbOYQzcH4+gVM8Zzi</latexit>

kmax = ⌧maxB
<latexit sha1_base64="vbfV4CS29pDKpesM1sKFA4kEHgA=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4CkkVdCMU3bisYB/QhDCZTtqhkwczN9ISsnbjr7hxoYhbv8Cdf+O0zcK2HrhwOOde7r3HTziTYFk/WmlldW19o7xZ2dre2d3T9w9aMk4FoU0S81h0fCwpZxFtAgNOO4mgOPQ5bfvD24nffqRCsjh6gHFC3RD3IxYwgkFJnn489DIH6AiyEI/y/NoBnM4pN55etUxrCmOZ2AWpogINT/92ejFJQxoB4VjKrm0l4GZYACOc5hUnlTTBZIj7tKtohEMq3Wz6Sm6cKqVnBLFQFYExVf9OZDiUchz6qjPEMJCL3kT8z+umEFy5GYuSFGhEZouClBsQG5NcjB4TlAAfK4KJYOpWgwywwARUehUVgr348jJp1Uz73KzdX1TrZhFHGR2hE3SGbHSJ6ugONVATEfSEXtAbeteetVftQ/uctZa0YuYQzUH7+gVZNpvh</latexit>

k̃
<latexit sha1_base64="xUP8kvsQ+EF1yG/lfDizpiNI0XA=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/ZA2lM1m0i7dbMLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LBTFL0YzqUPOKMGis99g0XIebj6aBSdWvuHGSVeAWpQoHmoPLVDxOWxSgNE1Trnuemxs+pMpwJnJb7mcaUsjEdYs9SSWPUfj4/eErOrRKSKFG2pCFz9fdETmOtJ3FgO2NqRnrZm4n/eb3MRDd+zmWaGZRssSjKBDEJmX1PQq6QGTGxhDLF7a2EjaiizNiMyjYEb/nlVdKu17zLWv3+qtqoFXGU4BTO4AI8uIYG3EETWsAghmd4hTdHOS/Ou/OxaF1zipkT+APn8wcq5pCV</latexit>

l̃
<latexit sha1_base64="zlnYpi7fnX7iEtmmIZoTkiSGJ9I=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8laQKeix48VjBfkgbymYzaZfubsLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo7bJsk0gxZLRKK7ITUguIIWchTQTTVQGQrohOPbmd95Am14oh5wkkIg6VDxmDOKVnrsIxcR5GI6qFS9mjeHu0r8glRJgeag8tWPEpZJUMgENabneykGOdXImYBpuZ8ZSCkb0yH0LFVUggny+cFT99wqkRsn2pZCd67+nsipNGYiQ9spKY7MsjcT//N6GcY3Qc5VmiEotlgUZ8LFxJ1970ZcA0MxsYQyze2tLhtRTRnajMo2BH/55VXSrtf8y1r9/qraqBVxlMgpOSMXxCfXpEHuSJO0CCOSPJNX8uZo58V5dz4WrWtOMXNC/sD5/AEsa5CW</latexit>

SFFT 
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Outline 

•  Introduction 
•  MUSIC Method  
•  OTFS Channel Estimation via MUSIC 
•  1D v/s 2D MUSIC 
•  Numerical Results 

•  Summary 
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Cramér-Rao Bound (CRB) for  
Delay-Doppler Estimation 

•  Unknown parameter vector:  
•  Received signal having the form:  

•  Fisher information matrix (FIM)        :  

•   CRB matrix  
–  Diagonal elements of CRB provide a lower bound on variance of any 

unbiased estimator  

 
•  Non-diagonal elements         Possible coupling between unknown 

of  FIM                                     parameters (Motivation for joint 
    estimation) 

[J(✓)]i,k =
2

�2
· Re

(✓
@µ

@✓i

◆H ✓
@µ

@✓k

◆)

<latexit sha1_base64="Lh0zHqJ6Brr4aNqRufm9prX3E3o="></latexit>

= J�1(✓)
<latexit sha1_base64="ARkFU31xkoydaG91fW760ah4mcs=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GIhWE3BrQRAjZiFcE8ILuG2clsMmT2wcxdISypbfwVGwtFbP0CO//GSbKFJh4Y5nDOvdx7jxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVWUSMoaNBKRbHtEMcFD1gAOgrVjyUjgCdbyhlcTv/XApOJReAejmLkB6Yfc55SAlrrm4WXqeD6+Gd+np/a45HiR6KlRoD/swIABOemaRatsTYEXiZ2RIspQ75pfTi+iScBCoIIo1bGtGNyUSOBUsHHBSRSLCR2SPutoGpKAKTednjLGx1rpYT+S+oWAp+rvjpQEarKfrgwIDNS8NxH/8zoJ+BduysM4ARbS2SA/ERgiPMkF97hkFMRIE0Il17tiOiCSUNDpFXQI9vzJi6RZKdtn5cpttVirZnHk0QE6QiVko3NUQ9eojhqIokf0jF7Rm/FkvBjvxsesNGdkPfvoD4zPHxfbmdg=</latexit>

✓ = [✓1, . . . , ✓P ]
T

<latexit sha1_base64="0Cy/cumLS/zmiqRDLVvlH/06pzY=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwUcpMLehGKLhxWaEvmI4lk2ba0MyD5I5Qhv6IG3/FjQtFXLgR/8ZMOwttPRBycu4j9x4vFlyBZX0bhbX1jc2t4nZpZ3dv/8A8POqoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs601usnj3gUnFo7AF05i5ARmF3OeUgJYGZj3te5EYqmmgL9yHMQMyw9fYKS34wK70hxGoSv5suvctPDDLVtWaA68SOydllKM5MD91E5oELAQqiFKObcXgpkQCp4LNSv1EsZjQCRkxR9OQBEy56Xy7GT7TyhD7kdQnBDxXf1ekJFDZ/DozIDBWy7FM/C/mJOBfuSkP4wRYSBcf+YnAEOHMKjzkklEQU00IlVzPiumYSEJBG1rSJtjLK6+STq1qX1Rrd/Vyo57bUUQn6BSdIxtdoga6RU3URhQ9omf0it6MJ+PFeDc+FqkFI685Rn9gfP0AZjihaA==</latexit>

y = µ(✓) +w
<latexit sha1_base64="qWwvM3EXGlqF2N4zxXi/YX1eH0w=">AAACInicbVDLSgMxFM3UV62vqks3wSJUhDJTC+pCKLhxWcE+oFNKJs20oZkHyR2lDPMtbvwVNy4UdSX4MWamXdjWCyGHc+7h3nucUHAFpvlt5FZW19Y38puFre2d3b3i/kFLBZGkrEkDEciOQxQT3GdN4CBYJ5SMeI5gbWd8k+rtByYVD/x7mISs55Ghz11OCWiqX7yKbcfFkwRfY40CMVATT3/Y9qKkPEfAiAE5xWc4czwm/WLJrJhZ4WVgzUAJzarRL37ag4BGHvOBCqJU1zJD6MVEAqeCJQU7UiwkdEyGrKuhTzymenF2YoJPNDPAbiD18wFn7F9HTDyVbqo7PQIjtail5H9aNwL3shdzP4yA+XQ6yI0EhgCneeEBl4yCmGhAqOR6V0xHRBIKOtWCDsFaPHkZtKoV67xSvauV6rVZHHl0hI5RGVnoAtXRLWqgJqLoCb2gN/RuPBuvxofxNW3NGTPPIZor4+cXb16jig==</latexit>

w ⇠ CN (0,�2I)
<latexit sha1_base64="IzWjPV3pM4ZugIen4gQTmtSZQa4=">AAACG3icbVDLSsNAFJ3UV62vqks3g0WoICWpgi4L3ehGKtgHNLFMppN26EwSZiZKCfkPN/6KGxeKuBJc+DdO0iy09cDA4ZxzmXuPGzIqlWl+G4Wl5ZXVteJ6aWNza3unvLvXkUEkMGnjgAWi5yJJGPVJW1HFSC8UBHGXka47aaZ+954ISQP/Vk1D4nA08qlHMVJaGpTrse168CGBtqQc2hypMUYsbl4n1cwxkxPtjDi6myWvkuNBuWLWzAxwkVg5qYAcrUH50x4GOOLEV5ghKfuWGSonRkJRzEhSsiNJQoQnaET6mvqIE+nE2W0JPNLKEHqB0M9XMFN/T8SISznlrk6my8t5LxX/8/qR8i6cmPphpIiPZx95EYMqgGlRcEgFwYpNNUFYUL0rxGMkEFa6zpIuwZo/eZF06jXrtFa/Oas06nkdRXAADkEVWOAcNMAlaIE2wOARPINX8GY8GS/Gu/ExixaMfGYf/IHx9QNqxKBV</latexit>

J(✓)
<latexit sha1_base64="iMjV+XMHnyCtclyjDira5uFbZ9w=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlqQZcFN+Kqgn1AE8pkMmmHTh7M3AgldOPGX3HjQhG3/oM7/8ZJm4W2HhjmcM693HuPlwiuwLK+jZXVtfWNzdJWeXtnd2/fPDjsqDiVlLVpLGLZ84higkesDRwE6yWSkdATrOuNr3O/+8Ck4nF0D5OEuSEZRjzglICWBuZJ5ngBvp1WHS8WvpqE+sMOjBiQczwwK1bNmgEvE7sgFVSgNTC/HD+macgioIIo1betBNyMSOBUsGnZSRVLCB2TIetrGpGQKTebXTHFZ1rxcRBL/SLAM/V3R0ZClS+oK0MCI7Xo5eJ/Xj+F4MrNeJSkwCI6HxSkAkOM80iwzyWjICaaECq53hXTEZGEgg6urEOwF09eJp16zb6o1e8alWajiKOEjtEpqiIbXaImukEt1EYUPaJn9IrejCfjxXg3PualK0bRc4T+wPj8AWzkl9U=</latexit>

