
Bounds on Bearing, Symbol, and Channel 
Estimation under Model Misspecification 

Akshay S. Bondre, Touseef Ali, and Christ D. Richmond 

Center of Excellence Meeting 

January 11th 2021, Monday, 12pm EDT 

Signals, Information, Inference, & Learning (SIIL) Group 

*website: richmond.engineering.asu.edu



CoE Meeting - 2 
CDR  01/11/21 

Outline 

•  Introduction 
–  Remarks on channels, learning, and bounds 

•  Akshay’s discussion 
•  Closing remarks 
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Remarks 

•  Interest is communication link 
performance in dynamic environments 

•  Cramér-Rao bound is 
useful for characterizing 
parameter estimation 
performance 
–  But comm. links present 

some challenges 
•  Symbols are discrete 
•  Model is assumed known 

•  Deep learning is not model-based, but 
requires stationary data for convergence 
–  Models may be leveraged, however, to 

improve convergence rates 

•  Models can also provide useful insights 

•  Parameter estimation plays key role in 
comm. link performance 
–  Maximum-likelihood decoding often 

involves symbol, channel gain, bearing, 
Doppler, and delay estimation, etc. 
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Cramér-Rao Bound: Scalar Parameters 
•  Recall scalar covariance inequality:  

*All expectations with respect to distribution of data x. 

1 � E2{⇣⌘}
E{⇣2}E{⌘2}
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E{⇣2} � E2{⇣⌘}
E{⌘2}

, , •  Consider parameter estimate*: b✓ = b✓(x) x ⇠ p(x|✓T )E{b✓} = ✓
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Cramér-Rao 
Bound 
(CRB) =
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@ ln p
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✓=✓T

= CRB(✓T )
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•  CRB applies to all unbiased estimators, i.e. such that  E{b✓} = ✓
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•  CRB given by inverse Fisher Information: FIM(✓) = E

(✓
@ ln p

@✓

◆2
)
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, •  Choose random variables (r.v.) as: Score 
Function ⌘ =

@ ln p

@✓
⇣ = b✓ � ✓
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•  Inequality can lower bound estimator mean squared error (MSE): 

E{(b✓ � ✓)2} �
E2

⇢
(b✓ � ✓)

@ ln p

@✓

�

E

(✓
@ ln p

@✓

◆2
)
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 ( Translation )2 
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Cramér-Rao Bound: Vector Parameters 

•  Let                                ,                                                     ,   

* True parameter vector       assumed real and deterministic but unknown.   
Data x may be complex or real. 

•  Multivariate covariance inequality: 

E{⇣⇣T } � E{⇣⌘T }E�1{⌘⌘T }E{⌘⇣T }

✓ = [✓1, ✓2, . . . , ✓M ]T
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b✓(x) = [b✓1(x), b✓2(x), . . . , b✓M (x)]T
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E{⇣⇣T } = Cov(b✓) =
E
n
(b✓ � ✓)(b✓ � ✓)T

o
� CRB(✓)
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•  Variable choice for       and       lower bounds estimator MSE matrix: ⌘⇣

⇣ = b✓ � ✓, ⌘ =
@ ln p(x|✓)

@✓
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E{⌘⌘T } E{⌘⇣T }
•  CRB lower bound for unbiased estimators given by: 

E
n
(b✓ � ✓)(b✓ � ✓)T

o
� J�1(✓)
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E{[b✓i(x)� ✓i]
2} �

⇥
J�1(✓)

⇤
i,i
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E{b✓(x)} = ✓
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•  Fisher information matrix (FIM) and translation matrix: 

J(✓)
4
= E

(
@ ln p(x|✓)

@✓

@ ln p(x|✓)
@✓

T
)
, ⌅(✓)

4
= E

⇢
@ ln p(x|✓)

@✓
(b✓ � ✓)T

�
= IM
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✓
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Cramér-Rao Bound: FIM Slepian Formula 

•  Let parameters be given by  ✓ = [✓1, ✓2, . . . , ✓M ]T
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x̃ ⇠ CN (µ(✓), R̃) = p(x̃|✓)
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•  Assume data is complex Gaussian, i.e. 
–  Only mean is parameterized by  

J(✓) =
@µ⇤

@✓⇤ R̃
�1

✓
@µ

@✓

◆T

+
@µ

@✓⇤

⇣
R̃�1

⌘⇤
✓
@µ⇤

@✓

◆T
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•  Slepian formula for FIM, denoted          , is given by 

E
⇣

✓̂ � ✓
⌘⇣

✓̂ � ✓
⌘H

�
� J�1(✓)

<latexit sha1_base64="9bI0fgCJdDFpyxXX3lpCD1/ULZE="></latexit>

•  Cramér-Rao bound: 
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1.  o 
2.  o 
3.  o 
4.  CCRB 

 
    
Will use CCRB to address any discrete parameters 

E
⇣

✓̂ � ✓
⌘⇣

✓̂ � ✓
⌘H

�
� U(UHJ(✓)U)�1UH

<latexit sha1_base64="cmSdxl6LjvXgz+FX8/HUAAYjTqY="></latexit>

1.  Given      constraints on    :  

Constrained Cramér-Rao Bound 

m
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f(✓) =
⇥
f1(✓), . . . , fm(✓)

⇤T
= 0m⇥1

<latexit sha1_base64="X3bx6L4R2M7m7ZnXhHTOFUjzL3M="></latexit>

1.  o 
2.  o 
3.  There exists a unitary matrix                         such that 

F(✓)U = 0m⇥(M�m)
<latexit sha1_base64="LJPMmJHkFmHNYVpX92UZDs+sSbE="></latexit><latexit sha1_base64="LJPMmJHkFmHNYVpX92UZDs+sSbE="></latexit><latexit sha1_base64="LJPMmJHkFmHNYVpX92UZDs+sSbE="></latexit><latexit sha1_base64="LJPMmJHkFmHNYVpX92UZDs+sSbE="></latexit>

UM⇥(M�m)
<latexit sha1_base64="l+C4ePn9CHW4AutQuYCcU4NNwwU=">AAACA3icbVBNS8NAEN34WetX1JteFotQD5ZEBHssePFSqGDaQhPCZrtpl+5uwu5GKKHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmRSmjSjvOt7Wyura+sVnaKm/v7O7t2weHbZVkEhMPJyyR3QgpwqggnqaakW4qCeIRI51odDP1Ow9EKpqIez1OScDRQNCYYqSNFNrHuR/F0JuEeRP6mnKiYLUJLyA/n4R2xak5M8Bl4hakAgq0QvvL7yc440RozJBSPddJdZAjqSlmZFL2M0VShEdoQHqGCmS2Bfnshwk8M0ofxok0JTScqb8ncsSVGvPIdHKkh2rRm4r/eb1Mx/UgpyLNNBF4vijOGNQJnAYC+1QSrNnYEIQlNbdCPEQSYW1iK5sQ3MWXl0n7suY6NffuqtKoF3GUwAk4BVXggmvQALegBTyAwSN4Bq/gzXqyXqx362PeumIVM0fgD6zPH3eSlhA=</latexit><latexit sha1_base64="l+C4ePn9CHW4AutQuYCcU4NNwwU=">AAACA3icbVBNS8NAEN34WetX1JteFotQD5ZEBHssePFSqGDaQhPCZrtpl+5uwu5GKKHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmRSmjSjvOt7Wyura+sVnaKm/v7O7t2weHbZVkEhMPJyyR3QgpwqggnqaakW4qCeIRI51odDP1Ow9EKpqIez1OScDRQNCYYqSNFNrHuR/F0JuEeRP6mnKiYLUJLyA/n4R2xak5M8Bl4hakAgq0QvvL7yc440RozJBSPddJdZAjqSlmZFL2M0VShEdoQHqGCmS2Bfnshwk8M0ofxok0JTScqb8ncsSVGvPIdHKkh2rRm4r/eb1Mx/UgpyLNNBF4vijOGNQJnAYC+1QSrNnYEIQlNbdCPEQSYW1iK5sQ3MWXl0n7suY6NffuqtKoF3GUwAk4BVXggmvQALegBTyAwSN4Bq/gzXqyXqx362PeumIVM0fgD6zPH3eSlhA=</latexit><latexit sha1_base64="l+C4ePn9CHW4AutQuYCcU4NNwwU=">AAACA3icbVBNS8NAEN34WetX1JteFotQD5ZEBHssePFSqGDaQhPCZrtpl+5uwu5GKKHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmRSmjSjvOt7Wyura+sVnaKm/v7O7t2weHbZVkEhMPJyyR3QgpwqggnqaakW4qCeIRI51odDP1Ow9EKpqIez1OScDRQNCYYqSNFNrHuR/F0JuEeRP6mnKiYLUJLyA/n4R2xak5M8Bl4hakAgq0QvvL7yc440RozJBSPddJdZAjqSlmZFL2M0VShEdoQHqGCmS2Bfnshwk8M0ofxok0JTScqb8ncsSVGvPIdHKkh2rRm4r/eb1Mx/UgpyLNNBF4vijOGNQJnAYC+1QSrNnYEIQlNbdCPEQSYW1iK5sQ3MWXl0n7suY6NffuqtKoF3GUwAk4BVXggmvQALegBTyAwSN4Bq/gzXqyXqx362PeumIVM0fgD6zPH3eSlhA=</latexit><latexit sha1_base64="l+C4ePn9CHW4AutQuYCcU4NNwwU=">AAACA3icbVBNS8NAEN34WetX1JteFotQD5ZEBHssePFSqGDaQhPCZrtpl+5uwu5GKKHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmRSmjSjvOt7Wyura+sVnaKm/v7O7t2weHbZVkEhMPJyyR3QgpwqggnqaakW4qCeIRI51odDP1Ow9EKpqIez1OScDRQNCYYqSNFNrHuR/F0JuEeRP6mnKiYLUJLyA/n4R2xak5M8Bl4hakAgq0QvvL7yc440RozJBSPddJdZAjqSlmZFL2M0VShEdoQHqGCmS2Bfnshwk8M0ofxok0JTScqb8ncsSVGvPIdHKkh2rRm4r/eb1Mx/UgpyLNNBF4vijOGNQJnAYC+1QSrNnYEIQlNbdCPEQSYW1iK5sQ3MWXl0n7suY6NffuqtKoF3GUwAk4BVXggmvQALegBTyAwSN4Bq/gzXqyXqx362PeumIVM0fgD6zPH3eSlhA=</latexit>

F(✓) =


@f(✓)

@✓⇤

�T

<latexit sha1_base64="nckLeLxWHguzUujHUus9xYd+P0M="></latexit>

F(✓)
<latexit sha1_base64="uW6WzmwphvR6TImnFaD6qmJZRSk=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqUJcFQVxWsA9oQplMJ+3QyYOZG6GELN34K25cKOLWT3Dn3zhps9DWC8MczrmXe+7xYsEVWNa3sbK6tr6xWdoqb+/s7u2bB4cdFSWSsjaNRCR7HlFM8JC1gYNgvVgyEniCdb3Jda53H5hUPArvYRozNyCjkPucEtDUwDxxAgJjz09vsqrjRWKopoH+UgfGDEh2PjArVs2aFV4GdgEqqKjWwPxyhhFNAhYCFUSpvm3F4KZEAqeCZWUnUSwmdEJGrK9hSAKm3HR2SIbPNDPEfiT1CwHP2N8TKQlUblB35rbVopaT/2n9BPwrN+VhnAAL6XyRnwgMEc5TwUMuGQUx1YBQybVXTMdEEgo6u7IOwV48eRl06jX7ola/u6w0G0UcJXSMTlEV2aiBmugWtVAbUfSIntErejOejBfj3fiYt64YxcwR+lPG5w9w6Zo0</latexit>

1.  o 
2.  Gradient matrix          : 
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Remarks on Dynamic Comm. Channels 

•  Possible initial framework for modeling dynamic channels 
•  Simulated data can feed deep learning algorithms 
•  Models can provide metrics by which to measure performance 
•  Models may help resolve/improve deep learning performance 

t
<latexit sha1_base64="1q5uWBBew3+tylu8oJOdrjPJRho=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevGYgHlAsoTZSW8yZHZ2nZkVQ8gXeFW8iVc/KX/jJFlBEwsaiuouuruCRHBtXHfq5NbWNza38tuFnd29/YPi4VFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsO7Wb/5hErzWD6YUYJ+RPuSh5xRY6Wa6RZLbtmdg6wSLyMlyFDtFqedXszSCKVhgmrd9tzE+GOqDGcCJ4VOqjGhbEj72LZU0gi1P54fOiFnVumRMFa2pCFz9bdjTCOtR1Fw8fxjiKgZ6OWRmfhfr52a8MYfc5mkBiVb7AtTQUxMZs+THlfIjBhZQpni9mTCBlRRZmxEBZuFt/z5Kmlclj237NWuSpXbLJU8nMApnIMH11CBe6hCHRggvMArvDmPzrvz4XwuRnNO5jmGP3C+vgHEO4/l</latexit><latexit sha1_base64="1q5uWBBew3+tylu8oJOdrjPJRho=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevGYgHlAsoTZSW8yZHZ2nZkVQ8gXeFW8iVc/KX/jJFlBEwsaiuouuruCRHBtXHfq5NbWNza38tuFnd29/YPi4VFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsO7Wb/5hErzWD6YUYJ+RPuSh5xRY6Wa6RZLbtmdg6wSLyMlyFDtFqedXszSCKVhgmrd9tzE+GOqDGcCJ4VOqjGhbEj72LZU0gi1P54fOiFnVumRMFa2pCFz9bdjTCOtR1Fw8fxjiKgZ6OWRmfhfr52a8MYfc5mkBiVb7AtTQUxMZs+THlfIjBhZQpni9mTCBlRRZmxEBZuFt/z5Kmlclj237NWuSpXbLJU8nMApnIMH11CBe6hCHRggvMArvDmPzrvz4XwuRnNO5jmGP3C+vgHEO4/l</latexit><latexit sha1_base64="1q5uWBBew3+tylu8oJOdrjPJRho=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevGYgHlAsoTZSW8yZHZ2nZkVQ8gXeFW8iVc/KX/jJFlBEwsaiuouuruCRHBtXHfq5NbWNza38tuFnd29/YPi4VFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsO7Wb/5hErzWD6YUYJ+RPuSh5xRY6Wa6RZLbtmdg6wSLyMlyFDtFqedXszSCKVhgmrd9tzE+GOqDGcCJ4VOqjGhbEj72LZU0gi1P54fOiFnVumRMFa2pCFz9bdjTCOtR1Fw8fxjiKgZ6OWRmfhfr52a8MYfc5mkBiVb7AtTQUxMZs+THlfIjBhZQpni9mTCBlRRZmxEBZuFt/z5Kmlclj237NWuSpXbLJU8nMApnIMH11CBe6hCHRggvMArvDmPzrvz4XwuRnNO5jmGP3C+vgHEO4/l</latexit><latexit sha1_base64="1q5uWBBew3+tylu8oJOdrjPJRho=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevGYgHlAsoTZSW8yZHZ2nZkVQ8gXeFW8iVc/KX/jJFlBEwsaiuouuruCRHBtXHfq5NbWNza38tuFnd29/YPi4VFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsO7Wb/5hErzWD6YUYJ+RPuSh5xRY6Wa6RZLbtmdg6wSLyMlyFDtFqedXszSCKVhgmrd9tzE+GOqDGcCJ4VOqjGhbEj72LZU0gi1P54fOiFnVumRMFa2pCFz9bdjTCOtR1Fw8fxjiKgZ6OWRmfhfr52a8MYfc5mkBiVb7AtTQUxMZs+THlfIjBhZQpni9mTCBlRRZmxEBZuFt/z5Kmlclj237NWuSpXbLJU8nMApnIMH11CBe6hCHRggvMArvDmPzrvz4XwuRnNO5jmGP3C+vgHEO4/l</latexit>

