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Radar* and Waveforms
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Radar Signal Processing SEL

« Basic signal processing forApuIsed-DoppIer radar:
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« Zak Transform (ZT) formalizes this basic radar processing

« ZT and OTFS modulation use ideal pulsed-Doppler waveforms as
fundamental basis expansion functions
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Delay-Spread Channels SXL

Stationary scatterers introducing different delays

/ Delay / Spreading function\

« Spreading function A(7) (3 h(1)
Transmitted q Received
* Received signal signal H signal
s(t) r(t)
r(t) = h(m)s(t — 1)
—|—h(7’2)8(t—7'2)+h(7’3)8(t-7’3) T T = T
To, h(T: 73, h(T
* In general K (72, 7)) (78, 1) /
r(t) = /h(T)S(t —7)dr mmm) LTI system with impulse response h(7)
0
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Doubly-Spread Channels SEL

Moving scatterers introducing different Doppler shifts

/ Delay Doplpler /Spreading function\

T1, V1, h(T1,11))

Spreading function Ai(7,v)

Received
signal

r(t)

T(t) — h(7'1, Vl)ej%yl(t_ﬁ)s(t - Tl) Transmitted ﬂq

h(7_2) V2)€j27r1/2(t—7-2)8(t . 7_2) signal

+ h(T3, v3)e? =T ) (4 — 1)
Q
Received signal

N,

r(t) = / / h(r )2 D) 54— 2\ drdy K (19, Vo (o, 1)) (732 v, (73, 13) /

Linear Time-Varying (LTV) System with spreading function /(7,v)
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LTV Channel Representation SXL

 Linear time-varying (LTV) channels can be represented using
the following functions*:

Input Doppler Spread

function We focus on
9(f,v)
Fy,t -’rf,T
—
-

Frequency-dependent Doppler-Delay Spread
modulation function function (Spreading
(Time-varying frequency Function)
response) B(ﬁ t) h(77 V)

e Fu

Time-varying

Impulse response F Y Fourier relationship

between variables
g(7,t) x and y

9 *P. Bello, “Characterization of randomly time-variant linear channels” ﬂl E8 (LFUsOR Sehoon oF
11/08/21 : ’ ) '
% IEEE Trans. on Comm. Syst., vol. 11, no. 4, pp. 360-393, December 1963. . En,glnee"ng
Arizona State University



Outline STL

Signels, laformation, Inference, & Learning

* Wireless Communications Channel Models
/ >+ Orthogonal Frequency Division Multiplexing (OFDM)

 The Zak Transform

 OTFS: Modulation based on the Zak Transform

« Summary

10 & IraA. Ful_ton Schoo!s of
11/08/21 Engineering

Arizona State University



Orthogonal Frequency Division s
Multiplexing (OFDM) Review

 Discrete-time (DT) LTI channel with impulse response /%]

S[m] —— s[n] mm) | Ak | mmm) r[n] = - hlk]s[n — k]
m,n=0,...,N—1 k=0 pfr

LTI Channel (Delay Spread)

= -_——
- -
- -
- -
- -~

« Cyclic prefix of length K (delay spread)

B N : Vo sl
Removes inter-block interference SN 2] SN -1 SN 9] SN —1]
Cyclic Prefix

* Inter-carrier interference in presence
of significant Doppler spreads for LTV channels

« OFDM = Modulation based on DFT multiplication for LTI
channels
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The Zak Transform SI)L

Fourier transform = (1) < X(f) (Frequency domain)
. Zak Transform  m) z(t) <= Z,(r,v) (Delay-Doppler domain)

For afixedT mp =(7+ nT) =z, [n]

12mnvT
Za(T, =T Z (T +nT)e” Collection of mE) — T Z 2. [n]e— 2T

n——ce DTFTs =

— Parameter 7' > 0
— Periodic in v with period F' = 1/T
— Quasi-periodic in 7 with period T’ N

Fourier basis: Complex Exponentials ¢/>™/* | f € R a(t)= /X(f)ej%ftdt
« Zak basis: Doppler shifted and delayed impulse trains p-.(t)

j2mvt t .
poolt) = VTS 6(t — n) —s{Povpler | = 00 | pelay —’[ pr,u(t)2632””(t_7)p0,0(t—7)]

14
pT,l/(t> = \/TZ 5(t — T — nT)€j27runT
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Zak Basis Functions SXL