E[(✓̂i � ✓i)
2] �

⇥
J�1(✓)

⇤
i,i

<latexit sha1_base64="QWZsB1qMbvA9towXkzWdOOoJzkY="></latexit>

y =
xpp
MN

DX

i=1

↵ib(⌧i, ⌫i) +w
<latexit sha1_base64="QyJROb0RRjwsSJqEnM1v1xbGZmc="></latexit>
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•  Turns out the coupling between delays and Dopplers is negligible* 
 
•  Delays and Dopplers can be estimated individually, but pairing 

procedures are necessary to find the correct delay-Doppler pair 
–  2D MUSIC pairs delays and Dopplers automatically 

•  Estimating Dopplers for a specific delay requires the knowledge of 
the number of Dopplers with that particular delay 

1D v/s 2D Estimation 

Two scatterers with same  
delay and different Doppler shift 

Frequent estimation of model order required  
as the channel changes due to user mobility 

 
*Dogandzic and A. Nehorai, “Cramer-Rao bounds for estimating range, velocity, and direction  
with an active array,” IEEE Trans. on Sig. Proc., vol. 49, no. 6, pp. 1122–1137, 2001. 
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Outline 

•  Introduction 
•  MUSIC Method  
•  OTFS Channel Estimation via MUSIC 
•  1D v/s 2D MUSIC 
•  Numerical Results 

•  Summary 
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Numerical Results 

•  Simulation parameters:   
–    
–               
–               paths 
–    
–    
–    
–     
–        

•  2D Root MUSIC method*, 
no 2D search involved.  

M = N = 64
<latexit sha1_base64="gDUzEmevtkB9zyr9+KxXug35ujE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpXopFLx4USrYD2iXkk2zbWw2WZKsUEr/gxcPinj1/3jz35i2e9DWBwOP92aYmRfEnGnjut9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH1zG89UaWZFA9mHFM/wgPBQkawsVLztnpXrZR7+YJbdOdAq8RLSQFS1Hv5r25fkiSiwhCOte54bmz8CVaGEU6nuW6iaYzJCA9ox1KBI6r9yfzaKTqzSh+FUtkSBs3V3xMTHGk9jgLbGWEz1MveTPzP6yQmvPInTMSJoYIsFoUJR0ai2euozxQlho8twUQxeysiQ6wwMTagnA3BW355lTRLRe+iWLovF2qVNI4snMApnIMHl1CDG6hDAwg8wjO8wpsjnRfn3flYtGacdOYY/sD5/AEvS44t</latexit>

B = 2 MHz<latexit sha1_base64="hEmsAh7eOdXgsVO/rGOmKcqB7BI=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mqqBeh6KUXoYL9gDaUzXbTLt1swu5EbEN/iRcPinj1p3jz37htc9DWBwOP92aYmefHgmtwnG9rZXVtfWMzt5Xf3tndK9j7Bw0dJYqyOo1EpFo+0UxwyerAQbBWrBgJfcGa/vB26jcfmdI8kg8wipkXkr7kAacEjNS1CzfXZdwB9gQpvquOJ1276JScGfAycTNSRBlqXfur04toEjIJVBCt264Tg5cSBZwKNsl3Es1iQoekz9qGShIy7aWzwyf4xCg9HETKlAQ8U39PpCTUehT6pjMkMNCL3lT8z2snEFx5KZdxAkzS+aIgERgiPE0B97hiFMTIEEIVN7diOiCKUDBZ5U0I7uLLy6RRLrlnpfL9ebFykcWRQ0foGJ0iF12iCqqiGqojihL0jF7RmzW2Xqx362PeumJlM4foD6zPH4WBklI=</latexit>

D = 4<latexit sha1_base64="sXioF9KHeThviNeF3Dh+gmj/eAo=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0Y1IsQ0IPHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDP1m0+oNI/loxkl6Ee0L3nIGTVWeri9rnQLRbfkzkCWiZeRImSodQtfnV7M0gilYYJq3fbcxPhjqgxnAif5TqoxoWxI+9i2VNIItT+enTohp1bpkTBWtqQhM/X3xJhGWo+iwHZG1Az0ojcV//PaqQmv/DGXSWpQsvmiMBXExGT6N+lxhcyIkSWUKW5vJWxAFWXGppO3IXiLLy+TRrnknZfK95Vi9SKLIwfHcAJn4MElVOEOalAHBn14hld4c4Tz4rw7H/PWFSebOYI/cD5/AIr9jUU=</latexit>

⌫i ⇠ U(�⌫max, ⌫max)
<latexit sha1_base64="uLLiIQeNVS8Po9WOqCh1j7oVNIo=">AAACI3icbVDLSgMxFM3Ud31VXboJFqGClpkqKq4ENy4V7AM6pWTStA1NMkNyR1qG+Rc3/oobF4q4ceG/mGm70NYDgcM593JzThAJbsB1v5zcwuLS8srqWn59Y3Nru7CzWzNhrCmr0lCEuhEQwwRXrAocBGtEmhEZCFYPBjeZX39k2vBQPcAoYi1Jeop3OSVgpXbhyldxm2PfcIl9SaBPiUiqaekk0xMf2BASSYZpejwrHLULRbfsjoHniTclRTTFXbvw4XdCGkumgApiTNNzI2glRAOngqV5PzYsInRAeqxpqSKSmVYyzpjiQ6t0cDfU9inAY/X3RkKkMSMZ2Mkshpn1MvE/rxlD97KVcBXFwBSdHOrGAkOIs8Jwh2tGQYwsIVRz+1dM+0QTCrbWvC3Bm408T2qVsndartyfFa/Pp3Wson10gErIQxfoGt2iO1RFFD2hF/SG3p1n59X5cD4nozlnurOH/sD5/gFOzqXq</latexit>

⌧i ⇠ U(0, ⌧max)
<latexit sha1_base64="d6I4mx5AKsQBHr0zGllJfYFztyA=">AAACFXicbVBNS8NAEN3Ur1q/oh69LBahgpSkinoUvHisYLXQlDLZbnXpbhJ2J2IJ+RNe/CtePCjiVfDmv3Hb5uDXg4HHezPMzAsTKQx63qdTmpmdm18oL1aWlldW19z1jUsTp5rxFotlrNshGC5FxFsoUPJ2ojmoUPKrcHg69q9uuTYiji5wlPCugutIDAQDtFLP3QsQ0p6ggRGKBgrwhoHMWnnNmzpZgPwOMwV3eb7bc6te3ZuA/iV+QaqkQLPnfgT9mKWKR8gkGNPxvQS7GWgUTPK8EqSGJ8CGcM07lkaguOlmk69yumOVPh3E2laEdKJ+n8hAGTNSoe0c321+e2PxP6+T4uC4m4koSZFHbLpokEqKMR1HRPtCc4ZyZAkwLeytlN2ABoY2yIoNwf/98l9y2aj7+/XG+UH15LCIo0y2yDapEZ8ckRNyRpqkRRi5J4/kmbw4D86T8+q8TVtLTjGzSX7Aef8C2SmfOg==</latexit>

⌧max = 10Ts
<latexit sha1_base64="BRDT6RrjljN1QNH5AeKicjXVdW4=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCpJFfUiFLx4rNAvaELYbDft0s0m7E6kJeTiX/HiQRGv/gxv/hu3bQ7a+mDg8d4MM/OChDMFtv1trKyurW9slrbK2zu7e/vmwWFbxakktEViHstugBXlTNAWMOC0m0iKo4DTTjC6m/qdRyoVi0UTJgn1IjwQLGQEg5Z889gFnPqZC3QMWYTHeX7r2E1f+WbFrtozWMvEKUgFFWj45pfbj0kaUQGEY6V6jp2Al2EJjHCal91U0QSTER7QnqYCR1R52eyB3DrTSt8KY6lLgDVTf09kOFJqEgW6M8IwVIveVPzP66UQ3ngZE0kKVJD5ojDlFsTWNA2rzyQlwCeaYCKZvtUiQywxAZ1ZWYfgLL68TNq1qnNRrT1cVupXRRwldIJO0Tly0DWqo3vUQC1EUI6e0St6M56MF+Pd+Ji3rhjFzBH6A+PzBxJnlqk=</latexit>