x(t)
<latexit sha1_base64="Fd/gPaCjxAwH0Qv1xto1xPl4+/Q=">AAAB+HicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae2oWy2m3bpZhN2J9Ia+i+8Kt7Eq/+m/8a0jaCtDwYeb+YxM8+LpDBo2xNrZXVtfWMzt5Xf3tnd2y8cHNZNGGvGayyUoW561HApFK+hQMmbkeY08CRveIPbab/xxLURoXrAUcTdgPaU8AWjmEqPSdvzyXBcwrNOoWiX7RnIMnEyUoQM1U5h0u6GLA64QiapMS3HjtBNqEbBJB/n27HhEWUD2uOtlCoacOMms4vH5DRVusQPdVoKyUz97UhoYMwo8M6HP4aAYt8sjkzF/3qtGP1rNxEqipErNt/nx5JgSKYpkK7QnKEcpYQyLdKTCetTTRmmWeXTLJzFz5dJ/aLs2GXn/rJYuclSycExnEAJHLiCCtxBFWrAQMELvMKb9Wy9Wx/W53x0xco8R/AH1tc3yteTRA==</latexit><latexit sha1_base64="Fd/gPaCjxAwH0Qv1xto1xPl4+/Q=">AAAB+HicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae2oWy2m3bpZhN2J9Ia+i+8Kt7Eq/+m/8a0jaCtDwYeb+YxM8+LpDBo2xNrZXVtfWMzt5Xf3tnd2y8cHNZNGGvGayyUoW561HApFK+hQMmbkeY08CRveIPbab/xxLURoXrAUcTdgPaU8AWjmEqPSdvzyXBcwrNOoWiX7RnIMnEyUoQM1U5h0u6GLA64QiapMS3HjtBNqEbBJB/n27HhEWUD2uOtlCoacOMms4vH5DRVusQPdVoKyUz97UhoYMwo8M6HP4aAYt8sjkzF/3qtGP1rNxEqipErNt/nx5JgSKYpkK7QnKEcpYQyLdKTCetTTRmmWeXTLJzFz5dJ/aLs2GXn/rJYuclSycExnEAJHLiCCtxBFWrAQMELvMKb9Wy9Wx/W53x0xco8R/AH1tc3yteTRA==</latexit><latexit sha1_base64="Fd/gPaCjxAwH0Qv1xto1xPl4+/Q=">AAAB+HicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae2oWy2m3bpZhN2J9Ia+i+8Kt7Eq/+m/8a0jaCtDwYeb+YxM8+LpDBo2xNrZXVtfWMzt5Xf3tnd2y8cHNZNGGvGayyUoW561HApFK+hQMmbkeY08CRveIPbab/xxLURoXrAUcTdgPaU8AWjmEqPSdvzyXBcwrNOoWiX7RnIMnEyUoQM1U5h0u6GLA64QiapMS3HjtBNqEbBJB/n27HhEWUD2uOtlCoacOMms4vH5DRVusQPdVoKyUz97UhoYMwo8M6HP4aAYt8sjkzF/3qtGP1rNxEqipErNt/nx5JgSKYpkK7QnKEcpYQyLdKTCetTTRmmWeXTLJzFz5dJ/aLs2GXn/rJYuclSycExnEAJHLiCCtxBFWrAQMELvMKb9Wy9Wx/W53x0xco8R/AH1tc3yteTRA==</latexit><latexit sha1_base64="Fd/gPaCjxAwH0Qv1xto1xPl4+/Q=">AAAB+HicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48V7Ae2oWy2m3bpZhN2J9Ia+i+8Kt7Eq/+m/8a0jaCtDwYeb+YxM8+LpDBo2xNrZXVtfWMzt5Xf3tnd2y8cHNZNGGvGayyUoW561HApFK+hQMmbkeY08CRveIPbab/xxLURoXrAUcTdgPaU8AWjmEqPSdvzyXBcwrNOoWiX7RnIMnEyUoQM1U5h0u6GLA64QiapMS3HjtBNqEbBJB/n27HhEWUD2uOtlCoacOMms4vH5DRVusQPdVoKyUz97UhoYMwo8M6HP4aAYt8sjkzF/3qtGP1rNxEqipErNt/nx5JgSKYpkK7QnKEcpYQyLdKTCetTTRmmWeXTLJzFz5dJ/aLs2GXn/rJYuclSycExnEAJHLiCCtxBFWrAQMELvMKb9Wy9Wx/W53x0xco8R/AH1tc3yteTRA==</latexit>

x ⇠ q1(x)
<latexit sha1_base64="uVCt49y/UugqpMl4tTOGFOkhjYE=">AAACCXicbVDLSsNAFJ34rPUVdSVuBotQQUoigi6LblxWsA9oQphMJ+3QmUmcmUhLKH6A3+FWcSdu/Yr+jdM2grYeuHA49x7uvSdMGFXaccbW0vLK6tp6YaO4ubW9s2vv7TdUnEpM6jhmsWyFSBFGBalrqhlpJZIgHjLSDPs3k37zkUhFY3GvhwnxOeoKGlGMtJEC+zDzwggORtBTlMOHwC3nwmlgl5yKMwVcJG5OSiBHLbDHXifGKSdCY4aUartOov0MSU0xI6OilyqSINxHXdI2VCBOlJ9NXxjBE6N0YBRLU0LDqfrbkSGu1JCHZ4MfA0e6p+ZHJuJ/vXaqoys/oyJJNRF4ti9KGdQxnMQCO1QSrNnQEIQlNSdD3EMSYW3CK5os3PnPF0njvOI6FffuolS9zlMpgCNwDMrABZegCm5BDdQBBk/gBbyCN+vZerc+rM/Z6JKVew7AH1hf37wRmTE=</latexit><latexit sha1_base64="uVCt49y/UugqpMl4tTOGFOkhjYE=">AAACCXicbVDLSsNAFJ34rPUVdSVuBotQQUoigi6LblxWsA9oQphMJ+3QmUmcmUhLKH6A3+FWcSdu/Yr+jdM2grYeuHA49x7uvSdMGFXaccbW0vLK6tp6YaO4ubW9s2vv7TdUnEpM6jhmsWyFSBFGBalrqhlpJZIgHjLSDPs3k37zkUhFY3GvhwnxOeoKGlGMtJEC+zDzwggORtBTlMOHwC3nwmlgl5yKMwVcJG5OSiBHLbDHXifGKSdCY4aUartOov0MSU0xI6OilyqSINxHXdI2VCBOlJ9NXxjBE6N0YBRLU0LDqfrbkSGu1JCHZ4MfA0e6p+ZHJuJ/vXaqoys/oyJJNRF4ti9KGdQxnMQCO1QSrNnQEIQlNSdD3EMSYW3CK5os3PnPF0njvOI6FffuolS9zlMpgCNwDMrABZegCm5BDdQBBk/gBbyCN+vZerc+rM/Z6JKVew7AH1hf37wRmTE=</latexit><latexit sha1_base64="uVCt49y/UugqpMl4tTOGFOkhjYE=">AAACCXicbVDLSsNAFJ34rPUVdSVuBotQQUoigi6LblxWsA9oQphMJ+3QmUmcmUhLKH6A3+FWcSdu/Yr+jdM2grYeuHA49x7uvSdMGFXaccbW0vLK6tp6YaO4ubW9s2vv7TdUnEpM6jhmsWyFSBFGBalrqhlpJZIgHjLSDPs3k37zkUhFY3GvhwnxOeoKGlGMtJEC+zDzwggORtBTlMOHwC3nwmlgl5yKMwVcJG5OSiBHLbDHXifGKSdCY4aUartOov0MSU0xI6OilyqSINxHXdI2VCBOlJ9NXxjBE6N0YBRLU0LDqfrbkSGu1JCHZ4MfA0e6p+ZHJuJ/vXaqoys/oyJJNRF4ti9KGdQxnMQCO1QSrNnQEIQlNSdD3EMSYW3CK5os3PnPF0njvOI6FffuolS9zlMpgCNwDMrABZegCm5BDdQBBk/gBbyCN+vZerc+rM/Z6JKVew7AH1hf37wRmTE=</latexit><latexit sha1_base64="uVCt49y/UugqpMl4tTOGFOkhjYE=">AAACCXicbVDLSsNAFJ34rPUVdSVuBotQQUoigi6LblxWsA9oQphMJ+3QmUmcmUhLKH6A3+FWcSdu/Yr+jdM2grYeuHA49x7uvSdMGFXaccbW0vLK6tp6YaO4ubW9s2vv7TdUnEpM6jhmsWyFSBFGBalrqhlpJZIgHjLSDPs3k37zkUhFY3GvhwnxOeoKGlGMtJEC+zDzwggORtBTlMOHwC3nwmlgl5yKMwVcJG5OSiBHLbDHXifGKSdCY4aUartOov0MSU0xI6OilyqSINxHXdI2VCBOlJ9NXxjBE6N0YBRLU0LDqfrbkSGu1JCHZ4MfA0e6p+ZHJuJ/vXaqoys/oyJJNRF4ti9KGdQxnMQCO1QSrNnQEIQlNSdD3EMSYW3CK5os3PnPF0njvOI6FffuolS9zlMpgCNwDMrABZegCm5BDdQBBk/gBbyCN+vZerc+rM/Z6JKVew7AH1hf37wRmTE=</latexit>

x ⇠ q2(x)
<latexit sha1_base64="Y1gO6UwEPMi5XuKl2BCMM+FsFUs=">AAACCXicbVDLSgMxFM3UV62vUVfiJliEClJmiqDLohuXFewD2mHIpJk2NMmMSUZahuIH+B1uFXfi1q/o35i2I2jrgQuHc+/h3nuCmFGlHWdi5VZW19Y38puFre2d3T17/6ChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfabj0QqGol7PYqJx1FP0JBipI3k20dpJwjhcAw7inL44FdKmXDm20Wn7MwAl4mbkSLIUPPtSacb4YQToTFDSrVdJ9ZeiqSmmJFxoZMoEiM8QD3SNlQgTpSXzl4Yw1OjdGEYSVNCw5n625EirtSIB+fDHwNHuq8WR6bif712osMrL6UiTjQReL4vTBjUEZzGArtUEqzZyBCEJTUnQ9xHEmFtwiuYLNzFz5dJo1J2nbJ7d1GsXmep5MExOAEl4IJLUAW3oAbqAIMn8AJewZv1bL1bH9bnfDRnZZ5D8AfW1ze9pZky</latexit><latexit sha1_base64="Y1gO6UwEPMi5XuKl2BCMM+FsFUs=">AAACCXicbVDLSgMxFM3UV62vUVfiJliEClJmiqDLohuXFewD2mHIpJk2NMmMSUZahuIH+B1uFXfi1q/o35i2I2jrgQuHc+/h3nuCmFGlHWdi5VZW19Y38puFre2d3T17/6ChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfabj0QqGol7PYqJx1FP0JBipI3k20dpJwjhcAw7inL44FdKmXDm20Wn7MwAl4mbkSLIUPPtSacb4YQToTFDSrVdJ9ZeiqSmmJFxoZMoEiM8QD3SNlQgTpSXzl4Yw1OjdGEYSVNCw5n625EirtSIB+fDHwNHuq8WR6bif712osMrL6UiTjQReL4vTBjUEZzGArtUEqzZyBCEJTUnQ9xHEmFtwiuYLNzFz5dJo1J2nbJ7d1GsXmep5MExOAEl4IJLUAW3oAbqAIMn8AJewZv1bL1bH9bnfDRnZZ5D8AfW1ze9pZky</latexit><latexit sha1_base64="Y1gO6UwEPMi5XuKl2BCMM+FsFUs=">AAACCXicbVDLSgMxFM3UV62vUVfiJliEClJmiqDLohuXFewD2mHIpJk2NMmMSUZahuIH+B1uFXfi1q/o35i2I2jrgQuHc+/h3nuCmFGlHWdi5VZW19Y38puFre2d3T17/6ChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfabj0QqGol7PYqJx1FP0JBipI3k20dpJwjhcAw7inL44FdKmXDm20Wn7MwAl4mbkSLIUPPtSacb4YQToTFDSrVdJ9ZeiqSmmJFxoZMoEiM8QD3SNlQgTpSXzl4Yw1OjdGEYSVNCw5n625EirtSIB+fDHwNHuq8WR6bif712osMrL6UiTjQReL4vTBjUEZzGArtUEqzZyBCEJTUnQ9xHEmFtwiuYLNzFz5dJo1J2nbJ7d1GsXmep5MExOAEl4IJLUAW3oAbqAIMn8AJewZv1bL1bH9bnfDRnZZ5D8AfW1ze9pZky</latexit><latexit sha1_base64="Y1gO6UwEPMi5XuKl2BCMM+FsFUs=">AAACCXicbVDLSgMxFM3UV62vUVfiJliEClJmiqDLohuXFewD2mHIpJk2NMmMSUZahuIH+B1uFXfi1q/o35i2I2jrgQuHc+/h3nuCmFGlHWdi5VZW19Y38puFre2d3T17/6ChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfabj0QqGol7PYqJx1FP0JBipI3k20dpJwjhcAw7inL44FdKmXDm20Wn7MwAl4mbkSLIUPPtSacb4YQToTFDSrVdJ9ZeiqSmmJFxoZMoEiM8QD3SNlQgTpSXzl4Yw1OjdGEYSVNCw5n625EirtSIB+fDHwNHuq8WR6bif712osMrL6UiTjQReL4vTBjUEZzGArtUEqzZyBCEJTUnQ9xHEmFtwiuYLNzFz5dJo1J2nbJ7d1GsXmep5MExOAEl4IJLUAW3oAbqAIMn8AJewZv1bL1bH9bnfDRnZZ5D8AfW1ze9pZky</latexit>

x ⇠ q3(x)
<latexit sha1_base64="QEA1oXlJIYAUfDuwqc+wtROmbfc=">AAACCXicbVDLSgMxFM3UV62vUVfiJliEClJmVNBl0Y3LCvYBnaFk0kwbmmTGJCMtQ/ED/A63ijtx61f0b0zbEbT1wIXDufdw7z1BzKjSjjO2ckvLK6tr+fXCxubW9o69u1dXUSIxqeGIRbIZIEUYFaSmqWakGUuCeMBII+jfTPqNRyIVjcS9HsbE56graEgx0kZq2wepF4RwMIKeohw+tM9LmXDStotO2ZkCLhI3I0WQodq2x14nwgknQmOGlGq5Tqz9FElNMSOjgpcoEiPcR13SMlQgTpSfTl8YwWOjdGAYSVNCw6n625EirtSQB6eDHwNHuqfmRybif71WosMrP6UiTjQReLYvTBjUEZzEAjtUEqzZ0BCEJTUnQ9xDEmFtwiuYLNz5zxdJ/azsOmX37qJYuc5SyYNDcARKwAWXoAJuQRXUAAZP4AW8gjfr2Xq3PqzP2WjOyjz74A+sr2+/OZkz</latexit><latexit sha1_base64="QEA1oXlJIYAUfDuwqc+wtROmbfc=">AAACCXicbVDLSgMxFM3UV62vUVfiJliEClJmVNBl0Y3LCvYBnaFk0kwbmmTGJCMtQ/ED/A63ijtx61f0b0zbEbT1wIXDufdw7z1BzKjSjjO2ckvLK6tr+fXCxubW9o69u1dXUSIxqeGIRbIZIEUYFaSmqWakGUuCeMBII+jfTPqNRyIVjcS9HsbE56graEgx0kZq2wepF4RwMIKeohw+tM9LmXDStotO2ZkCLhI3I0WQodq2x14nwgknQmOGlGq5Tqz9FElNMSOjgpcoEiPcR13SMlQgTpSfTl8YwWOjdGAYSVNCw6n625EirtSQB6eDHwNHuqfmRybif71WosMrP6UiTjQReLYvTBjUEZzEAjtUEqzZ0BCEJTUnQ9xDEmFtwiuYLNz5zxdJ/azsOmX37qJYuc5SyYNDcARKwAWXoAJuQRXUAAZP4AW8gjfr2Xq3PqzP2WjOyjz74A+sr2+/OZkz</latexit><latexit sha1_base64="QEA1oXlJIYAUfDuwqc+wtROmbfc=">AAACCXicbVDLSgMxFM3UV62vUVfiJliEClJmVNBl0Y3LCvYBnaFk0kwbmmTGJCMtQ/ED/A63ijtx61f0b0zbEbT1wIXDufdw7z1BzKjSjjO2ckvLK6tr+fXCxubW9o69u1dXUSIxqeGIRbIZIEUYFaSmqWakGUuCeMBII+jfTPqNRyIVjcS9HsbE56graEgx0kZq2wepF4RwMIKeohw+tM9LmXDStotO2ZkCLhI3I0WQodq2x14nwgknQmOGlGq5Tqz9FElNMSOjgpcoEiPcR13SMlQgTpSfTl8YwWOjdGAYSVNCw6n625EirtSQB6eDHwNHuqfmRybif71WosMrP6UiTjQReLYvTBjUEZzEAjtUEqzZ0BCEJTUnQ9xDEmFtwiuYLNz5zxdJ/azsOmX37qJYuc5SyYNDcARKwAWXoAJuQRXUAAZP4AW8gjfr2Xq3PqzP2WjOyjz74A+sr2+/OZkz</latexit><latexit sha1_base64="QEA1oXlJIYAUfDuwqc+wtROmbfc=">AAACCXicbVDLSgMxFM3UV62vUVfiJliEClJmVNBl0Y3LCvYBnaFk0kwbmmTGJCMtQ/ED/A63ijtx61f0b0zbEbT1wIXDufdw7z1BzKjSjjO2ckvLK6tr+fXCxubW9o69u1dXUSIxqeGIRbIZIEUYFaSmqWakGUuCeMBII+jfTPqNRyIVjcS9HsbE56graEgx0kZq2wepF4RwMIKeohw+tM9LmXDStotO2ZkCLhI3I0WQodq2x14nwgknQmOGlGq5Tqz9FElNMSOjgpcoEiPcR13SMlQgTpSfTl8YwWOjdGAYSVNCw6n625EirtSQB6eDHwNHuqfmRybif71WosMrP6UiTjQReLYvTBjUEZzEAjtUEqzZ0BCEJTUnQ9xDEmFtwiuYLNz5zxdJ/azsOmX37qJYuc5SyYNDcARKwAWXoAJuQRXUAAZP4AW8gjfr2Xq3PqzP2WjOyjz74A+sr2+/OZkz</latexit>