Zak Basis, Parameters: Delay and Doppler

z(t) = / 2(1)6(t — 7)dr (Delayed and Doppler shifted impulses) £(t) = / X(f)eitas
—00 pﬂ,,(t) = \/TZ 5(t — T — nT>ej27r1/nT A
! Complex Exponential Basis ¢/°"/'

Delayed impulse basis— 7) pro®)
Parameter: Delay V=0 Parameter: Frequenc
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< ¢ - :t t
z.rv) = [ sl (e
Zak Analysis —o0
and T F/2
Synthesis Equations
x(t) = / / Z (1, v)pr(t)drdy
N 0 /2 /
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Comparison with the Fourier Transform éﬁlg

Domain Frequency f Delay-Doppler (7,7)
Basis functions eJ2mft Dr.v (t)
Analysis Equation X(f) = / w(t)e 2" tdt Z,(1,v) = / (t)p, (t)dt
_::’ T F/—200
Synthesis Equation x(t) = / X (f)er* It dt a(t) = / / Z4(7,V)pr, (t)drdy
—00 0 —F/2
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Underspread LTV Channels SXL

« Doppler-delay spreading function i(7, v)

s(t) —— h(r,v) — r(t) = / / B ) ) s(t 2V

-0 —OO

LTV Channel

* Wireless channels are generally underspread* such that
Um Vm

— h(7,v) with compact support [0, 7] ¥ [~—~, 7] such that 7m - vm <1

« A number 7,, exists such that 7,, >, and 1/7,, = F,, > vy,

Output signal =) r(t):/ / h(r,v)e??™ =T s(t — 1)drdy

0 —F,/2

17 Ira A.Fulton Schools of
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Zak Transform and ST
Underspread LTV Channels

Ty Fm/2 ' Zak synthesis equation
= [ [ b s~ dran e
0 _F /2 t)—/ / « (T, V)pr, (t)dTdy
_F/2
« Consider the input signal as s(t) = poo(t) = \/TZ o(t —nT)
T Frm/2
27v(t—T1) Tp Fmf2
u(t) :/ / h(r,v)e’ po,o(t — T)drdv :/ / h(T,v)p,.(t)drdy
_ \ J
0 —F,,/2 Y 0 —F,/2 [ u(t) N Zy(1,v) = h(r, V)J
p070 (t) p’T,V (t)
JT DZT
LTV
- 1 ‘ T e po,o(t) — channel | u(t) s h(t,v)
t

< _T Ol

Impulse Train

The Doppler-delay spread function h(T,v) is the
Zak transform of the output signal when the input is the impulse traino,o(t)
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Zak Domain LTV Channel Representation SKL

Po,0(t)
VT DZT
t LTV h(t,v
- I I - po,o(t) —> chammel | u(t) — (7,v)
-T Ol T t  Impulse Train Impulse Train Delay-Doppler
Response (Zak) response
v A
/ Underspread LTV Systems \ h(r,v)
LTI Systems R A :
# i , :
Impulse response «——> Frequency response R P /2 ! -
h(t) H(f) S A
. : 1 T : R
< : ¢ —
cee 1 —Ew/2 l ...
Impulse train 2 Delay-Doppler response fes====- - Hait
response h(t,v) : : i
) -/ ; 4
We can interpret the spread function i(7,v) as the delay-Doppler |
response (or Zak response) of the underspread LTV channel. ) Periodically/Quasi-
Periodically repeating copies
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Zak Domain Channel Equation for S
Underspread LTV Channels

Ty, Fmn/2

. Time domain equation 7“(75)=/ / h(r,v)e’?™ T s(t —7)drdy
0 —F,/2

« Zak domain channel equation
\/_ Z 7'-|-7”LT 6 —j2mnvT

o T,, Fm/2
= \/T Z / / h(T/, V/)ej27ry’(7——|-nT_7-’)S(7_ + nT — T/)dT/dV/e—j27rnyT
n=-—0o0 _F,./2
T, Fm/2 ~
= / / h(’T’, V/)€j27rul(7'—7")ﬁ Z S(T — 4+ nT)e—jZﬂ'(u—V’)anT/dV/
0 —Fp/2 n=Tee
T, Fm/2
_ ror o Ned2mV (=T g g Twisted
ZT (77 V) / / h(T v )Zs (T v g )e dr dv h(T7 V) *o ZS (T7 V) » Convolution
0 —F,,/2

« Zak domain relationship between input and output of an LTV channel.
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Discrete Zak Transform and 5
Discrete LTV Channels o

g
‘._

« The DZT of an N -length signal z[n|,n =0,..., N — 1 is given by*
iy o lg For a fixedk zl[k + K]—x[]