⌫max = 3000 Hz
<latexit sha1_base64="nFoWQjIl2zaDmJjEcaH9frA2FU4=">AAACCXicbVA9SwNBEN3zM8avU0ubxSBYhbtE1EYI2KSMYD4gOcLeZpMs2ds7duck8bjWxr9iY6GIrf/Azn/jJrlCEx8MPN6bYWaeHwmuwXG+rZXVtfWNzdxWfntnd2/fPjhs6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vRHN1O/ec+U5qG8g0nEvIAMJO9zSsBIXRt3ZNxNOsDGkARknKbXZcdx8FzA1Ye0axecojMDXiZuRgooQ61rf3V6IY0DJoEKonXbdSLwEqKAU8HSfCfWLCJ0RAasbagkAdNeMvskxadG6eF+qExJwDP190RCAq0ngW86AwJDvehNxf+8dgz9Ky/hMoqBSTpf1I8FhhBPY8E9rhgFMTGEUMXNrZgOiSIUTHh5E4K7+PIyaZSKbrlYuj0vVC6yOHLoGJ2gM+SiS1RBVVRDdUTRI3pGr+jNerJerHfrY966YmUzR+gPrM8fLwCZ8w==</latexit>

hi ⇠ CN (0, 1)
<latexit sha1_base64="EokgAU+ZRynfkuSMvLHdDrnQoCA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpSkirosdONKKtgHNCFMptN26MwkzEyEEgpu/BU3LhRx60+482+ctFlo9cCFwzn3cu89Ycyo0o7zZRWWlldW14rrpY3Nre0de3evraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44bmR+555IRSNxpycx8TkaCjqgGGkjBfbBKKDQU5RDjyM9woiljZtpxTl1TwK77FSdGeBf4uakDHI0A/vT60c44URozJBSPdeJtZ8iqSlmZFryEkVihMdoSHqGCsSJ8tPZD1N4bJQ+HETSlNBwpv6cSBFXasJD05kdqha9TPzP6yV6cOWnVMSJJgLPFw0SBnUEs0Bgn0qCNZsYgrCk5laIR0girE1sJROCu/jyX9KuVd2zau32vFy/yOMogkNwBCrABZegDq5BE7QABg/gCbyAV+vRerberPd5a8HKZ/bBL1gf3+eLllk=</latexit>

J. Lee, J. Park, and J. Chun, “Weighted Two-Dimensional Root MUSIC for Joint 
Angle-Doppler Estimation With MIMO Radar,” IEEE Trans. on Aerosp. and 
Elect. Syst., vol. 55, no. 3, pp. 1474–1482, Jun. 2019.. 
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Outline 

•  Introduction 
•  MUSIC Method  
•  OTFS Channel Estimation via MUSIC 
•  1D v/s 2D MUSIC 
•  Numerical Results 

•  Summary 
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Summary 

•  Estimating delays and Doppler shifts reduces to a 2D sinusoidal 
frequency estimation problem in the frequency/slow-time domain.  

•  Computationally feasible 2D root-MUSIC can be applied. 

•  2D MUSIC can be applied to an embedded pilot OTFS frame by 
filtering out the data symbols.   

•  2D MUSIC automatically gives paired delay-Doppler estimates and 
requires less frequent model order estimation.   

•  Future work:  
–  Exploring more general OTFS pilot sequences and the application of 

2D root-MUSIC-type methods to such pilot sequences   
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Thank You 
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Backup Slides 
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OTFS Received Signal Model 

•  Transmitted pilot signal: 

 
•  Received signal: 

 
•  Sampling at                ,    

p(t) = xp

N�1X

q=0

u(t� ⌧p � qT )ej2⇡⌫pqT

<latexit sha1_base64="T2PKxVM3DYU5un74PTjsbsiy34Q="></latexit>

.  .  .  

0
<latexit sha1_base64="Tzr+N3kHtzzvb2dU1T9t3srZZzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXpfrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AcpWMng==</latexit>

T
<latexit sha1_base64="ZdNO6GZvOf4+v/LSyc4jSguX7+Q=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BLx4TyAuSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByP/fbT6g0j2TDTGP0QzqSfMgZNVaqN/rFklt2FyDrxMtICTLU+sWv3iBiSYjSMEG17npubPyUKsOZwFmhl2iMKZvQEXYtlTRE7aeLQ2fkwioDMoyULWnIQv09kdJQ62kY2M6QmrFe9ebif143McM7P+UyTgxKtlw0TAQxEZl/TQZcITNiagllittbCRtTRZmx2RRsCN7qy+ukVSl71+VK/aZUvcziyMMZnMMVeHALVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPqIuMwA==</latexit>

q = 0
<latexit sha1_base64="rQmsl5LsuCfTdGnyXqKrMsw0H0Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgl6EgBePEc0DkiXMTmaTIbOz60yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeA44X5EB0qEglG00v3jtdsrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxzivVu4tSrZzFkYcTOIUyeHAJNbiFOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPxUWNYA==</latexit>

q = 1
<latexit sha1_base64="SoTlr0hILwNv+UyGgvoQ/wtsfg8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgl6EgBePEc0DkiXMTmaTIbOz60yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeA44X5EB0qEglG00v3jtdcrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxzivVu4tSrZzFkYcTOIUyeHAJNbiFOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPxsmNYQ==</latexit>

2T
<latexit sha1_base64="XraDHo1ab4O2OXFMbz4lG3OPLmQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaJ4KkkV9Fjw4rFKv6ANZbPdtEs3m7A7EUroP/DiQRGv/iNv/hu3bQ7a+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8N/PbT1wbEasGThLuR3SoRCgYRSs9Vhv9UtmtuHOQVeLlpAw56v3SV28QszTiCpmkxnQ9N0E/oxoFk3xa7KWGJ5SN6ZB3LVU04sbP5pdOyblVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89TOhkhS5YotFYSoJxmT2NhkIzRnKiSWUaWFvJWxENWVowynaELzll1dJq1rxrirVh+ty7SKPowCncAaX4MEN1OAe6tAEBiE8wyu8OWPnxXl3Phata04+cwJ/4Hz+ABl4jPw=</latexit>

N<latexit sha1_base64="IGqMSabPAe5vEOF8/RzCdJlh5DI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY8OJJEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZrtSvStWLLI48nMApnIMH11CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCgp4y+</latexit>

(N � 1)T
<latexit sha1_base64="VHUTvcbP3J8inTB8YH6BmjWp1B0=">AAAB7XicbVBNSwMxEJ31s9avqkcvwaLUg2W3CnosePEkFfoF7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut7Oyura+sZnbym/v7O7tFw4Om1omitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hbqt56o0kyKuhnH1I/wQLCQEWys1CzdX3jn9V6h6JbdGdAy8TJShAy1XuGr25ckiagwhGOtO54bGz/FyjDC6STfTTSNMRnhAe1YKnBEtZ/Orp2gU6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGNnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgPI2BG/x5WXSrJS9y3Ll4apYPcviyMExnEAJPLiGKtxBDRpA4BGe4RXeHOm8OO/Ox7x1xclmjuAPnM8f47eN7w==</latexit>

q = N � 1
<latexit sha1_base64="Ria86lx6yEYv4boIRWCuCx4iWi8=">AAAB7HicbVBNSwMxEJ34WetX1aOXYFG8WHaroBeh4MWTVHDbQruUbJptQ7PZNckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz84JEcG0c5xstLa+srq0XNoqbW9s7u6W9/YaOU0WZR2MRq1ZANBNcMs9wI1grUYxEgWDNYHgz8ZtPTGkeywczSpgfkb7kIafEWMl7vL47c7ulslNxpsCLxM1JGXLUu6WvTi+macSkoYJo3XadxPgZUYZTwcbFTqpZQuiQ9FnbUkkipv1seuwYH1ulh8NY2ZIGT9XfExmJtB5Fge2MiBnoeW8i/ue1UxNe+RmXSWqYpLNFYSqwifHkc9zjilEjRpYQqri9FdMBUYQam0/RhuDOv7xIGtWKe16p3l+Uayd5HAU4hCM4BRcuoQa3UAcPKHB4hld4QxK9oHf0MWtdQvnMAfwB+vwBzKGN7g==</latexit>

pulses 
Re{p(t)}

<latexit sha1_base64="GIRXUdyyKARW2JVNinHWFnhaS6g=">AAAB+nicbVDLSgNBEJyNrxhfGz16WQxC9BB2o6DHgBePUcwDsiHMTjrJkNkHM71qWPdTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vEhwhbb9beRWVtfWN/Kbha3tnd09s7jfVGEsGTRYKELZ9qgCwQNoIEcB7UgC9T0BLW98NfVb9yAVD4M7nETQ9ekw4APOKGqpZxZdhEdMbiF1k6iMJ27aM0t2xZ7BWiZORkokQ71nfrn9kMU+BMgEVarj2BF2EyqRMwFpwY0VRJSN6RA6mgbUB9VNZqen1rFW+tYglLoCtGbq74mE+kpNfE93+hRHatGbiv95nRgHl92EB1GMELD5okEsLAytaQ5Wn0tgKCaaUCa5vtViIyopQ51WQYfgLL68TJrVinNWqd6cl2qnWRx5ckiOSJk45ILUyDWpkwZh5IE8k1fyZjwZL8a78TFvzRnZzAH5A+PzB1R1k/Y=</latexit>

Slow-time: 

t
<latexit sha1_base64="pzioiomAQx6rwuX+bBlgfZg9BJw=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBPJSkCnosePHYgq2FNpTNdtKu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmkOLxzLWnYAZkEJBCwVK6CQaWBRIeAjGtzP/4Qm0EbG6x0kCfsSGSoSCM7RSE/vlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn80Ck9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophjd+JlSSIii+WBSmkmJMZ1/TgdDAUU4sYVwLeyvlI6YZR5tNyYbgLb+8Stq1qndZrTWvKvWLPI4iOSGn5Jx45JrUyR1pkBbhBMgzeSVvzqPz4rw7H4vWgpPPHJM/cD5/ANo/jOQ=</latexit>

⌧p
<latexit sha1_base64="GfCubOwIB3ApStMaJTxb/mLKwA8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbFU0mqoMeCF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2k/65Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fza+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J442dCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlSyIXjLL6+SVq3qXVZr91eV+nkeRxFO4BQuwINrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AaFbjxM=</latexit>

r(t) =
DX

i=1

↵ip(t� ⌧i)e
j2⇡⌫it

<latexit sha1_base64="Sny1OhT6i6ToDFO98YlfmKHoNjc="></latexit>

.  .  .  