TRUE 
PDF: 

· · ·<latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit>

ASSUMED 
PDF: p1(x|✓1)

<latexit sha1_base64="F4mwL7kXT4SKIsWqSKWhmXE020g=">AAACCXicbVBNS8NAEN34WetX1KMIi0WoICURQY9FLx4r2A9oSthsN+3S3STsTsQSe/LoL/GoXsSrv8GD/8Ztm4O2Phh4vDfDzLwgEVyD43xbC4tLyyurhbXi+sbm1ra9s9vQcaooq9NYxKoVEM0Ej1gdOAjWShQjMhCsGQyuxn7zjinN4+gWhgnrSNKLeMgpASP59kHiu2WceUGI70f4AXuBxB70GRDfxce+XXIqzgR4nrg5KaEcNd/+8roxTSWLgAqiddt1EuhkRAGngo2KXqpZQuiA9Fjb0IhIpjvZ5I0RPjJKF4exMhUBnqi/JzIitR7K4CSQplkS6OtZeyz+57VTCC86GY+SFFhEp7vCVGCI8TgW3OWKURBDQwhV3JyLaZ8oQsGEVzQ5uLNfz5PGacV1Ku7NWal6mSdSQPvoEJWRi85RFV2jGqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBV2pgo</latexit><latexit sha1_base64="F4mwL7kXT4SKIsWqSKWhmXE020g=">AAACCXicbVBNS8NAEN34WetX1KMIi0WoICURQY9FLx4r2A9oSthsN+3S3STsTsQSe/LoL/GoXsSrv8GD/8Ztm4O2Phh4vDfDzLwgEVyD43xbC4tLyyurhbXi+sbm1ra9s9vQcaooq9NYxKoVEM0Ej1gdOAjWShQjMhCsGQyuxn7zjinN4+gWhgnrSNKLeMgpASP59kHiu2WceUGI70f4AXuBxB70GRDfxce+XXIqzgR4nrg5KaEcNd/+8roxTSWLgAqiddt1EuhkRAGngo2KXqpZQuiA9Fjb0IhIpjvZ5I0RPjJKF4exMhUBnqi/JzIitR7K4CSQplkS6OtZeyz+57VTCC86GY+SFFhEp7vCVGCI8TgW3OWKURBDQwhV3JyLaZ8oQsGEVzQ5uLNfz5PGacV1Ku7NWal6mSdSQPvoEJWRi85RFV2jGqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBV2pgo</latexit><latexit sha1_base64="F4mwL7kXT4SKIsWqSKWhmXE020g=">AAACCXicbVBNS8NAEN34WetX1KMIi0WoICURQY9FLx4r2A9oSthsN+3S3STsTsQSe/LoL/GoXsSrv8GD/8Ztm4O2Phh4vDfDzLwgEVyD43xbC4tLyyurhbXi+sbm1ra9s9vQcaooq9NYxKoVEM0Ej1gdOAjWShQjMhCsGQyuxn7zjinN4+gWhgnrSNKLeMgpASP59kHiu2WceUGI70f4AXuBxB70GRDfxce+XXIqzgR4nrg5KaEcNd/+8roxTSWLgAqiddt1EuhkRAGngo2KXqpZQuiA9Fjb0IhIpjvZ5I0RPjJKF4exMhUBnqi/JzIitR7K4CSQplkS6OtZeyz+57VTCC86GY+SFFhEp7vCVGCI8TgW3OWKURBDQwhV3JyLaZ8oQsGEVzQ5uLNfz5PGacV1Ku7NWal6mSdSQPvoEJWRi85RFV2jGqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBV2pgo</latexit><latexit sha1_base64="F4mwL7kXT4SKIsWqSKWhmXE020g=">AAACCXicbVBNS8NAEN34WetX1KMIi0WoICURQY9FLx4r2A9oSthsN+3S3STsTsQSe/LoL/GoXsSrv8GD/8Ztm4O2Phh4vDfDzLwgEVyD43xbC4tLyyurhbXi+sbm1ra9s9vQcaooq9NYxKoVEM0Ej1gdOAjWShQjMhCsGQyuxn7zjinN4+gWhgnrSNKLeMgpASP59kHiu2WceUGI70f4AXuBxB70GRDfxce+XXIqzgR4nrg5KaEcNd/+8roxTSWLgAqiddt1EuhkRAGngo2KXqpZQuiA9Fjb0IhIpjvZ5I0RPjJKF4exMhUBnqi/JzIitR7K4CSQplkS6OtZeyz+57VTCC86GY+SFFhEp7vCVGCI8TgW3OWKURBDQwhV3JyLaZ8oQsGEVzQ5uLNfz5PGacV1Ku7NWal6mSdSQPvoEJWRi85RFV2jGqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBV2pgo</latexit>

p2(x|✓2)
<latexit sha1_base64="hwhLdIkQu/Ndt27Mt4WobckopTY=">AAACCXicbVBNS8NAEN3Ur1q/qh5FWCxCBSlJEfRY9OKxgv2ApoTNdtMu3U3C7kQssSeP/hKP6kW8+hs8+G/ctjlo64OBx3szzMzzY8E12Pa3lVtaXlldy68XNja3tneKu3tNHSWKsgaNRKTaPtFM8JA1gINg7VgxIn3BWv7wauK37pjSPApvYRSzriT9kAecEjCSVzyMvWoZp64f4PsxfsCuL7ELAwbEq+ITr1iyK/YUeJE4GSmhDHWv+OX2IppIFgIVROuOY8fQTYkCTgUbF9xEs5jQIemzjqEhkUx30+kbY3xslB4OImUqBDxVf0+kRGo9kv6pL02zJDDQ8/ZE/M/rJBBcdFMexgmwkM52BYnAEOFJLLjHFaMgRoYQqrg5F9MBUYSCCa9gcnDmv14kzWrFsSvOzVmpdpklkkcH6AiVkYPOUQ1dozpqIIoe0TN6RW/Wk/VivVsfs9aclc3soz+wPn8AWQSYKg==</latexit><latexit sha1_base64="hwhLdIkQu/Ndt27Mt4WobckopTY=">AAACCXicbVBNS8NAEN3Ur1q/qh5FWCxCBSlJEfRY9OKxgv2ApoTNdtMu3U3C7kQssSeP/hKP6kW8+hs8+G/ctjlo64OBx3szzMzzY8E12Pa3lVtaXlldy68XNja3tneKu3tNHSWKsgaNRKTaPtFM8JA1gINg7VgxIn3BWv7wauK37pjSPApvYRSzriT9kAecEjCSVzyMvWoZp64f4PsxfsCuL7ELAwbEq+ITr1iyK/YUeJE4GSmhDHWv+OX2IppIFgIVROuOY8fQTYkCTgUbF9xEs5jQIemzjqEhkUx30+kbY3xslB4OImUqBDxVf0+kRGo9kv6pL02zJDDQ8/ZE/M/rJBBcdFMexgmwkM52BYnAEOFJLLjHFaMgRoYQqrg5F9MBUYSCCa9gcnDmv14kzWrFsSvOzVmpdpklkkcH6AiVkYPOUQ1dozpqIIoe0TN6RW/Wk/VivVsfs9aclc3soz+wPn8AWQSYKg==</latexit><latexit sha1_base64="hwhLdIkQu/Ndt27Mt4WobckopTY=">AAACCXicbVBNS8NAEN3Ur1q/qh5FWCxCBSlJEfRY9OKxgv2ApoTNdtMu3U3C7kQssSeP/hKP6kW8+hs8+G/ctjlo64OBx3szzMzzY8E12Pa3lVtaXlldy68XNja3tneKu3tNHSWKsgaNRKTaPtFM8JA1gINg7VgxIn3BWv7wauK37pjSPApvYRSzriT9kAecEjCSVzyMvWoZp64f4PsxfsCuL7ELAwbEq+ITr1iyK/YUeJE4GSmhDHWv+OX2IppIFgIVROuOY8fQTYkCTgUbF9xEs5jQIemzjqEhkUx30+kbY3xslB4OImUqBDxVf0+kRGo9kv6pL02zJDDQ8/ZE/M/rJBBcdFMexgmwkM52BYnAEOFJLLjHFaMgRoYQqrg5F9MBUYSCCa9gcnDmv14kzWrFsSvOzVmpdpklkkcH6AiVkYPOUQ1dozpqIIoe0TN6RW/Wk/VivVsfs9aclc3soz+wPn8AWQSYKg==</latexit><latexit sha1_base64="hwhLdIkQu/Ndt27Mt4WobckopTY=">AAACCXicbVBNS8NAEN3Ur1q/qh5FWCxCBSlJEfRY9OKxgv2ApoTNdtMu3U3C7kQssSeP/hKP6kW8+hs8+G/ctjlo64OBx3szzMzzY8E12Pa3lVtaXlldy68XNja3tneKu3tNHSWKsgaNRKTaPtFM8JA1gINg7VgxIn3BWv7wauK37pjSPApvYRSzriT9kAecEjCSVzyMvWoZp64f4PsxfsCuL7ELAwbEq+ITr1iyK/YUeJE4GSmhDHWv+OX2IppIFgIVROuOY8fQTYkCTgUbF9xEs5jQIemzjqEhkUx30+kbY3xslB4OImUqBDxVf0+kRGo9kv6pL02zJDDQ8/ZE/M/rJBBcdFMexgmwkM52BYnAEOFJLLjHFaMgRoYQqrg5F9MBUYSCCa9gcnDmv14kzWrFsSvOzVmpdpklkkcH6AiVkYPOUQ1dozpqIIoe0TN6RW/Wk/VivVsfs9aclc3soz+wPn8AWQSYKg==</latexit>

p3(x|✓3)
<latexit sha1_base64="yyLuqNddpD36wtb2fe7a5rCGgK8=">AAACCXicbVDLSsNAFJ3UV62vqEsRBotQQUpiBV0W3bisYB/QlDCZTtqhM0mYuRFL7MqlX+JS3Yhbv8GFf+P0sdDqgQuHc+7l3nuCRHANjvNl5RYWl5ZX8quFtfWNzS17e6eh41RRVqexiFUrIJoJHrE6cBCslShGZCBYMxhcjv3mLVOax9ENDBPWkaQX8ZBTAkby7f3Er5Rw5gUhvhvhe+wFEnvQZ0D8Cj7y7aJTdibAf4k7I0U0Q823P71uTFPJIqCCaN12nQQ6GVHAqWCjgpdqlhA6ID3WNjQikulONnljhA+N0sVhrExFgCfqz4mMSK2HMjgOpGmWBPp63h6L/3ntFMLzTsajJAUW0emuMBUYYjyOBXe5YhTE0BBCFTfnYtonilAw4RVMDu78139J46TsOmX3+rRYvZglkkd76ACVkIvOUBVdoRqqI4oe0BN6Qa/Wo/VsvVnv09acNZvZRb9gfXwDXC6YLA==</latexit><latexit sha1_base64="yyLuqNddpD36wtb2fe7a5rCGgK8=">AAACCXicbVDLSsNAFJ3UV62vqEsRBotQQUpiBV0W3bisYB/QlDCZTtqhM0mYuRFL7MqlX+JS3Yhbv8GFf+P0sdDqgQuHc+7l3nuCRHANjvNl5RYWl5ZX8quFtfWNzS17e6eh41RRVqexiFUrIJoJHrE6cBCslShGZCBYMxhcjv3mLVOax9ENDBPWkaQX8ZBTAkby7f3Er5Rw5gUhvhvhe+wFEnvQZ0D8Cj7y7aJTdibAf4k7I0U0Q823P71uTFPJIqCCaN12nQQ6GVHAqWCjgpdqlhA6ID3WNjQikulONnljhA+N0sVhrExFgCfqz4mMSK2HMjgOpGmWBPp63h6L/3ntFMLzTsajJAUW0emuMBUYYjyOBXe5YhTE0BBCFTfnYtonilAw4RVMDu78139J46TsOmX3+rRYvZglkkd76ACVkIvOUBVdoRqqI4oe0BN6Qa/Wo/VsvVnv09acNZvZRb9gfXwDXC6YLA==</latexit><latexit sha1_base64="yyLuqNddpD36wtb2fe7a5rCGgK8=">AAACCXicbVDLSsNAFJ3UV62vqEsRBotQQUpiBV0W3bisYB/QlDCZTtqhM0mYuRFL7MqlX+JS3Yhbv8GFf+P0sdDqgQuHc+7l3nuCRHANjvNl5RYWl5ZX8quFtfWNzS17e6eh41RRVqexiFUrIJoJHrE6cBCslShGZCBYMxhcjv3mLVOax9ENDBPWkaQX8ZBTAkby7f3Er5Rw5gUhvhvhe+wFEnvQZ0D8Cj7y7aJTdibAf4k7I0U0Q823P71uTFPJIqCCaN12nQQ6GVHAqWCjgpdqlhA6ID3WNjQikulONnljhA+N0sVhrExFgCfqz4mMSK2HMjgOpGmWBPp63h6L/3ntFMLzTsajJAUW0emuMBUYYjyOBXe5YhTE0BBCFTfnYtonilAw4RVMDu78139J46TsOmX3+rRYvZglkkd76ACVkIvOUBVdoRqqI4oe0BN6Qa/Wo/VsvVnv09acNZvZRb9gfXwDXC6YLA==</latexit><latexit sha1_base64="yyLuqNddpD36wtb2fe7a5rCGgK8=">AAACCXicbVDLSsNAFJ3UV62vqEsRBotQQUpiBV0W3bisYB/QlDCZTtqhM0mYuRFL7MqlX+JS3Yhbv8GFf+P0sdDqgQuHc+7l3nuCRHANjvNl5RYWl5ZX8quFtfWNzS17e6eh41RRVqexiFUrIJoJHrE6cBCslShGZCBYMxhcjv3mLVOax9ENDBPWkaQX8ZBTAkby7f3Er5Rw5gUhvhvhe+wFEnvQZ0D8Cj7y7aJTdibAf4k7I0U0Q823P71uTFPJIqCCaN12nQQ6GVHAqWCjgpdqlhA6ID3WNjQikulONnljhA+N0sVhrExFgCfqz4mMSK2HMjgOpGmWBPp63h6L/3ntFMLzTsajJAUW0emuMBUYYjyOBXe5YhTE0BBCFTfnYtonilAw4RVMDu78139J46TsOmX3+rRYvZglkkd76ACVkIvOUBVdoRqqI4oe0BN6Qa/Wo/VsvVnv09acNZvZRb9gfXwDXC6YLA==</latexit>

· · ·<latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit>
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Model Misspecification* 

•  Consider                                 for all       is allowed 

Statistical 
Model 

Real World 
Behavior 

 
–  Distance between          and              may be bounded away from zero 

•  What can be said about limits of parameter estimation? 
–  How well can we expect to do? 