L S afk + qile 2T ora fixeds: ) rll+alt] = ild N

\/z q=0 Collgcl::t_:_csm of » _ ﬁ Zoxk[q]e—mL

— Delay k=0,...,K —1 and Doppler 1 =0,...,L — 1 "

— Two parameters K and L which must satisfy XL = N

Zy |k, 1] =

« DZT basis functions:

pealn n— k — qK]e2m /D)@
e Y

 DZT analysis and synthe5|s equatlons

N—-1

Zulk, 1] = ) xnlp 4[n]

n=0
1

= Z_ i Zm[k,l]pk,l[n]
k=0 [=0

L Ira A.Fulton Schools of
?11/08/21 [1] H. Bolcskei and F. Hlawatsch, “Discrete Zak transforms, polyphase transforms, and applications,” IEEE &l Engineering
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Discrete LTV Channel and DZT §fl—

« Consider the discrete LTV channel given by

K.—1L, K. and L. : Max. delay
Z Z hlk,l]e g2 (l/N)(n—k) s[n — k] and Doppler
taps

For the input sl = pooln \/— szn_CJK the outputu[n] is given

by: Ko—1L.—1 DZT synthesis
= hlk,l n K-1L-1
E_j E_j [k, i1 [n] = 525 2t i
Po.oln] B B k=0 1=0
1/VL Underspread DZT
] .. I po.o[n] — LTV — u[n] — hlk, 1]
) 0] K - K(L —_=1) _ Channel Discrete impulse Discrete Zak
Discrete impulse train train response response
c—1K.—1 )
Z [k, 1] «— s[n] — hlk, 1] | rln] <= Z:[k, 1] = Z Z hK ) Zs[k — K1 — 1]ed2m 5
=0 k'=
(Discrete Twisted Convolution)
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DZT and OTFS Modulation

Discrete twisted convolution relation for LTV channel:

L.—1K.—1 R
Z th’ Jk—K 1 =11e* =~ = hlk,l] x5 Z4[k,]

=0 k'=

DZT-based OTFS block diagram

[ ——
k
l Inverse S[n] rin]
Underspread LTV
Channel
QAM symbols Z,[k, ] Z.k, 1] = hlk, 1] xo Zsk, 1]
Discrete Zak domain Received QAM symbols

— A suitable equalizer required to recover transmitted symbols
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Doppler (/) —
Delay
(k)
Transmitter 1

OTFS as an overlay over
existing OFDM system

=

Doppler ({) —
Delay

]
IDFT of each row :
+ Sgosdedoaaay
DFT of each column

'E';‘;f)l Time (p) —

lZfe-Sl- Time (p) —

m

i
e
I

Generalized OFDM modulator

S Transmitted
Signal
s[n]

Generalized OFDM demodulato

~

1 1 -
(k) | L ] ! Received
. < — < DFT of each | & s/p _ Signal
Receiver l SFFT i column ‘.{;_ r[n]
( DFT of e+ach row ) i L
IDFT of each column Rt ottt ’
___ Inverse Discrete Zak Transform _ _ _
4 T- >/ A\
Dappard) — | Delay sl e | Transmitted
D;!}I,a;y : (i") : Signal
Zk,1 i | iDFrof | Ly
Transmitter o[l | £ ! slnl
l ! u
DZT-based = T (channel | Al 1
interpretation of OTFS , R Dicrote 20K TraneionY. . =iz &
Doppler(!) = " DelayT'me (p) —> \
Zy [k, l ] DF}!ay : (k) i Received
‘) | } ! Signal
— DFT of 1
Receiver Wk, %o Zslk:1]y ‘= S/P [T [n]
1 1
' :
\\ ,/
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SKL
Summary

The spreading function h(7,v) is the Zak response for an
underspread LTV channel

* Derived the Zak domain channel equation for LTV channels
* Derived DZT analysis and synthesis equations

* Derived the discrete Zak domain channel equation for LTV channels

« OTFS: Modulation scheme based on DZT twisted convolution relation

 DZT-based interpretation can lend insight into OTFS analysis
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Closing Remarks / Discussion oL

« Zak Transform is natural tool for analysis of OTFS modulation as
well as multipath channels

— Study fundamental tradeoff between mitigating delay-Doppler spread
and improving spectral efficiency of OTFS transmission.

— Study how OTFS impulse response defines a shared secret that would
enable physical layer security.

« Consider MIMO extensions

Can leverage neural network-based methods for OTFS equalization
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Thank You
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