0
<latexit sha1_base64="Tzr+N3kHtzzvb2dU1T9t3srZZzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXpfrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AcpWMng==</latexit>

T
<latexit sha1_base64="ZdNO6GZvOf4+v/LSyc4jSguX7+Q=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BLx4TyAuSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByP/fbT6g0j2TDTGP0QzqSfMgZNVaqN/rFklt2FyDrxMtICTLU+sWv3iBiSYjSMEG17npubPyUKsOZwFmhl2iMKZvQEXYtlTRE7aeLQ2fkwioDMoyULWnIQv09kdJQ62kY2M6QmrFe9ebif143McM7P+UyTgxKtlw0TAQxEZl/TQZcITNiagllittbCRtTRZmx2RRsCN7qy+ukVSl71+VK/aZUvcziyMMZnMMVeHALVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPqIuMwA==</latexit>

2T
<latexit sha1_base64="XraDHo1ab4O2OXFMbz4lG3OPLmQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaJ4KkkV9Fjw4rFKv6ANZbPdtEs3m7A7EUroP/DiQRGv/iNv/hu3bQ7a+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8N/PbT1wbEasGThLuR3SoRCgYRSs9Vhv9UtmtuHOQVeLlpAw56v3SV28QszTiCpmkxnQ9N0E/oxoFk3xa7KWGJ5SN6ZB3LVU04sbP5pdOyblVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89TOhkhS5YotFYSoJxmT2NhkIzRnKiSWUaWFvJWxENWVowynaELzll1dJq1rxrirVh+ty7SKPowCncAaX4MEN1OAe6tAEBiE8wyu8OWPnxXl3Phata04+cwJ/4Hz+ABl4jPw=</latexit> (N � 1)T

<latexit sha1_base64="VHUTvcbP3J8inTB8YH6BmjWp1B0=">AAAB7XicbVBNSwMxEJ31s9avqkcvwaLUg2W3CnosePEkFfoF7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut7Oyura+sZnbym/v7O7tFw4Om1omitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hbqt56o0kyKuhnH1I/wQLCQEWys1CzdX3jn9V6h6JbdGdAy8TJShAy1XuGr25ckiagwhGOtO54bGz/FyjDC6STfTTSNMRnhAe1YKnBEtZ/Orp2gU6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGNnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgPI2BG/x5WXSrJS9y3Ll4apYPcviyMExnEAJPLiGKtxBDRpA4BGe4RXeHOm8OO/Ox7x1xclmjuAPnM8f47eN7w==</latexit>

Re{r(t)}
<latexit sha1_base64="u9/2C/+r9dZBFBd8NTkP/6B0Fug=">AAAB+nicbVDLSgNBEJyNrxhfGz16WQxC9BB2o6DHgBePUcwDsiHMTjrJkNkHM71qWPdTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vEhwhbb9beRWVtfWN/Kbha3tnd09s7jfVGEsGTRYKELZ9qgCwQNoIEcB7UgC9T0BLW98NfVb9yAVD4M7nETQ9ekw4APOKGqpZxZdhEdMbiF1E1nGEzftmSW7Ys9gLRMnIyWSod4zv9x+yGIfAmSCKtVx7Ai7CZXImYC04MYKIsrGdAgdTQPqg+oms9NT61grfWsQSl0BWjP190RCfaUmvqc7fYojtehNxf+8ToyDy27CgyhGCNh80SAWFobWNAerzyUwFBNNKJNc32qxEZWUoU6roENwFl9eJs1qxTmrVG/OS7XTLI48OSRHpEwcckFq5JrUSYMw8kCeySt5M56MF+Pd+Ji35oxs5oD8gfH5A1eHk/g=</latexit>

t
<latexit sha1_base64="pzioiomAQx6rwuX+bBlgfZg9BJw=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBPJSkCnosePHYgq2FNpTNdtKu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmkOLxzLWnYAZkEJBCwVK6CQaWBRIeAjGtzP/4Qm0EbG6x0kCfsSGSoSCM7RSE/vlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn80Ck9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophjd+JlSSIii+WBSmkmJMZ1/TgdDAUU4sYVwLeyvlI6YZR5tNyYbgLb+8Stq1qndZrTWvKvWLPI4iOSGn5Jx45JrUyR1pkBbhBMgzeSVvzqPz4rw7H4vWgpPPHJM/cD5/ANo/jOQ=</latexit>

⌧p + ⌧1
<latexit sha1_base64="+DoOY6beNmjSqJhVCuyp1hE1GvQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIsiCCWpgh4LXjxWsB/QhrLZbtqlm03cnRRK6O/w4kERr/4Yb/4bt2kO2vpgmMd7M+zs82PBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++G7utydMaR7JR5zGzAvJUPKAU4JG8npIkn58mTW3X644VSeDvUrcnFQgR6Nf/uoNIpqETCIVROuu68TopUQhp4LNSr1Es5jQMRmyrqGShEx7aXb0zD4zysAOImVKop2pvzdSEmo9DX0zGRIc6WVvLv7ndRMMbr2UyzhBJunioSARNkb2PAF7wBWjKKaGEKq4udWmI6IIRZNTyYTgLn95lbRqVfeqWnu4rtTP8ziKcAKncAEu3EAd7qEBTaDwBM/wCm/WxHqx3q2PxWjByneO4Q+szx9Xk5G6</latexit>

⌧p + ⌧2
<latexit sha1_base64="0PNGkiZesH3ZTqx1HKIq+il44yE=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMiCGE3CnoMePEYwTwgWcLsZDYZMvtwpjcQlnyHFw+KePVjvPk3TjZ70MSCpouqbqanvFgKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRS0eJYrzJIhmpjkc1lyLkTRQoeSdWnAae5G1vfDf32xOutIjCR5zG3A3oMBS+YBSN5PaQJv34Mmu1frliV+0MZJU4OalAjka//NUbRCwJeIhMUq27jh2jm1KFgkk+K/USzWPKxnTIu4aGNODaTbOjZ+TMKAPiR8pUiCRTf2+kNNB6GnhmMqA40sveXPzP6ybo37qpCOMEecgWD/mJJBiReQJkIBRnKKeGUKaEuZWwEVWUocmpZEJwlr+8Slq1qnNVrT1cV+rneRxFOIFTuAAHbqAO99CAJjB4gmd4hTdrYr1Y79bHYrRg5TvH8AfW5w9ZF5G7</latexit>

D = 2<latexit sha1_base64="Neho8YoN6IiRD7iO0ppBZuxdRao=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQiBPTgMaJ5QLKE2ckkGTI7u8z0CmHJJ3jxoIhXv8ibf+Mk2YMmFjQUVd10dwWxFAZd99vJrayurW/kNwtb2zu7e8X9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHQz9ZtPXBsRqUccx9wP6UCJvmAUrfRwe13pFktu2Z2BLBMvIyXIUOsWvzq9iCUhV8gkNabtuTH6KdUomOSTQicxPKZsRAe8bamiITd+Ojt1Qk6s0iP9SNtSSGbq74mUhsaMw8B2hhSHZtGbiv957QT7V34qVJwgV2y+qJ9IghGZ/k16QnOGcmwJZVrYWwkbUk0Z2nQKNgRv8eVl0qiUvfNy5f6iVD3L4sjDERzDKXhwCVW4gxrUgcEAnuEV3hzpvDjvzse8NedkM4fwB87nD4RZjTc=</latexit> paths 

Ts = 1/B
<latexit sha1_base64="kWEfcF5aKXMswv6QVj3/sCU1XtA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xd0Y0IsQ9OIxQl6QLGF2MpsMmZ1dZnqFEPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSKFQdf9dtbWNza3tnM7+d29/YPDwtFx08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup/5rSeujYhVHccJ9yM6UCIUjKKVWvWeufUu73qFolty5yCrxMtIETLUeoWvbj9macQVMkmN6Xhugv6EahRM8mm+mxqeUDaiA96xVNGIG38yP3dKzq3SJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMMbfyJUkiJXbLEoTCXBmMx+J32hOUM5toQyLeythA2ppgxtQnkbgrf88ipplkveVan8WClWK1kcOTiFM7gAD66hCg9QgwYwGMEzvMKbkzgvzrvzsWhdc7KZE/gD5/MHIZ6Ouw==</latexit>

M
<latexit sha1_base64="oNd+WiKgltpLawH8WT9g1uOJ2so=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WrUvU8iyMPJ3AKF+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP53vjLk=</latexit>

2M
<latexit sha1_base64="xGaLLhiAi0Vh5+0T+32+gVFl05c=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaJ4KkkV9Fjw4kWoYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD9W7XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezSCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G3S5wqZEWNLKFPc3krYkCrKjA2naEPwFl9eJs1qxbuoVO8vy7WzPI4CHMMJnIMHV1CDW6hDAxiE8Ayv8OaMnBfn3fmYt644+cwR/IHz+QMO3Iz1</latexit>

(N � 1)M
<latexit sha1_base64="ZUwCshmUZDc8JjFMNYBn9/UROrU=">AAAB7XicbVBNSwMxEJ31s9avqkcvwaLUg2W3CnosePGiVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtLyyura+u5jfzm1vbObmFvv6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK8nfvOJKs2keDCjmPoR7gsWMoKNlRqluzPv9LZbKLpldwq0SLyMFCFDrVv46vQkSSIqDOFY67bnxsZPsTKMcDrOdxJNY0yGuE/blgocUe2n02vH6NgqPRRKZUsYNFV/T6Q40noUBbYzwmag572J+J/XTkx45adMxImhgswWhQlHRqLJ66jHFCWGjyzBRDF7KyIDrDAxNqC8DcGbf3mRNCpl77xcub8oVk+yOHJwCEdQAg8uoQo3UIM6EHiEZ3iFN0c6L8678zFrXXKymQP4A+fzB9kbjeg=</latexit>