✓

q(x)

q(x)

*S. Fortunati, F. Gini, M. S. Greco, and C. D. Richmond, IEEE Signal Processing Magazine, 
vol. 34, no. 6, pp. 142–157, Nov 2017. 

p(x|✓)
<latexit sha1_base64="gTmqov7LBIrNgEKuvMixGZ3rwdo="></latexit><latexit sha1_base64="gTmqov7LBIrNgEKuvMixGZ3rwdo="></latexit><latexit sha1_base64="gTmqov7LBIrNgEKuvMixGZ3rwdo="></latexit><latexit sha1_base64="gTmqov7LBIrNgEKuvMixGZ3rwdo="></latexit>

x ⇠ q(x) 6= p(x|✓)
<latexit sha1_base64="inm7JEuxoIvFh+suO6Jj8BPEmJE="></latexit><latexit sha1_base64="inm7JEuxoIvFh+suO6Jj8BPEmJE="></latexit><latexit sha1_base64="inm7JEuxoIvFh+suO6Jj8BPEmJE="></latexit><latexit sha1_base64="inm7JEuxoIvFh+suO6Jj8BPEmJE="></latexit>

p(x|✓)
<latexit sha1_base64="gTmqov7LBIrNgEKuvMixGZ3rwdo="></latexit><latexit sha1_base64="gTmqov7LBIrNgEKuvMixGZ3rwdo="></latexit><latexit sha1_base64="gTmqov7LBIrNgEKuvMixGZ3rwdo="></latexit><latexit sha1_base64="gTmqov7LBIrNgEKuvMixGZ3rwdo="></latexit>

p(x|✓A)
<latexit sha1_base64="ewsxRG6ZQdnhJL3DQ/7dw8Q1yAc="></latexit><latexit sha1_base64="ewsxRG6ZQdnhJL3DQ/7dw8Q1yAc="></latexit><latexit sha1_base64="ewsxRG6ZQdnhJL3DQ/7dw8Q1yAc="></latexit><latexit sha1_base64="ewsxRG6ZQdnhJL3DQ/7dw8Q1yAc="></latexit>
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Misspecified Cramér-Rao Bound (MCRB) 

True:                                 ,   Assumed:  
•  Consider complex data       with distributions: 

**Richmond and Horowitz, IEEE T-SP, Vol. 63, No. 9, May 2015 
*Parameters      can be real and/or complex.  Wirtinger calculus used. 

x̃ ⇠ p(x̃|✓) = CN (µ(✓), R̃)
<latexit sha1_base64="dmWLCGcXYuhZYdpkDcSqY8WSsXM="></latexit><latexit sha1_base64="dmWLCGcXYuhZYdpkDcSqY8WSsXM="></latexit><latexit sha1_base64="dmWLCGcXYuhZYdpkDcSqY8WSsXM="></latexit><latexit sha1_base64="dmWLCGcXYuhZYdpkDcSqY8WSsXM="></latexit>

x̃ ⇠ q(x̃) = CN (d, R̃)
<latexit sha1_base64="X7YLLIHULC+j56XhrtcnKIWzJuM="></latexit><latexit sha1_base64="X7YLLIHULC+j56XhrtcnKIWzJuM="></latexit><latexit sha1_base64="X7YLLIHULC+j56XhrtcnKIWzJuM="></latexit><latexit sha1_base64="X7YLLIHULC+j56XhrtcnKIWzJuM="></latexit>

x̃
<latexit sha1_base64="zy2Y4i8fNH+DyFpZgtjBKxjRaG8="></latexit><latexit sha1_base64="zy2Y4i8fNH+DyFpZgtjBKxjRaG8="></latexit><latexit sha1_base64="zy2Y4i8fNH+DyFpZgtjBKxjRaG8="></latexit><latexit sha1_base64="zy2Y4i8fNH+DyFpZgtjBKxjRaG8="></latexit>

–  Mean is parameterized and                  for all      is allowed* µ(✓) 6= d
<latexit sha1_base64="kQzVtSfWnWe9QIWWqgqiK7taXB0="></latexit><latexit sha1_base64="kQzVtSfWnWe9QIWWqgqiK7taXB0="></latexit><latexit sha1_base64="kQzVtSfWnWe9QIWWqgqiK7taXB0="></latexit><latexit sha1_base64="kQzVtSfWnWe9QIWWqgqiK7taXB0="></latexit>

✓
<latexit sha1_base64="fmaAHymD6qpRiyLohkKuqBo+g2Y=">AAACMXicbZDPSgMxEMaz/q31X6tHL8EieJCyK4Iei148VrC22F0kSadtaJJdklmhlL6FV30Jn8abePUlTOsetPrBwMdvZpjh45mSDsPwLVhaXlldWy9tlDe3tnd2K9W9O5fmVkBLpCq1Hc4cKGmghRIVdDILTHMFbT66mvXbj2CdTM0tjjNINBsY2ZeCoUf3Mdc0xiEge6jUwno4F/1rosLUSKHmQzWoxr1U5BoMCsWc60ZhhsmEWZRCwbQc5w4yJkZsAF1vDdPgksn85Sk98qRH+6n1ZZDO6c+NCdPOjTU/4doPa4ZDt9iewf963Rz7F8lEmixHMOL7Vj9XFFM6i4D2pAWBauwNE1b6d6kYMssE+qB+XeE8Vb3pAtILQJ/k2cACjKZlH2K0GNlfc3daj8J6dHNWa1wWcZbIATkkxyQi56RBrkmTtIgghjyRZ/ISvAZvwXvw8T26FBQ7++SXgs8vypKpng==</latexit><latexit sha1_base64="fmaAHymD6qpRiyLohkKuqBo+g2Y=">AAACMXicbZDPSgMxEMaz/q31X6tHL8EieJCyK4Iei148VrC22F0kSadtaJJdklmhlL6FV30Jn8abePUlTOsetPrBwMdvZpjh45mSDsPwLVhaXlldWy9tlDe3tnd2K9W9O5fmVkBLpCq1Hc4cKGmghRIVdDILTHMFbT66mvXbj2CdTM0tjjNINBsY2ZeCoUf3Mdc0xiEge6jUwno4F/1rosLUSKHmQzWoxr1U5BoMCsWc60ZhhsmEWZRCwbQc5w4yJkZsAF1vDdPgksn85Sk98qRH+6n1ZZDO6c+NCdPOjTU/4doPa4ZDt9iewf963Rz7F8lEmixHMOL7Vj9XFFM6i4D2pAWBauwNE1b6d6kYMssE+qB+XeE8Vb3pAtILQJ/k2cACjKZlH2K0GNlfc3daj8J6dHNWa1wWcZbIATkkxyQi56RBrkmTtIgghjyRZ/ISvAZvwXvw8T26FBQ7++SXgs8vypKpng==</latexit><latexit sha1_base64="fmaAHymD6qpRiyLohkKuqBo+g2Y=">AAACMXicbZDPSgMxEMaz/q31X6tHL8EieJCyK4Iei148VrC22F0kSadtaJJdklmhlL6FV30Jn8abePUlTOsetPrBwMdvZpjh45mSDsPwLVhaXlldWy9tlDe3tnd2K9W9O5fmVkBLpCq1Hc4cKGmghRIVdDILTHMFbT66mvXbj2CdTM0tjjNINBsY2ZeCoUf3Mdc0xiEge6jUwno4F/1rosLUSKHmQzWoxr1U5BoMCsWc60ZhhsmEWZRCwbQc5w4yJkZsAF1vDdPgksn85Sk98qRH+6n1ZZDO6c+NCdPOjTU/4doPa4ZDt9iewf963Rz7F8lEmixHMOL7Vj9XFFM6i4D2pAWBauwNE1b6d6kYMssE+qB+XeE8Vb3pAtILQJ/k2cACjKZlH2K0GNlfc3daj8J6dHNWa1wWcZbIATkkxyQi56RBrkmTtIgghjyRZ/ISvAZvwXvw8T26FBQ7++SXgs8vypKpng==</latexit><latexit sha1_base64="fmaAHymD6qpRiyLohkKuqBo+g2Y=">AAACMXicbZDPSgMxEMaz/q31X6tHL8EieJCyK4Iei148VrC22F0kSadtaJJdklmhlL6FV30Jn8abePUlTOsetPrBwMdvZpjh45mSDsPwLVhaXlldWy9tlDe3tnd2K9W9O5fmVkBLpCq1Hc4cKGmghRIVdDILTHMFbT66mvXbj2CdTM0tjjNINBsY2ZeCoUf3Mdc0xiEge6jUwno4F/1rosLUSKHmQzWoxr1U5BoMCsWc60ZhhsmEWZRCwbQc5w4yJkZsAF1vDdPgksn85Sk98qRH+6n1ZZDO6c+NCdPOjTU/4doPa4ZDt9iewf963Rz7F8lEmixHMOL7Vj9XFFM6i4D2pAWBauwNE1b6d6kYMssE+qB+XeE8Vb3pAtILQJ/k2cACjKZlH2K0GNlfc3daj8J6dHNWa1wWcZbIATkkxyQi56RBrkmTtIgghjyRZ/ISvAZvwXvw8T26FBQ7++SXgs8vypKpng==</latexit>

•  Define                                �µ(✓)
4
= d� µ(✓)

<latexit sha1_base64="gKA6xctpchzraVeQWNxCv4c/VXo="></latexit><latexit sha1_base64="gKA6xctpchzraVeQWNxCv4c/VXo="></latexit><latexit sha1_base64="gKA6xctpchzraVeQWNxCv4c/VXo="></latexit><latexit sha1_base64="gKA6xctpchzraVeQWNxCv4c/VXo="></latexit>

[C(✓)]
i,k

4
= �


@µ⇤(✓)

@✓⇤
i

�T
R̃�1 @µ(✓)

@✓k
�

@µ⇤(✓)

@✓k

�T
R̃�1 @µ(✓)

@✓⇤
i

+


@2µ⇤(✓)

@✓⇤
i
@✓k

�T
R̃�1�µ(✓) + �µH(✓)R̃�1 @

2µ(✓)

@✓⇤
i
@✓k

<latexit sha1_base64="VCCHKUgexZzalemD1soRCyvQcnY="></latexit><latexit sha1_base64="VCCHKUgexZzalemD1soRCyvQcnY="></latexit><latexit sha1_base64="VCCHKUgexZzalemD1soRCyvQcnY="></latexit><latexit sha1_base64="VCCHKUgexZzalemD1soRCyvQcnY="></latexit>

✓
<latexit sha1_base64="fmaAHymD6qpRiyLohkKuqBo+g2Y=">AAACMXicbZDPSgMxEMaz/q31X6tHL8EieJCyK4Iei148VrC22F0kSadtaJJdklmhlL6FV30Jn8abePUlTOsetPrBwMdvZpjh45mSDsPwLVhaXlldWy9tlDe3tnd2K9W9O5fmVkBLpCq1Hc4cKGmghRIVdDILTHMFbT66mvXbj2CdTM0tjjNINBsY2ZeCoUf3Mdc0xiEge6jUwno4F/1rosLUSKHmQzWoxr1U5BoMCsWc60ZhhsmEWZRCwbQc5w4yJkZsAF1vDdPgksn85Sk98qRH+6n1ZZDO6c+NCdPOjTU/4doPa4ZDt9iewf963Rz7F8lEmixHMOL7Vj9XFFM6i4D2pAWBauwNE1b6d6kYMssE+qB+XeE8Vb3pAtILQJ/k2cACjKZlH2K0GNlfc3daj8J6dHNWa1wWcZbIATkkxyQi56RBrkmTtIgghjyRZ/ISvAZvwXvw8T26FBQ7++SXgs8vypKpng==</latexit><latexit sha1_base64="fmaAHymD6qpRiyLohkKuqBo+g2Y=">AAACMXicbZDPSgMxEMaz/q31X6tHL8EieJCyK4Iei148VrC22F0kSadtaJJdklmhlL6FV30Jn8abePUlTOsetPrBwMdvZpjh45mSDsPwLVhaXlldWy9tlDe3tnd2K9W9O5fmVkBLpCq1Hc4cKGmghRIVdDILTHMFbT66mvXbj2CdTM0tjjNINBsY2ZeCoUf3Mdc0xiEge6jUwno4F/1rosLUSKHmQzWoxr1U5BoMCsWc60ZhhsmEWZRCwbQc5w4yJkZsAF1vDdPgksn85Sk98qRH+6n1ZZDO6c+NCdPOjTU/4doPa4ZDt9iewf963Rz7F8lEmixHMOL7Vj9XFFM6i4D2pAWBauwNE1b6d6kYMssE+qB+XeE8Vb3pAtILQJ/k2cACjKZlH2K0GNlfc3daj8J6dHNWa1wWcZbIATkkxyQi56RBrkmTtIgghjyRZ/ISvAZvwXvw8T26FBQ7++SXgs8vypKpng==</latexit><latexit sha1_base64="fmaAHymD6qpRiyLohkKuqBo+g2Y=">AAACMXicbZDPSgMxEMaz/q31X6tHL8EieJCyK4Iei148VrC22F0kSadtaJJdklmhlL6FV30Jn8abePUlTOsetPrBwMdvZpjh45mSDsPwLVhaXlldWy9tlDe3tnd2K9W9O5fmVkBLpCq1Hc4cKGmghRIVdDILTHMFbT66mvXbj2CdTM0tjjNINBsY2ZeCoUf3Mdc0xiEge6jUwno4F/1rosLUSKHmQzWoxr1U5BoMCsWc60ZhhsmEWZRCwbQc5w4yJkZsAF1vDdPgksn85Sk98qRH+6n1ZZDO6c+NCdPOjTU/4doPa4ZDt9iewf963Rz7F8lEmixHMOL7Vj9XFFM6i4D2pAWBauwNE1b6d6kYMssE+qB+XeE8Vb3pAtILQJ/k2cACjKZlH2K0GNlfc3daj8J6dHNWa1wWcZbIATkkxyQi56RBrkmTtIgghjyRZ/ISvAZvwXvw8T26FBQ7++SXgs8vypKpng==</latexit><latexit sha1_base64="fmaAHymD6qpRiyLohkKuqBo+g2Y=">AAACMXicbZDPSgMxEMaz/q31X6tHL8EieJCyK4Iei148VrC22F0kSadtaJJdklmhlL6FV30Jn8abePUlTOsetPrBwMdvZpjh45mSDsPwLVhaXlldWy9tlDe3tnd2K9W9O5fmVkBLpCq1Hc4cKGmghRIVdDILTHMFbT66mvXbj2CdTM0tjjNINBsY2ZeCoUf3Mdc0xiEge6jUwno4F/1rosLUSKHmQzWoxr1U5BoMCsWc60ZhhsmEWZRCwbQc5w4yJkZsAF1vDdPgksn85Sk98qRH+6n1ZZDO6c+NCdPOjTU/4doPa4ZDt9iewf963Rz7F8lEmixHMOL7Vj9XFFM6i4D2pAWBauwNE1b6d6kYMssE+qB+XeE8Vb3pAtILQJ/k2cACjKZlH2K0GNlfc3daj8J6dHNWa1wWcZbIATkkxyQi56RBrkmTtIgghjyRZ/ISvAZvwXvw8T26FBQ7++SXgs8vypKpng==</latexit>

J(✓)
4
=

✓
@µ⇤(✓)

@✓⇤

◆
R̃�1

✓
@µ(✓)

@✓

◆T

+

✓
@µ(✓)

@✓⇤

◆
(R̃�1)⇤

✓
@µ⇤(✓)

@✓

◆T

<latexit sha1_base64="MPRVcS2p1SdtnraVuyFBByDBnFc="></latexit><latexit sha1_base64="MPRVcS2p1SdtnraVuyFBByDBnFc="></latexit><latexit sha1_base64="MPRVcS2p1SdtnraVuyFBByDBnFc="></latexit><latexit sha1_base64="MPRVcS2p1SdtnraVuyFBByDBnFc="></latexit>

, and matrices:   

The MCRB is given by**: 

Eq

n
(b✓ � ✓A)(b✓ � ✓A)

H

o
� C�1(✓A)J(✓A)C

�1(✓A)
<latexit sha1_base64="Zxf+m9BvKcNGWok2ymWK3VWej3E="></latexit><latexit sha1_base64="Zxf+m9BvKcNGWok2ymWK3VWej3E="></latexit><latexit sha1_base64="Zxf+m9BvKcNGWok2ymWK3VWej3E="></latexit><latexit sha1_base64="Zxf+m9BvKcNGWok2ymWK3VWej3E="></latexit>

•  Let                                        and                   . Eq{b✓} = ✓A
<latexit sha1_base64="xLYbktl/AitsLfDEx0R6u6QycI0="></latexit><latexit sha1_base64="xLYbktl/AitsLfDEx0R6u6QycI0="></latexit><latexit sha1_base64="xLYbktl/AitsLfDEx0R6u6QycI0="></latexit><latexit sha1_base64="xLYbktl/AitsLfDEx0R6u6QycI0="></latexit>

✓A
4
= argmin

✓
D(qx̃ || px̃|✓)

<latexit sha1_base64="0hCTNUEW4eb0bsFOI33DNRGHrb0="></latexit><latexit sha1_base64="0hCTNUEW4eb0bsFOI33DNRGHrb0="></latexit><latexit sha1_base64="0hCTNUEW4eb0bsFOI33DNRGHrb0="></latexit><latexit sha1_base64="0hCTNUEW4eb0bsFOI33DNRGHrb0="></latexit>
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Classes of Cramér-Rao Lower Bounds 

 Cramér-Rao Bound 
(CRB) 

(Continuous parameters) 

Constrained CRB 
(CCRB) 

(Side information can be used 
for discrete comm. signals ) 

Misspecified CRB 
(MCRB) 

(CRB under model 
misspecification) 

Constrained Misspecified 
CRB (CMCRB) 

(Comm. signals under model 
misspecification) 

S. Fortunati, F. Gini, M.S. Greco,  
IEEE Signal Processing Letters, vol.23, no. 5, 2016. 

C.D. Richmond and L.L. Horowitz,  
IEEE Trans. Sig. Proc., May 2015. 

P. Stoica and B.C. Ng, IEEE Signal   
Processing Letters, July 1998. 

Sadler, Kozick, and Moore, IEEE Trans. 
On Sig. Proc., vol. 49, no. 4, 2001. 

Q.H. Vuong,, Division Humanities 
Soc. Sci., Caltech, Oct 1986.  

A.K. Jagannatham and B. D. Rao,  
IEEE Signal Processing Letters, Nov 2004. 

S. Fortunati, F. Gini, M. S. Greco, and C. D. Richmond,  
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Outline 
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•  Akshay’s discussion 
•  Closing remarks 
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Akshay Outline 

•  Introduction 
•  Communications Data Model 
•  Constrained Misspecified Cramer-Rao Bound 
•  Numerical Results 
•  Summary 
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Introduction 

•  Model Misspecification 

–  Bounds on accuracy in estimating parameter    .     

Real World 
Behavior 

Statistical  
Model 

q(x)
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✓
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Introduction 

•  GOAL: Develop bounds on parameter estimation performance    
    in a communication link under model misspecification. 

•  Model misspecification:  Assumed model          True Model  

•  Cramer-Rao bound             CONTINUOUS PARAMETER. 