Re{r[n]}
<latexit sha1_base64="rwTTnwP/W+t0kMywVPZJz383DzU=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRZBPJSkCnosePFYxX5AE8pmO22XbjZhd6KWmJ/ixYMiXv0l3vw3bj8O2vpg4PHeDDPzglhwjY7zbeVWVtfWN/Kbha3tnd29Ymm/qaNEMWiwSESqHVANgktoIEcB7VgBDQMBrWB0NfFb96A0j+QdjmPwQzqQvM8ZRSN1iyUP4RHTW8i8VHWk72XdYtmpOFPYy8SdkzKZo94tfnm9iCUhSGSCat1xnRj9lCrkTEBW8BINMWUjOoCOoZKGoP10enpmHxulZ/cjZUqiPVV/T6Q01HocBqYzpDjUi95E/M/rJNi/9FMu4wRBstmifiJsjOxJDnaPK2AoxoZQpri51WZDqihDk1bBhOAuvrxMmtWKe1ap3pyXa6fzOPLkkByRE+KSC1Ij16ROGoSRB/JMXsmb9WS9WO/Wx6w1Z81nDsgfWJ8/662UWQ==</latexit>

n
<latexit sha1_base64="KxhGPtwnjgywyIW4jYTaLbjLT9k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a26C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7atap3Va01r8v1Sh5HAc7hAirgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A0I2M3A==</latexit>

.  .  .  

0
<latexit sha1_base64="Tzr+N3kHtzzvb2dU1T9t3srZZzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXpfrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AcpWMng==</latexit>

n = 0, . . . ,MN � 1
<latexit sha1_base64="lOOQy9DWPnJUgWSo4l9aOVbsr8I=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwUUtSBd0IBTdulAr2AW0sk+m0HTqZhJkbpYT+hxsXirj1X9z5N07bLLT1wMDhnHu4d44fCa7Rcb6tzNLyyupadj23sbm1vZPf3avrMFaU1WgoQtX0iWaCS1ZDjoI1I8VI4AvW8IdXE7/xyJTmobzHUcS8gPQl73FK0EgP8tIptrsh6uLN7YnbyReckjOFvUjclBQgRbWT/zJhGgdMIhVE65brROglRCGngo1z7ViziNAh6bOWoZIETHvJ9OqxfWSUrt0LlXkS7an6O5GQQOtR4JvJgOBAz3sT8T+vFWPvwku4jGJkks4W9WJhY2hPKrC7XDGKYmQIoYqbW206IIpQNEXlTAnu/JcXSb1cck9L5buzQsVJ68jCARzCMbhwDhW4hirUgIKCZ3iFN+vJerHerY/ZaMZKM/vwB9bnD53jkTo=</latexit>

ej2⇡⌫1t
<latexit sha1_base64="WdSO7YRD3J/pLGBpxiAEjsKafA0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbFU0mqoMeCF48V7Ac0MWy2k3btZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpr6xubW+Xtys7u3v6BfXjUVkkmKbRowhPZDYkCzgS0NNMcuqkEEoccOuHoduZ3xiAVS8SDnqTgx2QgWMQo0UYKbBse86e6lzJPZIGL9TSwq07NmQOvErcgVVSgGdhfXj+hWQxCU06U6rlOqv2cSM0oh2nFyxSkhI7IAHqGChKD8vP55VN8ZpQ+jhJpSmg8V39P5CRWahKHpjMmeqiWvZn4n9fLdHTj50ykmQZBF4uijGOd4FkMuM8kUM0nhhAqmbkV0yGRhGoTVsWE4C6/vEra9Zp7WavfX1Ub50UcZXSCTtEFctE1aqA71EQtRNEYPaNX9Gbl1ov1bn0sWktWMXOM/sD6/AH3fpMi</latexit>

ej2⇡⌫2t
<latexit sha1_base64="q6fvVfrWmnbt6x13b0xe/Q5SsEQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbFU0mqoMeCF48V7Ac0MWy2k3btZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpr6xubW+Xtys7u3v6BfXjUVkkmKbRowhPZDYkCzgS0NNMcuqkEEoccOuHoduZ3xiAVS8SDnqTgx2QgWMQo0UYKbBse86e6lzJPZEEd62lgV52aMwdeJW5BqqhAM7C/vH5CsxiEppwo1XOdVPs5kZpRDtOKlylICR2RAfQMFSQG5efzy6f4zCh9HCXSlNB4rv6eyEms1CQOTWdM9FAtezPxP6+X6ejGz5lIMw2CLhZFGcc6wbMYcJ9JoJpPDCFUMnMrpkMiCdUmrIoJwV1+eZW06zX3sla/v6o2zos4yugEnaIL5KJr1EB3qIlaiKIxekav6M3KrRfr3fpYtJasYuYY/YH1+QP5BZMj</latexit>

u(t� ⌧p)
<latexit sha1_base64="DtppO5EZxjMJgn7i/2lfkjYnPfM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQBctuFfRY8OKxgv2A7VKyabYNzWaXZCKUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMC1PBNbjut1NYW9/Y3Cpul3Z29/YPyodHbZ0YRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDfzO09MaZ7IR5ikLIjJUPKIUwJW8k0VLntATD8975crbs2dA68SLycVlKPZL3/1Bgk1MZNABdHa99wUgowo4FSwaalnNEsJHZMh8y2VJGY6yOYnT/GZVQY4SpQtCXiu/p7ISKz1JA5tZ0xgpJe9mfif5xuIboOMy9QAk3SxKDICQ4Jn/+MBV4yCmFhCqOL2VkxHRBEKNqWSDcFbfnmVtOs176pWf7iuNC7yOIroBJ2iKvLQDWqge9RELURRgp7RK3pzwHlx3p2PRWvByWeO0R84nz+I3JCw</latexit>

r[n] = r(nTs) ⇡
DX

i=1

↵ip(nTs � ⌧i)e
j2⇡⌫ib n

M cMTs

<latexit sha1_base64="R4IGxGCEujT7SBMcbY/2WToSSuQ="></latexit>
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Fast-time/Slow-time Domain 

•  Received signal: 

•  Converting to fast-time/slow-time domain: 

M
<latexit sha1_base64="oNd+WiKgltpLawH8WT9g1uOJ2so=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WrUvU8iyMPJ3AKF+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP53vjLk=</latexit>

2M
<latexit sha1_base64="xGaLLhiAi0Vh5+0T+32+gVFl05c=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaJ4KkkV9Fjw4kWoYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD9W7XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezSCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G3S5wqZEWNLKFPc3krYkCrKjA2naEPwFl9eJs1qxbuoVO8vy7WzPI4CHMMJnIMHV1CDW6hDAxiE8Ayv8OaMnBfn3fmYt644+cwR/IHz+QMO3Iz1</latexit>

(N � 1)M
<latexit sha1_base64="ZUwCshmUZDc8JjFMNYBn9/UROrU=">AAAB7XicbVBNSwMxEJ31s9avqkcvwaLUg2W3CnosePGiVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtLyyura+u5jfzm1vbObmFvv6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK8nfvOJKs2keDCjmPoR7gsWMoKNlRqluzPv9LZbKLpldwq0SLyMFCFDrVv46vQkSSIqDOFY67bnxsZPsTKMcDrOdxJNY0yGuE/blgocUe2n02vH6NgqPRRKZUsYNFV/T6Q40noUBbYzwmag572J+J/XTkx45adMxImhgswWhQlHRqLJ66jHFCWGjyzBRDF7KyIDrDAxNqC8DcGbf3mRNCpl77xcub8oVk+yOHJwCEdQAg8uoQo3UIM6EHiEZ3iFN0c6L8678zFrXXKymQP4A+fzB9kbjeg=</latexit>

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

0
<latexit sha1_base64="wAMNboIiqRnWBvjjtcl+1ylExbI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fjw4rGK/YA2lM120i7dbMLuRiil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+zf32EyrNE/loJikGMR1KHnFGjZUevHK/UvVcbw6ySvyCVKFAo1/56g0SlsUoDRNU667vpSaYUmU4Ezgr9zKNKWVjOsSupZLGqIPp/NIZObfKgESJsiUNmau/J6Y01noSh7Yzpmakl71c/M/rZia6CaZcpplByRaLokwQk5D8bTLgCpkRE0soU9zeStiIKsqMDScPwV9+eZW0aq5/6dbur6p1t4ijBKdwBhfgwzXU4Q4a0AQGETzDK7w5Y+fFeXc+Fq1rTjFzAn/gfP4AqJ+MuA==</latexit>

. . . . . .
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit> M � 1

<latexit sha1_base64="V8p7yDzVRoOeTfYKTJ6WL1Fg/FU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBixehov2ANpTNdtMu3WzC7kQopT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1MpDHret7Oyura+sVnYKm7v7O7tlw4OGybJNON1lshEt0JquBSK11Gg5K1UcxqHkjfD4c3Ubz5xbUSiHnGU8iCmfSUiwSha6eHu3O+Wyp7rzUCWiZ+TMuSodUtfnV7CspgrZJIa0/a9FIMx1SiY5JNiJzM8pWxI+7xtqaIxN8F4duqEnFqlR6JE21JIZurviTGNjRnFoe2MKQ7MojcV//PaGUbXwVioNEOu2HxRlEmCCZn+TXpCc4ZyZAllWthbCRtQTRnadIo2BH/x5WXSqLj+hVu5vyxX3TyOAhzDCZyBD1dQhVuoQR0Y9OEZXuHNkc6L8+58zFtXnHzmCP7A+fwBeW+NMw==</latexit>

N � 1
<latexit sha1_base64="dZ8/FyjefDD4+Hm7IZZer0xGv5o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSRV0GPBiyepaD+gDWWz3bRLN5uwOxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737aysrq1vbBa2its7u3v7pYPDhkkyzXidJTLRrZAaLoXidRQoeSvVnMah5M1weDP1m09cG5GoRxylPIhpX4lIMIpWerg797ulsud6M5Bl4uekDDlq3dJXp5ewLOYKmaTGtH0vxWBMNQom+aTYyQxPKRvSPm9bqmjMTTCenTohp1bpkSjRthSSmfp7YkxjY0ZxaDtjigOz6E3F/7x2htF1MBYqzZArNl8UZZJgQqZ/k57QnKEcWUKZFvZWwgZUU4Y2naINwV98eZk0Kq5/4VbuL8tVN4+jAMdwAmfgwxVU4RZqUAcGfXiGV3hzpPPivDsf89YVJ585gj9wPn8AevWNNA==</latexit>

......
<latexit sha1_base64="5G7oaQPxJaF+z/BhCK+wWES8sIc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmaqoMuCG5cV7APaoWTSTBuaSYbkjlCGfoYbF4q49Wvc+TdmprPQ1gsJh3Pu4d57wkRwA5737VQ2Nre2d6q7tb39g8Oj+vFJ16hUU9ahSijdD4lhgkvWAQ6C9RPNSBwK1gtnd7nee2LacCUfYZ6wICYTySNOCVhqMBwrMMVXG9UbnusVhdeBX4IGKqs9qn9ZI01jJoEKYszA9xIIMqKBU8EWtWFqWELojEzYwEJJYmaCrFh5gS8sM8aR0vZJwAX725GR2Jh5HNrOmMDUrGo5+Z82SCG6DTIukxSYpMtBUSowKJzfj8dcMwpibgGhmttdMZ0STSjYlPIQ/NWT10G36fpXbvPhutFyyziq6Aydo0vkoxvUQveojTqIIoWe0St6c8B5cd6dj2VrxSk9p+hPOZ8/FauRDg==</latexit>

Fast-time/Delay 

(q)
<latexit sha1_base64="SMEbV8JY1QK9zwlZdZIagKefuwA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMePEY0TwgWcLspDcZMju7zswKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOl+/Ljea9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveRaV6d1mquVkceTiBUyiDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AnN+NTA==</latexit>

Slow-time 

Re{r[n]}
<latexit sha1_base64="rwTTnwP/W+t0kMywVPZJz383DzU=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRZBPJSkCnosePFYxX5AE8pmO22XbjZhd6KWmJ/ixYMiXv0l3vw3bj8O2vpg4PHeDDPzglhwjY7zbeVWVtfWN/Kbha3tnd29Ymm/qaNEMWiwSESqHVANgktoIEcB7VgBDQMBrWB0NfFb96A0j+QdjmPwQzqQvM8ZRSN1iyUP4RHTW8i8VHWk72XdYtmpOFPYy8SdkzKZo94tfnm9iCUhSGSCat1xnRj9lCrkTEBW8BINMWUjOoCOoZKGoP10enpmHxulZ/cjZUqiPVV/T6Q01HocBqYzpDjUi95E/M/rJNi/9FMu4wRBstmifiJsjOxJDnaPK2AoxoZQpri51WZDqihDk1bBhOAuvrxMmtWKe1ap3pyXa6fzOPLkkByRE+KSC1Ij16ROGoSRB/JMXsmb9WS9WO/Wx6w1Z81nDsgfWJ8/662UWQ==</latexit>

n
<latexit sha1_base64="KxhGPtwnjgywyIW4jYTaLbjLT9k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a26C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7atap3Va01r8v1Sh5HAc7hAirgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A0I2M3A==</latexit>

r̃0[k]
<latexit sha1_base64="ycvh0d2D3YPiaeKpqHoR9IDrmig=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBF6KkkV9Fjw4rGC/YA0ls1m0y7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLUsE1Os63tba+sbm1Xdop7+7tHxxWjo47OskUZW2aiET1AqKZ4JK1kaNgvVQxEgeCdYPxzczvPjKleSLvcZIyPyZDySNOCRrpoY9chCxX04Hjjf1BperUnTnsVeIWpAoFWoPKVz9MaBYziVQQrT3XSdHPiUJOBZuW+5lmKaFjMmSeoZLETPv5/OqpfW6U0I4SZUqiPVd/T+Qk1noSB6YzJjjSy95M/M/zMoyu/ZzLNEMm6WJRlAkbE3sWgR1yxSiKiSGEKm5utemIKELRBFU2IbjLL6+STqPuXtQbd5fVZq2IowSncAY1cOEKmnALLWgDBQXP8Apv1pP1Yr1bH4vWNauYOYE/sD5/AJTtkno=</latexit>

r̃1[k]
<latexit sha1_base64="OmBbk1qWQipzHkvvuGRK4y7+BEs=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBF6KkkV9Fjw4rGC/YA0ls1m0y7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLUsE1Os63tba+sbm1Xdop7+7tHxxWjo47OskUZW2aiET1AqKZ4JK1kaNgvVQxEgeCdYPxzczvPjKleSLvcZIyPyZDySNOCRrpoY9chCxX04Hrjf1BperUnTnsVeIWpAoFWoPKVz9MaBYziVQQrT3XSdHPiUJOBZuW+5lmKaFjMmSeoZLETPv5/OqpfW6U0I4SZUqiPVd/T+Qk1noSB6YzJjjSy95M/M/zMoyu/ZzLNEMm6WJRlAkbE3sWgR1yxSiKiSGEKm5utemIKELRBFU2IbjLL6+STqPuXtQbd5fVZq2IowSncAY1cOEKmnALLWgDBQXP8Apv1pP1Yr1bH4vWNauYOYE/sD5/AJZ0kns=</latexit> r̃N�1[k]

<latexit sha1_base64="rGvw4t46lHWn1qEUGHVam2kBnLU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCL5akCnosePEkFWwtpCFsNpt26eaD3YlYQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ56eCK7Csb6Oytr6xuVXdru3s7u0fmIf1vkoySVmPJiKRA58oJnjMesBBsEEqGYl8wR78yfXMf3hkUvEkvodpytyIjGIeckpAS55ZHwIXActl4eW3Z3bhTFzPbFgtaw68SuySNFCJrmd+DYOEZhGLgQqilGNbKbg5kcCpYEVtmCmWEjohI+ZoGpOIKTef317gU60EOEykrhjwXP09kZNIqWnk686IwFgtezPxP8/JILxycx6nGbCYLhaFmcCQ4FkQOOCSURBTTQiVXN+K6ZhIQkHHVdMh2Msvr5J+u2Wft9p3F41Os4yjio7RCWoiG12iDrpBXdRDFD2hZ/SK3ozCeDHejY9Fa8UoZ47QHxifP+2ZlEc=</latexit>

(k)
<latexit sha1_base64="SVmo3yPBPA/3kGzIfAl8TD9ksbs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8dn/fLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27qNXvLisNN4+jCCdwClXw4AoacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx+TwY1G</latexit>

.  .  .  

r̃q[k]
<latexit sha1_base64="FG54EtmmRTLQ+fobgZWDRCQ+gVA=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSC3osePFYwX5AG8JmM2mXbjZxdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBSlnSjvOt1Xa2Nza3invVvb2Dw6r9tFxVyWZpNChCU9kPyAKOBPQ0Uxz6KcSSBxw6AWTm7nfewSpWCLu9TQFLyYjwSJGiTaSb1eHmvEQcjnzHwYTD/t2zak7C+B14hakhgq0fftrGCY0i0FoyolSA9dJtZcTqRnlMKsMMwUpoRMygoGhgsSgvHxx+AyfGyXEUSJNCY0X6u+JnMRKTePAdMZEj9WqNxf/8waZjq69nIk00yDoclGUcawTPE8Bh0wC1XxqCKGSmVsxHRNJqDZZVUwI7urL66TbqLuX9cZds9ZqFnGU0Sk6QxfIRVeohW5RG3UQRRl6Rq/ozXqyXqx362PZWrKKmRP0B9bnD87dkyI=</latexit>