•  PROBLEM:  
   Communication signals                Discrete symbols 

      (Finite parameter space) 

 

6=
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Cramer-Rao Lower Bound 

 Cramer-Rao Bound 
(CRB) 

(Continuous parameters) 

Constrained CRB 
(CCRB) 

(Side information can be used 
for discrete comm. signals ) 

Misspecified CRB 
(MCRB) 

(CRB under model 
misspecification) 

Constrained Misspecified 
CRB (CMCRB) 

(Comm. signals under model 
misspecification) 

S. Fortunati, F. Gini, M.S. Greco,  
IEEE Signal Processing Letters, vol.23, no. 5, 2016. 

C.D. Richmond and L.L. Horowitz,  
IEEE Trans. Sig. Proc., May 2015. 

P. Stoica and B.C. Ng, IEEE Signal   
Processing Letters, July 1998. 
Sadler, Kozick, and Moore, IEEE Trans. 
On Sig. Proc., vol. 49, no. 4, 2001. 

Q.H. Vuong,, Division Humanities 
Soc. Sci., Caltech, Oct 1986.  
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Akshay Outline 

•  Introduction 
•  Communications Data Model 
•  Constrained Misspecified Cramer-Rao Bound 
•  Numerical Results 
•  Summary 
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•   sensors and    sources. 

•    : Angles of arrival,                 
•    : Channel gains, 
•         : Steering vectors 
 
•        : Comm. signal from 
            source   at time   ,  

Flat-fading Data Model 

l
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<latexit sha1_base64="zDb7zw0jKVRDj5gDbUl/pM5ejvs=">AAAB73icbVBNS8NAEJ34WetX1aOXxVbwVJIK6rHgxWMF+wFtKJvtpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94CThfkSHSoSCUbRSp9JLRqIvKv1S2a26c5BV4uWkDDka/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtoQvOWXV0mrVvUuq7X7Wrl+lcdRgFM4gwvw4BrqcAcNaAIDCc/wCm/Oo/PivDsfi9Y1J585gT9wPn8AR6aPbQ==</latexit>

↵i
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•  Flat-fading model: Channel gains            constant over time,  
      Received signal        :                                     (                   ) 
 
  

↵i(t) = ↵i
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x2(t)
<latexit sha1_base64="fOnRcv0idAJbmmf52orlckWJ2yo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXpbdKuix4MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz249UaSbFvZkkNIjxULCIEWys1Hrq16rmvF+ueK43B1olfk4qkKPRL3/1BpKkMRWGcKx11/cSE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroOMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C+/vEpaNde/cGt3l5W6m8dRhBM4hSr4cAV1uIUGNIHAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+lvo50</latexit>

xl(t)
<latexit sha1_base64="sZmAMiv0qNNyaOTp6BzoxA4ZPc0=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQL8tuFfRY8OKxgv2AdinZNNvGZpMlmRXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Ob2Z++5Fpw5W8h0nCgpgMJY84JWCl1lNfVOG8X654rjcHXiV+TiooR6Nf/uoNFE1jJoEKYkzX9xIIMqKBU8GmpV5qWELomAxZ11JJYmaCbH7tFJ9ZZYAjpW1JwHP190RGYmMmcWg7YwIjs+zNxP+8bgrRdZBxmaTAJF0silKBQeHZ63jANaMgJpYQqrm9FdMR0YSCDahkQ/CXX14lrZrrX7i1u8tK3c3jKKITdIqqyEdXqI5uUQM1EUUP6Bm9ojdHOS/Ou/OxaC04+cwx+gPn8wf+VI6u</latexit>

x(t) =
kX

i=1

a(�i)↵isi(t) = A(�)�(↵)s(t)
<latexit sha1_base64="3Bj/iXqWWGpK1xLQsJGbk+vQaQw="></latexit>

x(t) =
kX

i=1

a(�i)↵isi(t) + n(t) = A(�)�(↵)s(t) + n(t)
<latexit sha1_base64="VY6Y7TqH/ODkhLs/nUmRKG4E+rQ="></latexit>

CN (0,R)
<latexit sha1_base64="5xiOmx8WeT9/bnSHcuv3CGoOMqM=">AAACDnicbVC7TsMwFHXKq5RXgJEloq1UJFQlZYCxUhcmVBB9SE1UOY7TWnWcyHaQqihfwMKvsDCAECszG3+Dk2aAliPZOj7nXvne40aUCGma31ppbX1jc6u8XdnZ3ds/0A+P+iKMOcI9FNKQD10oMCUM9ySRFA8jjmHgUjxwZ53MHzxgLkjI7uU8wk4AJ4z4BEGppLFet92QegGU05qd3QjSpHOTNszz/On6yV16VhvrVbNp5jBWiVWQKijQHetftheiOMBMIgqFGFlmJJ0EckkQxWnFjgWOIJrBCR4pymCAhZPk66RGXSme4YdcHSaNXP3dkcBAiHngqspsRrHsZeJ/3iiW/pWTEBbFEjO0+MiPqSFDI8vG8AjHSNK5IhBxomY10BRyiKRKsKJCsJZXXiX9VtO6aLZuW9W2WcRRBifgFDSABS5BG1yDLugBBB7BM3gFb9qT9qK9ax+L0pJW9ByDP9A+fwA5xJuA</latexit>

� =
⇥
�1, . . . ,�k

⇤T
<latexit sha1_base64="FjhkpvCEHTToQHSn3lbCzvz8U7c="></latexit>

↵ =
⇥
↵1, . . . ,↵k

⇤T
<latexit sha1_base64="/pik3lqx3R2IMw06f3oZ71KDWrU="></latexit>

s(t) =
⇥
s1(t), . . . , sk(t)

⇤T
<latexit sha1_base64="bA1I1FG5e6D7hvBli7j7Ov26CXw="></latexit>

↵1
<latexit sha1_base64="UICwQDovupOa7TBKm2z7HYHwRfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Ae0oUy2m3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38399hNTmsfy0UwT5kc4lDzkFI2VOj0UyQj7Xr9ccavuAmSdeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNiv1Us0SpGMcsq6lEiOm/Wxx74xcWGVAwljZkoYs1N8TGUZaT6PAdkZoRnrVm4v/ed3UhLd+xmWSGibpclGYCmJiMn+eDLhi1IipJUgVt7cSOkKF1NiISjYEb/XlddKqVb2rau3hulJ38ziKcAbncAke3EAd7qEBTaAg4Ble4c2ZOC/Ou/OxbC04+cwp/IHz+QOwtY+u</latexit>

↵2
<latexit sha1_base64="lVV3Utg8lcDOn+Lrps+4VmOkrYI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Ae0oUy2m3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38399hNTmsfy0UwT5kc4lDzkFI2VOj0UyQj7tX654lbdBcg68XJSgRyNfvmrN4hpGjFpqECtu56bGD9DZTgVbFbqpZolSMc4ZF1LJUZM+9ni3hm5sMqAhLGyJQ1ZqL8nMoy0nkaB7YzQjPSqNxf/87qpCW/9jMskNUzS5aIwFcTEZP48GXDFqBFTS5Aqbm8ldIQKqbERlWwI3urL66RVq3pX1drDdaXu5nEU4QzO4RI8uIE63EMDmkBBwDO8wpszcV6cd+dj2Vpw8plT+APn8weyOY+v</latexit>

↵k
<latexit sha1_base64="pnIRzNvNqRUK+ozl093P8RQLYLM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Ae0oUy2m3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38399hNTmsfy0UwT5kc4lDzkFI2VOj0UyQj743654lbdBcg68XJSgRyNfvmrN4hpGjFpqECtu56bGD9DZTgVbFbqpZolSMc4ZF1LJUZM+9ni3hm5sMqAhLGyJQ1ZqL8nMoy0nkaB7YzQjPSqNxf/87qpCW/9jMskNUzS5aIwFcTEZP48GXDFqBFTS5Aqbm8ldIQKqbERlWwI3urL66RVq3pX1drDdaXu5nEU4QzO4RI8uIE63EMDmkBBwDO8wpszcV6cd+dj2Vpw8plT+APn8wcIrI/o</latexit>

=)
<latexit sha1_base64="x8Q4XddvBp/cgj906EVz0/o6Hks=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ie0oWy2k3bpbhJ2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4dua3n1BpHkcPZpKgL+kw4iFn1Fjpscel3YK61C9X3Ko7B1klXk4qkKPRL3/1BjFLJUaGCap113MT42dUGc4ETku9VGNC2ZgOsWtpRCVqP5sfPCVnVhmQMFa2IkPm6u+JjEqtJzKwnZKakV72ZuJ/Xjc14bWf8ShJDUZssShMBTExmX1PBlwhM2JiCWWK21sJG1FFmbEZzULwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExhIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP3rikDE=</latexit>
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•    

       

•      such snapshots are stacked to form the data vector    . 

•     
 
 
      

  

x(t) =

2

6664

x1(t)
x2(t)
...

xl(t)

3

7775
=

2

66664
a(�1) · · · a(�k)

3

77775
·

2

66664

↵1 0 · · · 0

0 ↵2

...
...

. . . 0
0 · · · 0 ↵k

3

77775
·

2

6664

s1(t)
s2(t)
...

sk(t)

3

7775
+

2

64
n1(t)
...

nl(t)

3

75 = A(�)�(↵)s(t)

<latexit sha1_base64="hGOw7mIC1BUU5QKq12IAeHFn0ys="></latexit>

Flat-fading Data Model 

l ⇥ 1
<latexit sha1_base64="g/Jam6jCXkDS7atc/nQgeXx0yJo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXEhJ6kKXBTcuK9gHNKFMJtN26GQSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xuc7/7SKVisXjQ04T6ER4JNmQEayMN7BMviHkYYT2uceRpFlGF3NrArjp1Zw60StyCVKFAa2B/eWFM0ogKTThWqu86ifYzLDUjnM4qXqpogskEj2jfUIHNHT+bx5+hc6OEaBhL84RGc/X3RoYjpaZRYCbzoGrZy8X/vH6qhzd+xkSSairI4tAw5UjHKO8ChUxSovnUEEwkM1kRGWOJiTaNVUwJ7vKXV0mnUXev6o37RrV5WdRRhlM4gwtw4RqacActaAOBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8A4iiUsw==</latexit> l ⇥ k

<latexit sha1_base64="nVlUFAwsy8TZwAxQpZz9JAjTJ+w=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXEhJ6kKXBTcuK9gHNKFMJpN26GQSZiZCCQV/xY0LRdz6He78GydtF9p6YOBwzr3cMydIOVPacb6t0tr6xuZWebuys7u3f2AfHnVUkklC2yThiewFWFHOBG1rpjntpZLiOOC0G4xvC7/7SKViiXjQk5T6MR4KFjGCtZEG9okXJDyMsR7VOPI0i6lC49rArjp1Zwa0StwFqcICrYH95YUJyWIqNOFYqb7rpNrPsdSMcDqteJmiKSZjPKR9QwU2d/x8Fn+Kzo0SoiiR5gmNZurvjRzHSk3iwEwWQdWyV4j/ef1MRzd+zkSaaSrI/FCUcaQTVHSBQiYp0XxiCCaSmayIjLDERJvGKqYEd/nLq6TTqLtX9cZ9o9q8XNRRhlM4gwtw4RqacActaAOBHJ7hFd6sJ+vFerc+5qMla7FzDH9gff4AOlmU7Q==</latexit> k ⇥ k
<latexit sha1_base64="LjPEd7UU4lm1FQqjSYawiM8rDiY=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKLqQkdaHLghuXFewDmlAmk0k7ZDITZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydIGVXacb6tytr6xuZWdbu2s7u3f2AfHvWUyCQmXSyYkIMAKcIoJ11NNSODVBKUBIz0g/i28PuPRCoq+IOepsRP0JjTiGKkjTSyT7xAsDBBetKIoadpQhSMGyO77jSdOeAqcUtSByU6I/vLCwXOEsI1Zkipoeuk2s+R1BQzMqt5mSIpwjEak6GhHJk7fj6PP4PnRglhJKR5XMO5+nsjR4lS0yQwk0VQtewV4n/eMNPRjZ9TnmaacLw4FGUMagGLLmBIJcGaTQ1BWFKTFeIJkghr01jNlOAuf3mV9FpN96rZum/V25dlHVVwCs7ABXDBNWiDO9ABXYBBDp7BK3iznqwX6936WIxWrHLnGPyB9fkDOMuU7A==</latexit>

k ⇥ 1
<latexit sha1_base64="sGDfaa+ZuHU7qJO1oJIp6A9NDo8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKLqQkdaHLghuXFewDmlAmk0k7dDIJMzdCCQV/xY0LRdz6He78GydtF9p6YOBwzr3cMydIBdfgON9WaW19Y3OrvF3Z2d3bP7APjzo6yRRlbZqIRPUCopngkrWBg2C9VDESB4J1g/Ft4XcfmdI8kQ8wSZkfk6HkEacEjDSwT7wgEWFMYFQbYw94zDR2awO76tSdGfAqcRekihZoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq14mWYpoWMyZH1DJTF3/HwWf4rPjRLiKFHmScAz9fdGTmKtJ3FgJougetkrxP+8fgbRjZ9zmWbAJJ0fijKBIcFFFzjkilEQE0MIVdxkxXREFKFgGquYEtzlL6+STqPuXtUb941q83JRRxmdojN0gVx0jZroDrVQG1GUo2f0it6sJ+vFerc+5qMla7FzjP7A+vwB4JqUsg==</latexit>

x̃
<latexit sha1_base64="z6PiiBksonTwu3dbyLIZgAjyJuY=">AAACBnicbVC7TsMwFHXKq5RXgBEhWbRITFVSBjpWYmEsEn1ITVQ5jtNadezIdhBV1ImFX2FhACFWvoGNv8FpM0DLkSwdn3Ov7r0nSBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ACnCKCcdTTUj/UQSFAeM9ILJde737olUVPA7PU2IH6MRpxHFSBtpaJ96gWBhjPS45mnKQpJ5+SeIsofZrDa0q07dmQOuErcgVVCgPbS/vFDgNCZcY4aUGrhOov0MSU0xI7OKlyqSIDxBIzIwlKOYKD+bnzGD50YJYSSkeVzDufq7I0OxUtM4MJX5jmrZy8X/vEGqo6afUZ6kmnC8GBSlDGoB80xgSCXBmk0NQVhSsyvEYyQR1ia5ignBXT55lXQbdfey3rhtVFvNIo4yOAFn4AK44Aq0wA1ogw7A4BE8g1fwZj1ZL9a79bEoLVlFzzH4A+vzB+AImVg=</latexit>

l ⇥ 1
<latexit sha1_base64="g/Jam6jCXkDS7atc/nQgeXx0yJo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXEhJ6kKXBTcuK9gHNKFMJtN26GQSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xuc7/7SKVisXjQ04T6ER4JNmQEayMN7BMviHkYYT2uceRpFlGF3NrArjp1Zw60StyCVKFAa2B/eWFM0ogKTThWqu86ifYzLDUjnM4qXqpogskEj2jfUIHNHT+bx5+hc6OEaBhL84RGc/X3RoYjpaZRYCbzoGrZy8X/vH6qhzd+xkSSairI4tAw5UjHKO8ChUxSovnUEEwkM1kRGWOJiTaNVUwJ7vKXV0mnUXev6o37RrV5WdRRhlM4gwtw4RqacActaAOBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8A4iiUsw==</latexit>

N
<latexit sha1_base64="yk+ywvRzMutBnBoqUZiWMIaBOlE=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mqUI8FL56kgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeN5305pY3Nre6e86+7tHxweVY5POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2G09vc7z5RpVksH80soYHAY8kiRrDJpXvXdYeVqlfzFkDrxC9IFQq0hpWvwSgmqaDSEI617vteYoIMK8MIp3N3kGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJroJMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbTx6Cv/ryOunUa/5Vrf5wXW02ijjKcAbncAk+NKAJd9CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFB0Y0H</latexit>

x̃ =

2

64
x(1)
...

x(N)

3

75 =

2

64
A(�)�(↵)s(1)

...
A(�)�(↵)s(N)

3

75+

2

64
n(1)
...

n(N)

3

75 = µ+ ñ

<latexit sha1_base64="msc6WsQ5QJ75rbPIDAv5rOpWqzU="></latexit>

= A(�)�(↵)s(t) + n(t)
<latexit sha1_base64="GVBHQILBiP6BnJJhG90lNWBENL8="></latexit>