0
<latexit sha1_base64="Tzr+N3kHtzzvb2dU1T9t3srZZzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXpfrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AcpWMng==</latexit>

q = 0, . . . , N � 1
<latexit sha1_base64="D5s9MOM+CQL3I+oXTjnrTfpAjeA=">AAAB9HicbVBNS0JBFL2vT7Mvq2WbIQlamLynQW0CoU2rMMgP0IfMG+fp4LwPZ+4TRPwdbVoU0bYf065/06hvUdqBgcM593DvHC+WQqNtf1tr6xubW9uZnezu3v7BYe7ouK6jRDFeY5GMVNOjmksR8hoKlLwZK04DT/KGN7ib+Y0RV1pE4ROOY+4GtBcKXzCKRnKHt3ah3Y1QFx4unU4ubxftOcgqcVKShxTVTu7LZFkS8BCZpFq3HDtGd0IVCib5NNtONI8pG9Aebxka0oBrdzI/ekrOjdIlfqTMC5HM1d+JCQ20HgeemQwo9vWyNxP/81oJ+jfuRIRxgjxki0V+IglGZNYA6QrFGcqxIZQpYW4lrE8VZWh6ypoSnOUvr5J6qeiUi6XHq3ylnNaRgVM4gwtw4BoqcA9VqAGDITzDK7xZI+vFerc+FqNrVpo5gT+wPn8ABZqQ6Q==</latexit>

k = 0, . . . ,M � 1
<latexit sha1_base64="mY7WOMn9rULIYju/ITARvmi8n2c=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwUUvSCroRCm7cCBXsA9pQJtNJO3QyiTM3hVL6HW5cKOLWj3Hn3zhts9DWAwOHc+7h3jl+LLhGx/m2MmvrG5tb2e3czu7e/kH+8Kiho0RRVqeRiFTLJ5oJLlkdOQrWihUjoS9Y0x/ezvzmiCnNI/mI45h5IelLHnBK0Eje8MYpdnoR6uL9hdvNF5ySM4e9StyUFCBFrZv/MlmahEwiFUTrtuvE6E2IQk4Fm+Y6iWYxoUPSZ21DJQmZ9ibzo6f2mVF6dhAp8yTac/V3YkJCrcehbyZDggO97M3E/7x2gsG1N+EyTpBJulgUJMLGyJ41YPe4YhTF2BBCFTe32nRAFKFoesqZEtzlL6+SRrnkVkrlh8tCtZLWkYUTOIVzcOEKqnAHNagDhSd4hld4s0bWi/VufSxGM1aaOYY/sD5/APqlkOI=</latexit>

r̃q[k] ⇡ xp

DX

i=1

↵iu(kTs � ⌧p � ⌧i)e
j2⇡(⌫p+⌫i)qT

<latexit sha1_base64="0nuyn0F9n9Ch0sh1sy3nt22/tFE="></latexit>

n = 0, . . . ,MN � 1
<latexit sha1_base64="lOOQy9DWPnJUgWSo4l9aOVbsr8I=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwUUtSBd0IBTdulAr2AW0sk+m0HTqZhJkbpYT+hxsXirj1X9z5N07bLLT1wMDhnHu4d44fCa7Rcb6tzNLyyupadj23sbm1vZPf3avrMFaU1WgoQtX0iWaCS1ZDjoI1I8VI4AvW8IdXE7/xyJTmobzHUcS8gPQl73FK0EgP8tIptrsh6uLN7YnbyReckjOFvUjclBQgRbWT/zJhGgdMIhVE65brROglRCGngo1z7ViziNAh6bOWoZIETHvJ9OqxfWSUrt0LlXkS7an6O5GQQOtR4JvJgOBAz3sT8T+vFWPvwku4jGJkks4W9WJhY2hPKrC7XDGKYmQIoYqbW206IIpQNEXlTAnu/JcXSb1cck9L5buzQsVJ68jCARzCMbhwDhW4hirUgIKCZ3iFN+vJerHerY/ZaMZKM/vwB9bnD53jkTo=</latexit>

r[n] = r(nTs) ⇡
DX

i=1

↵ip(nTs � ⌧i)e
j2⇡⌫ib n

M cMTs

<latexit sha1_base64="R4IGxGCEujT7SBMcbY/2WToSSuQ="></latexit>

q = 0
<latexit sha1_base64="rQmsl5LsuCfTdGnyXqKrMsw0H0Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgl6EgBePEc0DkiXMTmaTIbOz60yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeA44X5EB0qEglG00v3jtdsrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxzivVu4tSrZzFkYcTOIUyeHAJNbiFOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPxUWNYA==</latexit>

q = 1
<latexit sha1_base64="SoTlr0hILwNv+UyGgvoQ/wtsfg8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgl6EgBePEc0DkiXMTmaTIbOz60yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeA44X5EB0qEglG00v3jtdcrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxzivVu4tSrZzFkYcTOIUyeHAJNbiFOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPxsmNYQ==</latexit>

q = N � 1
<latexit sha1_base64="Ria86lx6yEYv4boIRWCuCx4iWi8=">AAAB7HicbVBNSwMxEJ34WetX1aOXYFG8WHaroBeh4MWTVHDbQruUbJptQ7PZNckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz84JEcG0c5xstLa+srq0XNoqbW9s7u6W9/YaOU0WZR2MRq1ZANBNcMs9wI1grUYxEgWDNYHgz8ZtPTGkeywczSpgfkb7kIafEWMl7vL47c7ulslNxpsCLxM1JGXLUu6WvTi+macSkoYJo3XadxPgZUYZTwcbFTqpZQuiQ9FnbUkkipv1seuwYH1ulh8NY2ZIGT9XfExmJtB5Fge2MiBnoeW8i/ue1UxNe+RmXSWqYpLNFYSqwifHkc9zjilEjRpYQqri9FdMBUYQam0/RhuDOv7xIGtWKe16p3l+Uayd5HAU4hCM4BRcuoQa3UAcPKHB4hld4QxK9oHf0MWtdQvnMAfwB+vwBzKGN7g==</latexit>Slow-time: 
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Frequency/Slow-time Domain 

•  DFT of fast-time/slow-time matrix along fast-time (delay): 

–  Frequency variable                            
–             : Frequency/slow-time domain 

•  Using the time-shift property of the DFT, 
 

    

q = 0, . . . , N � 1
<latexit sha1_base64="k16yIhiYmUGSDxExcZ43jLmqO1c=">AAAB9HicbVBNS0JBFL2vT7Mvq2WbIQlamLxnQm0CoU2rMMgP0IfMG+fp4LwPZ+4TRPwdbVoU0bYf065/06hvUdqBgcM593DvHC+WQqNtf1tr6xubW9uZnezu3v7BYe7ouK6jRDFeY5GMVNOjmksR8hoKlLwZK04DT/KGN7ib+Y0RV1pE4ROOY+4GtBcKXzCKRnKHt3ah3Y1QFx4unU4ubxftOcgqcVKShxTVTu7LZFkS8BCZpFq3HDtGd0IVCib5NNtONI8pG9Aebxka0oBrdzI/ekrOjdIlfqTMC5HM1d+JCQ20HgeemQwo9vWyNxP/81oJ+jfuRIRxgjxki0V+IglGZNYA6QrFGcqxIZQpYW4lrE8VZWh6ypoSnOUvr5J6qehcFUuP5XylnNaRgVM4gwtw4BoqcA9VqAGDITzDK7xZI+vFerc+FqNrVpo5gT+wPn8ABeeQ6g==</latexit>

r̃q[k] = xp

DX

i=1

↵iu(kTs � ⌧p � ⌧i)e
j2⇡⌫pqT ej2⇡⌫iqT

<latexit sha1_base64="mGKP8fcmCydteFlRhLyP6y+zo6o="></latexit>

k = 0, . . . ,M � 1
<latexit sha1_base64="F/a4wAaethiB6/gR0p7zC1+N0Nk=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwUUtSC7oRCm7cCBXsA9pQJtNJO3QyiTM3hVL6HW5cKOLWj3Hn3zhts9DWAwOHc+7h3jl+LLhGx/m2MmvrG5tb2e3czu7e/kH+8Kiho0RRVqeRiFTLJ5oJLlkdOQrWihUjoS9Y0x/ezvzmiCnNI/mI45h5IelLHnBK0Eje8MYpdnoR6uL9hdvNF5ySM4e9StyUFCBFrZv/MlmahEwiFUTrtuvE6E2IQk4Fm+Y6iWYxoUPSZ21DJQmZ9ibzo6f2mVF6dhAp8yTac/V3YkJCrcehbyZDggO97M3E/7x2gsG1N+EyTpBJulgUJMLGyJ41YPe4YhTF2BBCFTe32nRAFKFoesqZEtzlL6+SRrnkXpbKD5VCtZLWkYUTOIVzcOEKqnAHNagDhSd4hld4s0bWi/VufSxGM1aaOYY/sD5/APrykOM=</latexit>

R[m, q] =
M�1X

k=0

r̃q[k]e
�j2⇡km/M

<latexit sha1_base64="jNkkRWIha2Mi+agCXd08XpCND9g="></latexit>

f
<latexit sha1_base64="nXnXIYIK0ygKhIYMxwH2y0E4uN0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUDAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXpfrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AxG2M1A==</latexit>0

<latexit sha1_base64="Tzr+N3kHtzzvb2dU1T9t3srZZzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXpfrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AcpWMng==</latexit>

B
<latexit sha1_base64="Yx40KJ6o0hOxZk4QT8qz3R6AFUI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLkVdwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtKoV77JSbVyVauUsjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AI3djLA=</latexit>

1
<latexit sha1_base64="McQFas8wOj11Bzy/wlQx4pKQ6dM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9Aalslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXpfrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdBmMnw==</latexit>

r̃q[k] !
<latexit sha1_base64="XrSbmcyaEcJrkuVUoqOKRvd7ejc=">AAACC3icbVA9SwNBEN3z2/gVtbRZEgSrcBcFLQM2lhGMEZIj7G3mkiV7u+funBKO9Db+FRsLRWz9A3b+GzcfhRofDDzem2FmXpRKYdH3v7yFxaXlldW19cLG5tb2TnF379rqzHBocC21uYmYBSkUNFCghJvUAEsiCc1ocD72m3dgrNDqCocphAnrKRELztBJnWKpjUJ2ITejzm1rENK21KonIUYjen1kxuj7TrHsV/wJ6DwJZqRMZqh3ip/truZZAgq5ZNa2Aj/FMGcGBZcwKrQzCynjA9aDlqOKJWDDfPLLiB46pUtjbVwppBP150TOEmuHSeQ6E4Z9+9cbi/95rQzjszAXKs0QFJ8uijNJUdNxMLQrDHCUQ0cYN8LdSnmfGcbRxVdwIQR/X54n19VKcFypXp6Ua9VZHGvkgJTIEQnIKamRC1InDcLJA3kiL+TVe/SevTfvfdq64M1m9skveB/faQ2b3g==</latexit>