CN (0, IN ⌦R)
<latexit sha1_base64="KtRKHPgISAl9NTrpUVBaACBkYq8="></latexit>

= R̃
<latexit sha1_base64="0Vdvy7rCXK8iXOF/ycIBf7C5FqA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRV0I1QcOOyin1AE8pkMmmHTiZhZiKEUH/FjQtF3Poh7vwbJ20W2npg4HDOvdwzx08Ylcq2v43K2vrG5lZ1u7azu7d/YB4e9WScCky6OGaxGPhIEkY56SqqGBkkgqDIZ6TvT28Kv/9IhKQxf1BZQrwIjTkNKUZKSyOzfu0qygKSuxFSEz/M72ezkdmwm/Yc1ipxStKAEp2R+eUGMU4jwhVmSMqhYyfKy5FQFDMyq7mpJAnCUzQmQ005ioj08nn4mXWqlcAKY6EfV9Zc/b2Ro0jKLPL1ZBFRLnuF+J83TFV45eWUJ6kiHC8OhSmzVGwVTVgBFQQrlmmCsKA6q4UnSCCsdF81XYKz/OVV0ms1nfNm6+6i0XbKOqpwDCdwBg5cQhtuoQNdwJDBM7zCm/FkvBjvxsditGKUO3X4A+PzBzk1lRc=</latexit>

x̃ ⇠ CN (µ, R̃)
<latexit sha1_base64="gE2SCV5YrOAWI59fwONrHopkDBU="></latexit>

CN (0,R)
<latexit sha1_base64="/cq0tor8pp1WX4jQ2bCR3Pi0ToM=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSJWkJJUoS4L3biSKvYBTSiTyaQdOsmEmYlQQj7Bjb/ixoUibl2682+cpFlo64VhDufcyz33uBElQprmt1ZaWV1b3yhvVra2d3b39P2DnmAxR7iLGGV84EKBKQlxVxJJ8SDiGAYuxX132s70/gPmgrDwXs4i7ARwHBKfICgVNdJP7QDKCYI0ad+kNdtl1BOzQH2JmZ7nmusnd+nZSK+adTMvYxlYBaiCojoj/cv2GIoDHEpEoRBDy4ykk0AuCaI4rdixwBFEUzjGQwVDGGDhJPlBqXGiGM/wGVcvlEbO/p5IYCAym6ozsygWtYz8TxvG0r9yEhJGscQhmi/yY2pIZmTpGB7hGEk6UwAiTpRXA00gh0iqDCsqBGvx5GXQa9Sti3rj9rLaahZxlMEROAY1YIEmaIFr0AFdgMAjeAav4E170l60d+1j3lrSiplD8Ke0zx8dWJ05</latexit>

2

6664

n1(t)
n2(t)
...

nl(t)

3

7775

<latexit sha1_base64="2su6or2qc0FlsW3/53L90Xl77Ck=">AAACKHicbZBNS8NAEIY3fhu/oh69BIugl5JUQW8WvHhUsLbQlLLZTOviZhN2J8US+nO8+Fe8iCji1V/iNg2irS8sPLwzw868YSq4Rs/7tObmFxaXlldW7bX1jc0tZ3vnVieZYtBgiUhUK6QaBJfQQI4CWqkCGocCmuH9xbjeHIDSPJE3OEyhE9O+5D3OKBqr65wHIfS5zMOYouIPI1t2/UM8CgIDtQkEgyhBXTjCOHYAMvrp7zoVr+oVcmfBL6FCSl11ndcgSlgWg0QmqNZt30uxk1OFnAkY2UGmIaXsnvahbVDSGHQnLw4duQfGidxeosyT6Bbu74mcxloP49B0mv3u9HRtbP5Xa2fYO+vkXKYZgmSTj3qZcDFxx6m5EVfAUAwNUKa42dVld1RRhiZb24TgT588C7e1qn9crV2fVOp+GccK2SP75JD45JTUySW5Ig3CyCN5Jm/k3XqyXqwP63PSOmeVM7vkj6yvbw0VpVE=</latexit>

= A(�)�(↵)s(t) + n(t)
<latexit sha1_base64="GVBHQILBiP6BnJJhG90lNWBENL8="></latexit>

= A(�)�(↵)s(t) + n(t)
<latexit sha1_base64="GVBHQILBiP6BnJJhG90lNWBENL8="></latexit>
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Akshay Outline 

•  Introduction 
•  Communications Data Model 
•  Constrained Misspecified Cramer-Rao Bound 
•  Numerical Results 
•  Summary 
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Cramer-Rao Lower Bound 

  1. Cramer-Rao Bound 
(CRB) 

(Continuous parameters) 

3. Constrained CRB 
(CCRB) 

(Side information can be used 
for discrete comm. signals ) 

4.Constrained Misspecified 
CRB (CMCRB) 

(Comm. signals under model 
misspecification) 

S. Fortunati, F. Gini, M.S. Greco, “The constrained misspecified  
Cramer-Rao bound”, IEEE Signal Processing Letters, vol.23, no. 5, 2016. 

2. Misspecified CRB 
(MCRB) 

(CRB under model 
misspecification) 
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                                                       . 

•      
              Only the mean is characterized by    .                                                

•    Unconstrained Fisher Information Matrix (FIM)  

 
•     Cramer-Rao Bound: 

Unconstrained Cramer-Rao Bound 
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Cramer-Rao Lower Bound 

  1. Cramer-Rao Bound 
(CRB) 

(Continuous parameters) 

3. Constrained CRB 
(CCRB) 

(Side information can be used 
for discrete comm. signals ) 

2. Misspecified CRB 
(MCRB) 

(CRB under model 
misspecification) 

4.Constrained Misspecified 
CRB (CMCRB) 

(Comm. signals under model 
misspecification) 
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•  Assumed flat-fading model:  

•  True data model:                                      

•  Complexified Misspecified Fisher Information Matrix (MFIM)   

 
 

   

for      assumed to be known and correct (same as  
unconstrained FIM for this case). 

Misspecified Cramer-Rao Bound 
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Misspecified Cramer-Rao Bound 

•  Complexified Average Hessian 

•  Misspecified CRB 
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Cramer-Rao Lower Bound 

  1. Cramer-Rao Bound 
(CRB) 

(Continuous parameters) 

3. Constrained CRB 
(CCRB) 

(Side information can be used 
for discrete comm. signals ) 

4. Constrained Misspecified 
CRB (CMCRB) 

(Comm. signals under model 
misspecification) 

S. Fortunati, F. Gini, M.S. Greco, “The constrained misspecified  
Cramer-Rao bound”, IEEE Signal Processing Letters, vol.23, no. 5, 2016. 

2. Misspecified CRB 
(MCRB) 

(CRB under model 
misspecification) 
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1.  Given      constraints on    :  

2.  Gradient matrix          : 
 
3.  There exists a unitary matrix      such that 

4.  CCRB 

 
    
 

Constrained Cramer-Rao Bound 
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Cramer-Rao Lower Bound 

  1. Cramer-Rao Bound 
(CRB) 

(Continuous parameters) 

4.Constrained Misspecified 
CRB (CMCRB) 

(Comm. signals under model 
misspecification) 

S. Fortunati, F. Gini, M.S. Greco, “The constrained misspecified  
Cramer-Rao bound”, IEEE Signal Processing Letters, vol.23, no. 5, 2016. 

2. Misspecified CRB 
(MCRB) 

(CRB under model 
misspecification) 

3. Constrained CRB 
(CCRB) 

(Side information can be used 
for discrete comm. signals ) 
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Constrained Misspecified  
Cramer-Rao Bound 

•  Misspecified CRB (MCRB): 

•  Constrained CRB (CCRB): 

•  Constrained Misspecified CRB (CMCRB):   

E
⇣

✓̂ � ✓A

⌘⇣
✓̂ � ✓A

⌘H
�
� C�1(✓A)J(✓A)C

�1(✓A)
<latexit sha1_base64="jXKWiGjhcz4z1rhsuZ8/p34pCcs="></latexit>

E
⇣

✓̂ � ✓
⌘⇣

✓̂ � ✓
⌘H

�
� U(UHJ(✓)U)�1UH

<latexit sha1_base64="cmSdxl6LjvXgz+FX8/HUAAYjTqY="></latexit>

E
⇣

✓̂ � ✓A

⌘⇣
✓̂ � ✓A

⌘H
�
� U(UHC(✓A)U)�1UH

⇥ J(✓A)U(UHC(✓A)U)�1UH

<latexit sha1_base64="l6ZzHpykyxf1yq+kyTsPrmevPjw="></latexit>
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Akshay Outline 

•  Introduction 
•  Communications Data Model 
•  Constrained Misspecified Cramer-Rao Bound 
•  Numerical Results 
•  Summary 
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•  Single source                        

•  Angle of arrival                
 
•  Uniform Linear Array   

   with 5 sensors 
 
•  BPSK modulation with  
   equal probability  

•  White Gaussian Noise                       

Simulation Setup 

l = 5
<latexit sha1_base64="dVB7liKja7bmfHRWJqBy+OpOBa0=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KklV6kUoePFYwX5AG8pmO2mX7m7C7kYopX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbHgxrrut7O2vrG5tV3YKe7u7R8clo6OWyZKNMMmi0SkOwE1KLjCpuVWYCfWSGUgsB2M7zK//YTa8Eg92kmMvqRDxUPOqM0kcXtd7JfKbsWdg6wSLydlyNHol756g4glEpVlghrT9dzY+lOqLWcCZ8VeYjCmbEyH2E2pohKNP53fOiPnqTIgYaTTUpbM1d8TUyqNmcgg7ZTUjsyyl4n/ed3Ehjf+lKs4sajYYlGYCGIjkj1OBlwjs2KSEso0T28lbEQ1ZTaNJwvBW355lbSqFe+yUn24KtdreRwFOIUzuAAPalCHe2hAExiM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AH+rI2D</latexit>

k = 1
<latexit sha1_base64="dcM1TGN8gUX708gvKTWjxQgvYwo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqUC9CwYvHCvYD2lA222m7dHcTdjdCCf0LXjwo4tU/5M1/Y9LmoK0PBh7vzTAzL4gEN9Z1v53CxubW9k5xt7S3f3B4VD4+aZsw1gxbLBSh7gbUoOAKW5Zbgd1II5WBwE4wvcv8zhNqw0P1aGcR+pKOFR9xRm0mTW+90qBccavuAmSdeDmpQI7moPzVH4YslqgsE9SYnudG1k+otpwJnJf6scGIsikdYy+liko0frK4dU4uUmVIRqFOS1myUH9PJFQaM5NB2impnZhVLxP/83qxHd34CVdRbFGx5aJRLIgNSfY4GXKNzIpZSijTPL2VsAnVlNk0niwEb/XlddKuVb2rau3hutKo53EU4QzO4RI8qEMD7qEJLWAwgWd4hTdHOi/Ou/OxbC04+cwp/IHz+QP3EY1+</latexit>

�1 = 0
<latexit sha1_base64="xYgdmvRBL5AeopVhEt1M4wYtK0w=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFIjZCwMYygvnA5Ah7m02yZG/v2J0TwpF/YWOhiK3/xs5/4ya5QhMfDDzem2FmXhBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZko0Yw3WSQj3Qmo4VIo3kSBkndizWkYSN4OJrdzv/3EtRGResBpzP2QjpQYCkbRSo/lXjwWfe/GLfeLJbfiLkDWiZeREmRo9ItfvUHEkpArZJIa0/XcGP2UahRM8lmhlxgeUzahI961VNGQGz9dXDwjF1YZkGGkbSkkC/X3REpDY6ZhYDtDimOz6s3F/7xugsNrPxUqTpArtlw0TCTBiMzfJwOhOUM5tYQyLeythI2ppgxtSAUbgrf68jppVSveVaV6Xy3Va1kceTiDc7gED2pQhztoQBMYKHiGV3hzjPPivDsfy9ack82cwh84nz/nQY+3</latexit>

�<latexit sha1_base64="BoxrZ/9xVx7bKw1YLcf9Zk3lTfQ=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBmwsYxgPjA5w95mL1myt3fszgnhyL+wsVDE1n9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbG6x0nC/YgOlQgFo2ilh8pj1mNCs2mlXyq7VXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fziKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3icDoTlDObGEMi3srYSNqKYMbUhFG4K3/PIqadWq3mW1dlcr12t5HAU4hTO4AA+uoA630IAmMFDwDK/w5hjnxXl3Phata04+cwJ/4Hz+AP+ukGs=</latexit>

s1(t) = ±1
<latexit sha1_base64="jx3ACzEtILX2LUTgPYM6R1sFoRQ=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6wwMaExMYSE0ESuJC9ZQ827O6du3sk5MLvsLHQGFt/jJ3/xgWuUPAlk7y8N5OZeUHMmTau++3kNja3tnfyu4W9/YPDo+LxSVtHiSK0RSIeqU6ANeVM0pZhhtNOrCgWAaePwfh27j9OqNIskg9mGlNf4KFkISPYWMkv675XMZc3vVh45X6x5FbdBdA68TJSggzNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrz2UybjxFBJlovChCMToXkCaMAUJYZPLcFEMXsrIiOsMDE2p4INwVt9eZ20a1Xvqlq7r5Ua9SyOPJzBOVTAgzo04A6a0AICT/AMr/DmTJwX5935WLbmnGzmFP7A+fwBoR+Qqg==</latexit>

R̃ = �2I
<latexit sha1_base64="USDaaByUI2ezAbdpk4LqnoziMeU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclaQKdSMU3Oiuin1AE8tkMmmHTiZhZiKUkC9w46+4caGIW9fu/BsnbQRtPXDhcM693HuPFzMqlWV9GUvLK6tr66WN8ubW9s6uubffkVEiMGnjiEWi5yFJGOWkrahipBcLgkKPka43vsj97j0Rkkb8Vk1i4oZoyGlAMVJaGphVR1Hmk9QJkRp5QXqTZeeOpMMQ3dV/tKtsYFasmjUFXCR2QSqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkZSeRJEZ4jIakrylHIZFuOn0ng1Wt+DCIhC6u4FT9PZGiUMpJ6OnO/EI57+Xif14/UcGZm1IeJ4pwPFsUJAyqCObZQJ8KghWbaIKwoPpWiEdIIKx0gmUdgj3/8iLp1Gv2Sa1+fVppNoo4SuAQHIFjYIMGaIJL0AJtgMEDeAIv4NV4NJ6NN+N91rpkFDMH4A+Mj29Re5zd</latexit>

, t = 1, . . . , N = 100
<latexit sha1_base64="wG6rms5LQXg1rDuw9t8tDopEXSI=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFclDJThYpQKLhxJRXsA9qhZNK0Dc1khuSOMAz1V9y4UMStH+LOvzFtZ6GtBwKHc+7h3hw/ElyD43xba+sbm1vbuZ387t7+waF9dNzSYawoa9JQhKrjE80El6wJHATrRIqRwBes7U9uZn77kSnNQ/kAScS8gIwkH3JKwEh9u1DqXWOouaXeIARduqu5jtO3i07ZmQOvEjcjRZSh0be/TJrGAZNABdG66zoReClRwKlg03wv1iwidEJGrGuoJAHTXjo/forPjDLAw1CZJwHP1d+JlARaJ4FvJgMCY73szcT/vG4Mwysv5TKKgUm6WDSMBYYQz5rAA64YBZEYQqji5lZMx0QRCqavvCnBXf7yKmlVyu5FuXJ/WaxXszpy6ASdonPkoiqqo1vUQE1EUYKe0St6s56sF+vd+liMrllZpoD+wPr8AXrEkrA=</latexit>

�1 = 0
<latexit sha1_base64="xYgdmvRBL5AeopVhEt1M4wYtK0w=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFIjZCwMYygvnA5Ah7m02yZG/v2J0TwpF/YWOhiK3/xs5/4ya5QhMfDDzem2FmXhBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZko0Yw3WSQj3Qmo4VIo3kSBkndizWkYSN4OJrdzv/3EtRGResBpzP2QjpQYCkbRSo/lXjwWfe/GLfeLJbfiLkDWiZeREmRo9ItfvUHEkpArZJIa0/XcGP2UahRM8lmhlxgeUzahI961VNGQGz9dXDwjF1YZkGGkbSkkC/X3REpDY6ZhYDtDimOz6s3F/7xugsNrPxUqTpArtlw0TCTBiMzfJwOhOUM5tYQyLeythI2ppgxtSAUbgrf68jppVSveVaV6Xy3Va1kceTiDc7gED2pQhztoQBMYKHiGV3hzjPPivDsfy9ack82cwh84nz/nQY+3</latexit>

�
<latexit sha1_base64="BoxrZ/9xVx7bKw1YLcf9Zk3lTfQ=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBmwsYxgPjA5w95mL1myt3fszgnhyL+wsVDE1n9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbG6x0nC/YgOlQgFo2ilh8pj1mNCs2mlXyq7VXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fziKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3icDoTlDObGEMi3srYSNqKYMbUhFG4K3/PIqadWq3mW1dlcr12t5HAU4hTO4AA+uoA630IAmMFDwDK/w5hjnxXl3Phata04+cwJ/4Hz+AP+ukGs=</latexit>

Source  

ULA with 5 elements 

x2(t)
<latexit sha1_base64="FiO2aIypDMu/sDOhbWKeef8+h4w=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMePEYwTwgWcLsZDYZMzu7zPSKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rUeujYjVPY4T7kd0oEQoGEUrNZ961TKe94olt+LOQVaJl5ESZKj3il/dfszSiCtkkhrT8dwE/QnVKJjk00I3NTyhbEQHvGOpohE3/mR+7ZScWaVPwljbUkjm6u+JCY2MGUeB7YwoDs2yNxP/8zophtf+RKgkRa7YYlGYSoIxmb1O+kJzhnJsCWVa2FsJG1JNGdqACjYEb/nlVdKsVryLSvXuslRzszjycAKnUAYPrqAGt1CHBjB4gGd4hTcndl6cd+dj0Zpzsplj+APn8wemWI52</latexit>

x1(t)
<latexit sha1_base64="Pr79ALE3wY8kLnaqaTXxxlAfwS0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMePEYwTwgWcLsZDYZMzu7zPSKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rUeujYjVPY4T7kd0oEQoGEUrNZ96XhnPe8WSW3HnIKvEy0gJMtR7xa9uP2ZpxBUySY3peG6C/oRqFEzyaaGbGp5QNqID3rFU0YgbfzK/dkrOrNInYaxtKSRz9ffEhEbGjKPAdkYUh2bZm4n/eZ0Uw2t/IlSSIldssShMJcGYzF4nfaE5Qzm2hDIt7K2EDammDG1ABRuCt/zyKmlWK95FpXp3Waq5WRx5OIFTKIMHV1CDW6hDAxg8wDO8wpsTOy/Ou/OxaM052cwx/IHz+QOk0Y51</latexit>

x3(t)
<latexit sha1_base64="VQfOLD+BK4cpxwIPIbMUzQCzXTs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewmgh4DXjxGMA9IljA7mU3GzO4sM71iCPkHLx4U8er/ePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4aVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpGNzO/9ci1ESq+x3HC/YgOYhEKRtFKzadetYQXvULRLbtzkFXiZaQIGeq9wle3r1ga8RiZpMZ0PDdBf0I1Cib5NN9NDU8oG9EB71ga04gbfzK/dkrOrdInodK2YiRz9ffEhEbGjKPAdkYUh2bZm4n/eZ0Uw2t/IuIkRR6zxaIwlQQVmb1O+kJzhnJsCWVa2FsJG1JNGdqA8jYEb/nlVdKslL1quXJ3Way5WRw5OIUzKIEHV1CDW6hDAxg8wDO8wpujnBfn3flYtK452cwJ/IHz+QOn3453</latexit>

x4(t)
<latexit sha1_base64="ZwFSkkyXJDsBjs5arAnG2lREy40=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJezGgB4DXjxGMA9IljA7mU3GzO4sM71iCPkHLx4U8er/ePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4aVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpGNzO/9ci1ESq+x3HC/YgOYhEKRtFKzadetYQXvULRLbtzkFXiZaQIGeq9wle3r1ga8RiZpMZ0PDdBf0I1Cib5NN9NDU8oG9EB71ga04gbfzK/dkrOrdInodK2YiRz9ffEhEbGjKPAdkYUh2bZm4n/eZ0Uw2t/IuIkRR6zxaIwlQQVmb1O+kJzhnJsCWVa2FsJG1JNGdqA8jYEb/nlVdKslL3LcuWuWqy5WRw5OIUzKIEHV1CDW6hDAxg8wDO8wpujnBfn3flYtK452cwJ/IHz+QOpZo54</latexit>

x5(t)
<latexit sha1_base64="UphheWGlYY8Jy8+LLxnD2691fx4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2HXB3oMePEYwTwgWcLsZDYZMzu7zPSKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eRWVtfWN/Kbha3tnd294v5Bw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn6zUeujYjVPY4S7ke0r0QoGEUrNZ66l2U87RZLbsWdgSwTLyMlyFDrFr86vZilEVfIJDWm7bkJ+mOqUTDJJ4VOanhC2ZD2edtSRSNu/PHs2gk5sUqPhLG2pZDM1N8TYxoZM4oC2xlRHJhFbyr+57VTDK/9sVBJilyx+aIwlQRjMn2d9ITmDOXIEsq0sLcSNqCaMrQBFWwI3uLLy6RxVvHOK2d3F6Wqm8WRhyM4hjJ4cAVVuIUa1IHBAzzDK7w5sfPivDsf89ack80cwh84nz+q7Y55</latexit>

s1(t) = ±1
<latexit sha1_base64="jx3ACzEtILX2LUTgPYM6R1sFoRQ=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6wwMaExMYSE0ESuJC9ZQ827O6du3sk5MLvsLHQGFt/jJ3/xgWuUPAlk7y8N5OZeUHMmTau++3kNja3tnfyu4W9/YPDo+LxSVtHiSK0RSIeqU6ANeVM0pZhhtNOrCgWAaePwfh27j9OqNIskg9mGlNf4KFkISPYWMkv675XMZc3vVh45X6x5FbdBdA68TJSggzNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrz2UybjxFBJlovChCMToXkCaMAUJYZPLcFEMXsrIiOsMDE2p4INwVt9eZ20a1Xvqlq7r5Ua9SyOPJzBOVTAgzo04A6a0AICT/AMr/DmTJwX5935WLbmnGzmFP7A+fwBoR+Qqg==</latexit>
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Model Misspecification – 
Dynamic Channel 

Assumed Model:  
Constant channel gains 

True Model:  
Time-varying channel gains 

↵1
<latexit sha1_base64="h6hQTux1FG9E//fU4r0N83/YNMI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqUI8FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2Vun0UyRgH3qBccavuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx74xcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDd+xmWSGibpclGYCmJiMn+eDLli1IipJUgVt7cSOkaF1NiISjYEb/XlddKuVb2rau3+utKo53EU4QzO4RI8qEMD7qAJLaAg4Ble4c15dF6cd+dj2Vpw8plT+APn8wey0I+1</latexit>

↵1
<latexit sha1_base64="h6hQTux1FG9E//fU4r0N83/YNMI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqUI8FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2Vun0UyRgH3qBccavuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx74xcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDd+xmWSGibpclGYCmJiMn+eDLli1IipJUgVt7cSOkaF1NiISjYEb/XlddKuVb2rau3+utKo53EU4QzO4RI8qEMD7qAJLaAg4Ble4c15dF6cd+dj2Vpw8plT+APn8wey0I+1</latexit>

↵1
<latexit sha1_base64="h6hQTux1FG9E//fU4r0N83/YNMI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqUI8FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2Vun0UyRgH3qBccavuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx74xcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDd+xmWSGibpclGYCmJiMn+eDLli1IipJUgVt7cSOkaF1NiISjYEb/XlddKuVb2rau3+utKo53EU4QzO4RI8qEMD7qAJLaAg4Ble4c15dF6cd+dj2Vpw8plT+APn8wey0I+1</latexit>

↵̃1(1)
<latexit sha1_base64="Q1z//6hH9089etJI1vYXrvUpIDE=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahXkpShXosePFYwbZCE8Jks2mXbjZhdyOEUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZF6SMSmXb30ZlY3Nre6e6W9vbPzg8Mo9PBjLJBCZ9nLBEPAQgCaOc9BVVjDykgkAcMDIMpjdzf/hIhKQJv1d5SrwYxpxGFIPSkm/WXUVZSAoXWDqBme80nQvfbNgtewFrnTglaaASPd/8csMEZzHhCjOQcuTYqfIKEIpiRmY1N5MkBTyFMRlpyiEm0isWx8+sc62EVpQIXVxZC/X3RAGxlHkc6M4Y1ESuenPxP2+UqejaKyhPM0U4Xi6KMmapxJonYYVUEKxYrglgQfWtFp6AAKx0XjUdgrP68joZtFvOZat9d9Xodso4qugUnaEmclAHddEt6qE+wihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDnhJQ8</latexit>

↵̃1(2)
<latexit sha1_base64="Ra+zt1dZ0v174KJBGPfy8Egb9Rs=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahXkpShXosePFYwbZCE8JmM2mXbjZhdyOEUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZF6SMSmXb30ZlY3Nre6e6W9vbPzg8Mo9PBjLJBIE+SVgiHgIsgVEOfUUVg4dUAI4DBsNgejP3h48gJE34vcpT8GI85jSiBCst+WbdVZSFULiYpRM8851m+8I3G3bLXsBaJ05JGqhEzze/3DAhWQxcEYalHDl2qrwCC0UJg1nNzSSkmEzxGEaachyD9IrF8TPrXCuhFSVCF1fWQv09UeBYyjwOdGeM1USuenPxP2+UqejaKyhPMwWcLBdFGbNUYs2TsEIqgCiWa4KJoPpWi0ywwETpvGo6BGf15XUyaLecy1b77qrR7ZRxVNEpOkNN5KAO6qJb1EN9RFCOntErejOejBfj3fhYtlaMcqaO/sD4/AHpCZQ9</latexit>

↵̃1(N)
<latexit sha1_base64="7mCfP+hMubgyt3lX9/pVmTH1H3k=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahXkpShXosePEkFewHNCFsNtt26WYTdidCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeUHCmQLb/jZKG5tb2zvl3cre/sHhkXl80lNxKgntkpjHchBgRTkTtAsMOB0kkuIo4LQfTG/mfv+RSsVi8QBZQr0IjwUbMYJBS75ZdYHxkOYu5skEz3ynfnfhmzW7YS9grROnIDVUoOObX24YkzSiAgjHSg0dOwEvxxIY4XRWcVNFE0ymeEyHmgocUeXli+Nn1rlWQmsUS10CrIX6eyLHkVJZFOjOCMNErXpz8T9vmMLo2suZSFKggiwXjVJuQWzNk7BCJikBnmmCiWT6VotMsMQEdF4VHYKz+vI66TUbzmWjeX9Va7eKOMroFJ2hOnJQC7XRLeqgLiIoQ8/oFb0ZT8aL8W58LFtLRjFTRX9gfP4AE6SUWQ==</latexit>

t = 1
<latexit sha1_base64="BP6U3NRYB7tSwkASQzZqCSCU13o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV6kUoePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9IA3Xr9UdivuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVrzLSvX+qlyv5XEU4BTO4AI8qEEd7qABTWAwhGd4hTdHOi/Ou/OxaF1z8pkT+APn8wfP3o1z</latexit>

t = 2
<latexit sha1_base64="eNov1ku3OpdEVMUs0mt22ea+i9s=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV6kUoePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9IA31X6p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzU6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTpFG0I3vLLq6RVrXiXler9Vbley+MowCmcwQV4UIM63EEDmsBgCM/wCm+OdF6cd+dj0brm5DMn8AfO5w/RYo10</latexit> t = N

<latexit sha1_base64="LqxIXSftyoZYSL0NRRT1sgJ7a8g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGIV6EgBdPEtE8IFnC7GQ2GTI7u8z0CiHkE7x4UMSrX+TNv3GS7EETCxqKqm66u4JECoOu++3k1tY3Nrfy24Wd3b39g+LhUdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+a0nro2I1SOOE+5HdKBEKBhFKz3g9V2vWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5qdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2J45U+ESlLkii0WhakkGJPZ36QvNGcox5ZQpoW9lbAh1ZShTadgQ/CWX14lzUrZuyhX7i9LtWoWRx5O4BTOwYMq1OAW6tAABgN4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/+9KNkA==</latexit>

t = 1
<latexit sha1_base64="BP6U3NRYB7tSwkASQzZqCSCU13o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV6kUoePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9IA3Xr9UdivuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVrzLSvX+qlyv5XEU4BTO4AI8qEEd7qABTWAwhGd4hTdHOi/Ou/OxaF1z8pkT+APn8wfP3o1z</latexit>

t = 2
<latexit sha1_base64="eNov1ku3OpdEVMUs0mt22ea+i9s=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV6kUoePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9IA31X6p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzU6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTpFG0I3vLLq6RVrXiXler9Vbley+MowCmcwQV4UIM63EEDmsBgCM/wCm+OdF6cd+dj0brm5DMn8AfO5w/RYo10</latexit>

t = N
<latexit sha1_base64="LqxIXSftyoZYSL0NRRT1sgJ7a8g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGIV6EgBdPEtE8IFnC7GQ2GTI7u8z0CiHkE7x4UMSrX+TNv3GS7EETCxqKqm66u4JECoOu++3k1tY3Nrfy24Wd3b39g+LhUdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+a0nro2I1SOOE+5HdKBEKBhFKz3g9V2vWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5qdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2J45U+ESlLkii0WhakkGJPZ36QvNGcox5ZQpoW9lbAh1ZShTadgQ/CWX14lzUrZuyhX7i9LtWoWRx5O4BTOwYMq1OAW6tAABgN4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/+9KNkA==</latexit>

Receiver Receiver 
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Model Misspecification –  
Dynamic Channel 

•  Assumed model                               (Constant Channel Gain) 

•  True Model          Channel Gains Vary with time 

   
     

↵1(t) = ↵1
<latexit sha1_base64="S0E32NOQevMVayj38TX5gVAJUBM=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFqJuSVKFuhIIblxXsBdoQJtNJO3QyCTMToYSCr+LGhSJufQ53vo3TNoK2/jDw8Z9zOGf+IOFMacf5slZW19Y3Ngtbxe2d3b19++CwpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdDOttx+oVCwW93qcUC/CA8FCRrA2lm8f9zBPhth3y/r8+oeRb5ecijMTWgY3hxLkavj2Z68fkzSiQhOOleq6TqK9DEvNCKeTYi9VNMFkhAe0a1DgiCovm50/QWfG6aMwluYJjWbu74kMR0qNo8B0RlgP1WJtav5X66Y6vPIyJpJUU0Hmi8KUIx2jaRaozyQlmo8NYCKZuRWRIZaYaJNY0YTgLn55GVrVintRqd5dluq1PI4CnMAplMGFGtThFhrQBAIZPMELvFqP1rP1Zr3PW1esfOYI/sj6+AZ50pR8</latexit>

x̃ ⇠ CN (µ(✓), R̃) = px̃|✓
<latexit sha1_base64="w7rMKSvn5O3nwBvXXvX/04McsnQ="></latexit>

x̃ ⇠ CN (d, R̃) = qx̃
<latexit sha1_base64="hwrWR9YUrLmvyxjqNG29oAl6zuM="></latexit>

✓A = arg min D(qx̃ || px̃|✓)
<latexit sha1_base64="PU6eWy1jBDoajCexN+jS6UdXVNQ="></latexit>

✓
<latexit sha1_base64="3EJGJa3TmD8N41eIEPUAZTSB6UI=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYvEVCVloGMlFsYi0YfURJXjOK1Vx47sG0RV9VdYGECIlR9h429I2gzQciRLR+fcq3t8gkRwA47zbZW2tnd298r7lYPDo+MT+7TaMyrVlHWpEkoPAmKY4JJ1gYNgg0QzEgeC9YPpbe73H5k2XMkHmCXMj8lY8ohTApk0sqteoEQYE5jUPZgwIPXKyK45DWcJvEncgtRQgc7I/vJCRdOYSaCCGDN0nQT8OdHAqWCLipcalhA6JWM2zKgkMTP+fJl9gS8zJcSR0tmTgJfq7405iY2ZxUE2mac0614u/ucNU4ha/pzLJAUm6epQlAoMCudF4JBrRkHMMkKo5llWTCdEEwpZXXkJ7vqXN0mv2XCvG837Zq3dKuooo3N0ga6Qi25QG92hDuoiip7QM3pFb9bCerHerY/VaMkqds7QH1ifPxCkk8I=</latexit>

d =

2

64
↵̃1(1)s1(1)a(�1)

...
↵̃1(N)s1(N)a(�1)

3

75

<latexit sha1_base64="rz6r8HT4RooVPWqEnhuOIC4q8Oc="></latexit>

µ(✓) =

2

64
↵1s1(1)a(�1)

...
↵1s1(N)a(�1)

3

75

<latexit sha1_base64="u/2RY0MAKbVZVw7vHPPuSAXek8k="></latexit>



CoE Meeting - 34 
CDR  01/11/21 

Model Misspecification –  
Dynamic Channel 

•  It can be shown that 

 

•    

•    

✓A =
⇥
s1(1), . . . , s1(N), s⇤1(1), . . . , s

⇤
1(N),↵1,A,↵⇤

1,A,�1,A
⇤T

<latexit sha1_base64="UHcDtmIcWdXw9lOVeTxffVOQdxY="></latexit>

�1,A = arg max
|aH(�)R̃�1aH(�1)|2

aH(�)R̃�1aH(�)
·

����
TP

i=1
|s1(i)|2 ↵̃1(i)

����
2

TP
i=1

|s1(i)|2
<latexit sha1_base64="VoilNc5dm+ShSxjqqct5/ibA7Vg="></latexit>

↵1,A =
aH(�1,A)R̃�1aH(�1)

aH(�1,A)R̃�1aH(�1,A)
·

����
TP

i=1
|s1(i)|2 ↵̃1(i)

����
2

TP
i=1

|s1(i)|2
<latexit sha1_base64="bPw28Hn/cOY5JHOr9J7Nx55Oz4s="></latexit>

�
<latexit sha1_base64="FiyS4go+t2g5xnnnk4DqnO6sd+w="></latexit>
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•    training symbols available for source    ,  
then the                complex constraints on     are:        

 

 
•  Gradient Matrix              

    where                    ,                     and                  .      
 
•  Null matrix      can be computed such that       .                            