DFT 

m = 0, . . . ,M � 1
<latexit sha1_base64="0FT4jK91hchNOJgPakahCnOoDd4=">AAAB9HicbVDLSgMxFM34rPVVdekmWAQXtcxUQTdCwY0boYJ9QDuUTJppQ5PMmNwplKHf4caFIm79GHf+jWk7C209EDiccw/35gSx4AZc99tZWV1b39jMbeW3d3b39gsHhw0TJZqyOo1EpFsBMUxwxerAQbBWrBmRgWDNYHg79Zsjpg2P1COMY+ZL0lc85JSAlXx545Y6vQhM6f7c6xaKbtmdAS8TLyNFlKHWLXzZLE0kU0AFMabtuTH4KdHAqWCTfCcxLCZ0SPqsbakikhk/nR09wadW6eEw0vYpwDP1dyIl0pixDOykJDAwi95U/M9rJxBe+ylXcQJM0fmiMBEYIjxtAPe4ZhTE2BJCNbe3YjogmlCwPeVtCd7il5dJo1L2LsqVh8ti1c3qyKFjdILOkIeuUBXdoRqqI4qe0DN6RW/OyHlx3p2P+eiKk2WO0B84nz/83pDh</latexit>

R[m, q]
<latexit sha1_base64="uvl6JRyFhUELrg9ByJDtAVIMyOM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuix4MVjFfsB26Vk02wbm03WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15UzQpmGG006iKI5DTtvh6Hrqt5+o0kyKezNOaBDjgWARI9hYqXXnx2ePQa9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWvucmJsiwMoxwOil1U00TTEZ4QH1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z/NTE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXiatWtU7r9ZuLyp1N4+jCEdwDKfgwSXU4QYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AEGeOvA==</latexit>

U [m]
<latexit sha1_base64="RNBxb/ltf+VgIRw0Yf2Y0KAq/+g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VTFtIQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5UcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Kaciapb5jhtJ8qikXEaS+a3hV+74kqzRL5aGYpDQUeSxYzgk0h+YEIh/WG23QXQOvEK0kDSnSG9a/BKCGZoNIQjrUOPDc1YY6VYYTTeW2QaZpiMsVjGlgqsaA6zBe3ztGFVUYoTpQtadBC/T2RY6H1TES2U2Az0ateIf7nBZmJb8OcyTQzVJLlojjjyCSoeByNmKLE8JklmChmb0VkghUmxsZTsyF4qy+vk26r6V01Ww/XjbZbxlGFMziHS/DgBtpwDx3wgcAEnuEV3hzhvDjvzseyteKUM6fwB87nD9oXjg4=</latexit>

DFT 

R[m, q] = xp

DX

i=1

↵ie
�j2⇡

(⌧p+⌧i)m

T ej2⇡(⌫p+⌫i)qT

<latexit sha1_base64="xInFGrUtZNCU9j3B3UBbGEtCPmc="></latexit>

m = 0, . . . ,M � 1
<latexit sha1_base64="0FT4jK91hchNOJgPakahCnOoDd4=">AAAB9HicbVDLSgMxFM34rPVVdekmWAQXtcxUQTdCwY0boYJ9QDuUTJppQ5PMmNwplKHf4caFIm79GHf+jWk7C209EDiccw/35gSx4AZc99tZWV1b39jMbeW3d3b39gsHhw0TJZqyOo1EpFsBMUxwxerAQbBWrBmRgWDNYHg79Zsjpg2P1COMY+ZL0lc85JSAlXx545Y6vQhM6f7c6xaKbtmdAS8TLyNFlKHWLXzZLE0kU0AFMabtuTH4KdHAqWCTfCcxLCZ0SPqsbakikhk/nR09wadW6eEw0vYpwDP1dyIl0pixDOykJDAwi95U/M9rJxBe+ylXcQJM0fmiMBEYIjxtAPe4ZhTE2BJCNbe3YjogmlCwPeVtCd7il5dJo1L2LsqVh8ti1c3qyKFjdILOkIeuUBXdoRqqI4qe0DN6RW/OyHlx3p2P+eiKk2WO0B84nz/83pDh</latexit>

q = 0, . . . , N � 1
<latexit sha1_base64="k16yIhiYmUGSDxExcZ43jLmqO1c=">AAAB9HicbVBNS0JBFL2vT7Mvq2WbIQlamLxnQm0CoU2rMMgP0IfMG+fp4LwPZ+4TRPwdbVoU0bYf065/06hvUdqBgcM593DvHC+WQqNtf1tr6xubW9uZnezu3v7BYe7ouK6jRDFeY5GMVNOjmksR8hoKlLwZK04DT/KGN7ib+Y0RV1pE4ROOY+4GtBcKXzCKRnKHt3ah3Y1QFx4unU4ubxftOcgqcVKShxTVTu7LZFkS8BCZpFq3HDtGd0IVCib5NNtONI8pG9Aebxka0oBrdzI/ekrOjdIlfqTMC5HM1d+JCQ20HgeemQwo9vWyNxP/81oJ+jfuRIRxgjxki0V+IglGZNYA6QrFGcqxIZQpYW4lrE8VZWh6ypoSnOUvr5J6qehcFUuP5XylnNaRgVM4gwtw4BoqcA9VqAGDITzDK7xZI+vFerc+FqNrVpo5gT+wPn8ABeeQ6g==</latexit>

DFT 

m = 0, . . . ,M � 1
<latexit sha1_base64="0FT4jK91hchNOJgPakahCnOoDd4=">AAAB9HicbVDLSgMxFM34rPVVdekmWAQXtcxUQTdCwY0boYJ9QDuUTJppQ5PMmNwplKHf4caFIm79GHf+jWk7C209EDiccw/35gSx4AZc99tZWV1b39jMbeW3d3b39gsHhw0TJZqyOo1EpFsBMUxwxerAQbBWrBmRgWDNYHg79Zsjpg2P1COMY+ZL0lc85JSAlXx545Y6vQhM6f7c6xaKbtmdAS8TLyNFlKHWLXzZLE0kU0AFMabtuTH4KdHAqWCTfCcxLCZ0SPqsbakikhk/nR09wadW6eEw0vYpwDP1dyIl0pixDOykJDAwi95U/M9rJxBe+ylXcQJM0fmiMBEYIjxtAPe4ZhTE2BJCNbe3YjogmlCwPeVtCd7il5dJo1L2LsqVh8ti1c3qyKFjdILOkIeuUBXdoRqqI4qe0DN6RW/OyHlx3p2P+eiKk2WO0B84nz/83pDh</latexit>

k
<latexit sha1_base64="ni3g1qLa1JMv+0dVqksbWmdixeg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlfp7HUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fy2eM1w==</latexit>

u[k] = u(kTs)
<latexit sha1_base64="bh9KDj/OT+Uk9DpqKeJnL7um7Bs=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiDEyzATBb0IAS8eI2SDyRB6Oj1JMz2LvQRCyHd48aCIVz/Gm39jJ5mDJj4oeLxXRVW9IONMKsf5tgobm1vbO8Xd0t7+weFR+fikLVMtCG2RlKeiG2BJOUtoSzHFaTcTFMcBp50gup/7nTEVkqVJU00y6sd4mLCQEayM5Gsv8u90NWr25SXqlyuO7SyA1ombkwrkaPTLX71BSnRME0U4ltJznUz5UywUI5zOSj0taYZJhIfUMzTBMZX+dHH0DF0YZYDCVJhKFFqovyemOJZyEgemM8ZqJFe9ufif52kV3vpTlmRa0YQsF4WaI5WieQJowAQlik8MwUQwcysiIywwUSankgnBXX15nbRrtntl1x6vK3U7j6MIZ3AOVXDhBurwAA1oAYEneIZXeLPG1ov1bn0sWwtWPnMKf2B9/gCG9ZE4</latexit>

 ! U [m] = 1
<latexit sha1_base64="Pd2K+De0nZr5k7xYXxUYpqNNAy8=">AAACBnicbVA9SwNBEN3zM8avU0sRFoNgFe6ioI0QsLGMYD7gcoS9zV6yZG/32J1TQkhl41+xsVDE1t9g579xk1yhiQ8GHu/NMDMvSgU34HnfztLyyuraemGjuLm1vbPr7u03jMo0ZXWqhNKtiBgmuGR14CBYK9WMJJFgzWhwPfGb90wbruQdDFMWJqQnecwpASt13KO2ULInWAya9/pAtFYPuB4kIb7CPu64Ja/sTYEXiZ+TEspR67hf7a6iWcIkUEGMCXwvhXBENHAq2LjYzgxLCR2QHgsslSRhJhxN3xjjE6t0cay0LQl4qv6eGJHEmGES2c6EQN/MexPxPy/IIL4MR1ymGTBJZ4viTGBQeJIJ7nLNKIihJYRqbm/FtE80oWCTK9oQ/PmXF0mjUvbPypXb81K1nMdRQIfoGJ0iH12gKrpBNVRHFD2iZ/SK3pwn58V5dz5mrUtOPnOA/sD5/AEa25gl</latexit>

u(t) ! U(f) =

(
1 f 2 [0, B]

0 otherwise.
<latexit sha1_base64="u2mRWASxxW9QEa4AFkq3LISUj2k="></latexit>