 

Semi-Blind Constraint for 
Communications Model 

m = 2T
<latexit sha1_base64="bQvEAeVEkJckT9JybTvCyGJ6zSI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mthXoRCl48VugXtEvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53C1vbO7l5xv3RweHR8Uj496+ooUYR2SMQj1Q+wppxJ2jHMcNqPFcUi4LQXzO4zv/dElWaRbJt5TH2BJ5KFjGCTSeKu1h6VK27VXQJtEi8nFcjRGpW/huOIJIJKQzjWeuC5sfFTrAwjnC5Kw0TTGJMZntCBpRILqv10eesCXVlljMJI2ZIGLdXfEykWWs9FYDsFNlO97mXif94gMeGtnzIZJ4ZKsloUJhyZCGWPozFTlBg+twQTxeytiEyxwsTYeEo2BG/95U3SrVW9m2rtsV5pNvI4inABl3ANHjSgCQ/Qgg4QmMIzvMKbI5wX5935WLUWnHzmHP7A+fwBa9uNyw==</latexit>

T
<latexit sha1_base64="8yx+epYkravW54LvKp6LOE/aN1g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGIR4DXjwmkBckS5iddJIxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXEAuujet+O7mt7Z3dvfx+4eDw6PikeHrW1lGiGLZYJCLVDahGwSW2DDcCu7FCGgYCO8H0fuF3nlBpHsmmmcXoh3Qs+YgzaqzUaA6KJbfsLkE2iZeREmSoD4pf/WHEkhClYYJq3fPc2PgpVYYzgfNCP9EYUzalY+xZKmmI2k+Xh87JlVWGZBQpW9KQpfp7IqWh1rMwsJ0hNRO97i3E/7xeYkZ3fsplnBiUbLVolAhiIrL4mgy5QmbEzBLKFLe3EjahijJjsynYELz1lzdJu1L2bsqVxm2pVs3iyMMFXMI1eFCFGjxAHVrAAOEZXuHNeXRenHfnY9Wac7KZc/gD5/MHraiM0Q==</latexit> j

<latexit sha1_base64="+HckO899KxbUpoYi0eUcPV1GiTg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRBI8kXjxCIo8ENmR2aGBgdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A6m9wu//YRK80g+mlmMfkhHkg85o8ZKjUm/WHLL7hJkk3gZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgv9BKNMWVTOsKupZKGqP10eeicXFllQIaRsiUNWaq/J1Iaaj0LA9sZUjPW695C/M/rJmZ456dcxolByVaLhokgJiKLr8mAK2RGzCyhTHF7K2FjqigzNpuCDcFbf3mTtCpl76ZcadyWatUsjjxcwCVcgwdVqMED1KEJDBCe4RXenInz4rw7H6vWnJPNnMMfOJ8/zwCM5w==</latexit>

✓
<latexit sha1_base64="3EJGJa3TmD8N41eIEPUAZTSB6UI=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYvEVCVloGMlFsYi0YfURJXjOK1Vx47sG0RV9VdYGECIlR9h429I2gzQciRLR+fcq3t8gkRwA47zbZW2tnd298r7lYPDo+MT+7TaMyrVlHWpEkoPAmKY4JJ1gYNgg0QzEgeC9YPpbe73H5k2XMkHmCXMj8lY8ohTApk0sqteoEQYE5jUPZgwIPXKyK45DWcJvEncgtRQgc7I/vJCRdOYSaCCGDN0nQT8OdHAqWCLipcalhA6JWM2zKgkMTP+fJl9gS8zJcSR0tmTgJfq7405iY2ZxUE2mac0614u/ucNU4ha/pzLJAUm6epQlAoMCudF4JBrRkHMMkKo5llWTCdEEwpZXXkJ7vqXN0mv2XCvG837Zq3dKuooo3N0ga6Qi25QG92hDuoiip7QM3pFb9bCerHerY/VaMkqds7QH1ifPxCkk8I=</latexit>

i = 1, . . . , T
<latexit sha1_base64="b6oTdzzU5qe/BHPUR9JuEJdaxkw=">AAAB8nicbVBNSwMxFMzWr1q/qh69BIvgoZTdKtSLUPDisUJbC9ulZNNsG5pNluStUJb+DC8eFPHqr/HmvzFt96CtA4Fh5g15b8JEcAOu++0UNja3tneKu6W9/YPDo/LxSdeoVFPWoUoo3QuJYYJL1gEOgvUSzUgcCvYYTu7m/uMT04Yr2YZpwoKYjCSPOCVgJZ/fetX+UIGptgfliltzF8DrxMtJBeVoDcpfNknTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYrz/CFVYY4Uto+CXih/k5kJDZmGod2MiYwNqveXPzP81OIboKMyyQFJunyoygVGBSe34+HXDMKYmoJoZrbXTEdE00o2JZKtgRv9eR10q3XvKta/eG60mzkdRTRGTpHl8hDDdRE96iFOogihZ7RK3pzwHlx3p2P5WjByTOn6A+czx8lKJB6</latexit>

f2i�1(✓) = sj(i)� sji = 0
<latexit sha1_base64="/1zwUPinbx9fQ2YnS4+C5cwWxd4=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK0i5akCnVTKLhxWcE+oAlhMp20004ezNwIJeQr3Pgrblwo4lbc+TdOHwttPTDM4Zx7ufceL+ZMgml+a7mNza3tnfxuYW//4PBIPz7pyCgRhLZJxCPR87CknIW0DQw47cWC4sDjtOtNbmZ+94EKyaLwHqYxdQI8DJnPCAYluXrFd9Maq1hZyfYiPpDTQH2pDSMKOCs3pDsusXJFuumYZQ3T1Ytm1ZzDWCfWkhTREi1X/7IHEUkCGgLhWMq+ZcbgpFgAI5xmBTuRNMZkgoe0r2iIAyqddH5WZlwoZWD4kVAvBGOu/u5IcSBnC6vKAMNIrnoz8T+vn4B/7aQsjBOgIVkM8hNuQGTMMjIGTFACfKoIJoKpXQ0ywgITUEkWVAjW6snrpFOrWpfV2t1VsVlfxpFHZ+gclZCF6qiJblELtRFBj+gZvaI37Ul70d61j0VpTlv2nKI/0D5/AF5FntQ=</latexit>

f2i(✓) = s⇤j (i)� s⇤ji = 0
<latexit sha1_base64="sqrrdPtzV9FgWb+18Nb7Hi76BcM=">AAACGHicbVDJSgNBEO2JW4zbqEcvg0FIAsaZKMRLIODFYwSzQJahp9OTdNKz0F0jhGE+w4u/4sWDIl5z82/sLAdNfND0470qquo5IWcSTPNbS21sbm3vpHcze/sHh0f68UlDBpEgtE4CHoiWgyXlzKd1YMBpKxQUew6nTWd8N/ObT1RIFviPMAlp18MDn7mMYFCSrV+5dlxiSa7jBLwvJ5764g4MKeAkX5H2qFfIsfyltOMRS3qFimnrWbNozmGsE2tJsmiJmq1PO/2ARB71gXAsZdsyQ+jGWAAjnCaZTiRpiMkYD2hbUR97VHbj+WGJcaGUvuEGQj0fjLn6uyPGnpwtrSo9DEO56s3E/7x2BO5tN2Z+GAH1yWKQG3EDAmOWktFnghLgE0UwEUztapAhFpiAyjKjQrBWT14njVLRui6WHm6y1fIyjjQ6Q+cohyxURlV0j2qojgh6Rq/oHX1oL9qb9ql9LUpT2rLnFP2BNv0B5b2fmg==</latexit>

Fj(✓) =
⇥
IT ⌦Ej , 02T⇥(N�T )k, IT ⌦Gj

⇤
<latexit sha1_base64="5ZT+IwlevGZj7xly6YRUyT3PmIY="></latexit>

Gj =


eTj
01⇥k

�

<latexit sha1_base64="Q8LrwF45x+TbgUyW3x1fx5gAmoc="></latexit>

Ej =


01⇥k

eTj

�

<latexit sha1_base64="RHucAMbWQ3MnMEF6H+Ua0fvBqjA="></latexit>

eTj =
⇥
0, . . . , 0, 1, 0, . . . 0

⇤
<latexit sha1_base64="wwy84U1bqQwT1evqXHX/15bVVhQ=">AAACK3icbVDLSgMxFM3UV62vqks3g0VwUcpMFepGKLpxWaEv6NSSSe+0sZnMkGTEMvR/3PgrLnThA7f+h5l2QG09EDice26Sc9yQUaks693ILC2vrK5l13Mbm1vbO/ndvaYMIkGgQQIWiLaLJTDKoaGoYtAOBWDfZdByR5fJvHUHQtKA19U4hK6PB5x6lGClpV7+wvGxGrpeDJPe7U393HFhQHnsalXQ+0nOKjr9QMmiVbSLKbdyDvD+j6WXL1glawpzkdgpKaAUtV7+Wd9DIh+4IgxL2bGtUHVjLBQlDCY5J5IQYjLCA+hoyrEPshtPs07MI630TS8Q+nBlTtXfGzH2pRz7rnYmyeT8LBH/m3Ui5Z11Y8rDSAEns4e8iJkqMJPizD4VQBQba4KJoPqvJhligYnS9SYl2PORF0mzXLJPSuXr00K1ktaRRQfoEB0jG1VQFV2hGmoggh7QE3pFb8aj8WJ8GJ8za8ZId/bRHxhf30sXpwQ=</latexit>

1⇥ k
<latexit sha1_base64="lb8KBN0CbY6gccUSs1n6GOJaZNw="></latexit>

jth
<latexit sha1_base64="Xbl5ue4xVQtYgGWU0mioUbSygeU="></latexit>

position 

U
<latexit sha1_base64="/0iP1LnbNLRg9XBpYhkD0vlCWls=">AAAB8nicbVBNSwMxFMz6WetX1aOXYBE8ld0q2GPBi8cKblvYLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2XYP2joQGGbeI/MmSgU34Lrfzsbm1vbObmWvun9weHRcOzntGpVpynyqhNL9iBgmuGQ+cBCsn2pGkkiwXjS9K/zeE9OGK/kIs5SFCRlLHnNKwErBICEwieLcn1eHtbrbcBfA68QrSR2V6AxrX4ORolnCJFBBjAk8N4UwJxo4FWxeHWSGpYROyZgFlkqSMBPmi8hzfGmVEY6Vtk8CXqi/N3KSGDNLIjtZRDSrXiH+5wUZxK0w5zLNgEm6/CjOBAaFi/vxiGtGQcwsIVRzmxXTCdGEgm2pKMFbPXmddJsN77rRfLipt1tlHRV0ji7QFfLQLWqje9RBPqJIoWf0it4ccF6cd+djObrhlDtn6A+czx/+j5EH</latexit>

F(✓)U = 0m⇥(2Nk+3k�m)
<latexit sha1_base64="+Xj0NEBjr8myw1jBtFZavEh0vrk="></latexit>

Training T
<latexit sha1_base64="8yx+epYkravW54LvKp6LOE/aN1g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGIR4DXjwmkBckS5iddJIxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXEAuujet+O7mt7Z3dvfx+4eDw6PikeHrW1lGiGLZYJCLVDahGwSW2DDcCu7FCGgYCO8H0fuF3nlBpHsmmmcXoh3Qs+YgzaqzUaA6KJbfsLkE2iZeREmSoD4pf/WHEkhClYYJq3fPc2PgpVYYzgfNCP9EYUzalY+xZKmmI2k+Xh87JlVWGZBQpW9KQpfp7IqWh1rMwsJ0hNRO97i3E/7xeYkZ3fsplnBiUbLVolAhiIrL4mgy5QmbEzBLKFLe3EjahijJjsynYELz1lzdJu1L2bsqVxm2pVs3iyMMFXMI1eFCFGjxAHVrAAOEZXuHNeXRenHfnY9Wac7KZc/gD5/MHraiM0Q==</latexit>

symbols 



CoE Meeting - 36 
CDR  01/11/21 

Constrained Misspecified  
Cramer-Rao Bound 

•  Thus we have found        and     . 
 
•            and average Hessian          derived in the paper. 

•  Constrained Misspecified CRB: 
  

✓A =
⇥
s1(1), . . . , s1(N), s⇤1(1), . . . , s

⇤
1(N),↵1,A,↵⇤

1,A,�1,A
⇤T

<latexit sha1_base64="UHcDtmIcWdXw9lOVeTxffVOQdxY="></latexit>

E
⇣

✓̂ � ✓A

⌘⇣
✓̂ � ✓A

⌘H
�
� U(UHC(✓A)U)�1UH

⇥ J(✓A)U(UHC(✓A)U)�1UH

<latexit sha1_base64="l6ZzHpykyxf1yq+kyTsPrmevPjw="></latexit>

C(✓)
<latexit sha1_base64="FB/SFLm0YqIRr1GD1O0VZ+dlstw=">AAACCHicbVDLSsNAFJ3UV62vqEsXBotQNyWpgi4L3bisYB/QhDKZTtqhk0yYuRFKyNKNv+LGhSJu/QR3/o2TNgttvTDM4Zx7ueceP+ZMgW1/G6W19Y3NrfJ2ZWd3b//APDzqKpFIQjtEcCH7PlaUs4h2gAGn/VhSHPqc9vxpK9d7D1QqJqJ7mMXUC/E4YgEjGDQ1NE/dEMPED9JWVnN9wUdqFuovdWFCAWcXQ7Nq1+15WavAKUAVFdUeml/uSJAkpBEQjpUaOHYMXoolMMJpVnETRWNMpnhMBxpGOKTKS+eHZNa5ZkZWIKR+EVhz9vdEikOVG9SduW21rOXkf9oggeDGS1kUJ0AjslgUJNwCYeWpWCMmKQE+0wATybRXi0ywxAR0dhUdgrN88iroNurOZb1xd1VtNoo4yugEnaEactA1aqJb1EYdRNAjekav6M14Ml6Md+Nj0Voyiplj9KeMzx9qmpos</latexit>

J(✓)
<latexit sha1_base64="2/ewZ8IqIvbRNAvYwGZsMMUC3dc=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqUJcFN+Kqgn1AE8pkOmmHTh7M3AglZOnGX3HjQhG3foI7/8ZJm4W2XhjmcM693HOPFwuuwLK+jZXVtfWNzdJWeXtnd2/fPDjsqCiRlLVpJCLZ84higoesDRwE68WSkcATrOtNrnO9+8Ck4lF4D9OYuQEZhdznlICmBuaJExAYe356m1UdLxJDNQ30lzowZkCy84FZsWrWrPAysAtQQUW1BuaXM4xoErAQqCBK9W0rBjclEjgVLCs7iWIxoRMyYn0NQxIw5aazQzJ8ppkh9iOpXwh4xv6eSEmgcoO6M7etFrWc/E/rJ+BfuSkP4wRYSOeL/ERgiHCeCh5yySiIqQaESq69YjomklDQ2ZV1CPbiycugU6/ZF7X63WWl2SjiKKFjdIqqyEYN1EQ3qIXaiKJH9Ixe0ZvxZLwY78bHvHXFKGaO0J8yPn8Ad1GaOA==</latexit>

U
<latexit sha1_base64="/0iP1LnbNLRg9XBpYhkD0vlCWls=">AAAB8nicbVBNSwMxFMz6WetX1aOXYBE8ld0q2GPBi8cKblvYLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2XYP2joQGGbeI/MmSgU34Lrfzsbm1vbObmWvun9weHRcOzntGpVpynyqhNL9iBgmuGQ+cBCsn2pGkkiwXjS9K/zeE9OGK/kIs5SFCRlLHnNKwErBICEwieLcn1eHtbrbcBfA68QrSR2V6AxrX4ORolnCJFBBjAk8N4UwJxo4FWxeHWSGpYROyZgFlkqSMBPmi8hzfGmVEY6Vtk8CXqi/N3KSGDNLIjtZRDSrXiH+5wUZxK0w5zLNgEm6/CjOBAaFi/vxiGtGQcwsIVRzmxXTCdGEgm2pKMFbPXmddJsN77rRfLipt1tlHRV0ji7QFfLQLWqje9RBPqJIoWf0it4ccF6cd+djObrhlDtn6A+czx/+j5EH</latexit>
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Numerical Results 

�̂1,ML = arg max

���vH(�)R̃�1x̃
���
2

vH(�)R̃�1v(�)
<latexit sha1_base64="j4KernI+VaugvwgzBYDoGnr5TWE="></latexit>

v(�) =

2

64
s1(1)a(�)

...
s1(N)a(�)

3

75

<latexit sha1_base64="Dq/l0bkCL+2zicBP2qYYJmaFB04="></latexit>

�
<latexit sha1_base64="FiyS4go+t2g5xnnnk4DqnO6sd+w="></latexit>

•  Assumed model:       constant. 

•  True Model: 

•  Maximum Likelihood Estimate: 

↵1
<latexit sha1_base64="h6hQTux1FG9E//fU4r0N83/YNMI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqUI8FLx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2Vun0UyRgH3qBccavuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx74xcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDd+xmWSGibpclGYCmJiMn+eDLli1IipJUgVt7cSOkaF1NiISjYEb/XlddKuVb2rau3+utKo53EU4QzO4RI8qEMD7qAJLaAg4Ble4c15dF6cd+dj2Vpw8plT+APn8wey0I+1</latexit>
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Numerical Results 
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Numerical Results 
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Summary 

•  Parameter estimation bounds for a communication link under 
model misspecification. 

•  Constrained Misspecified Cramer Rao Bound (CMCRB). 

•  Dynamic Channel – Bounds on angle of arrival when channel 
gains vary with time but are assumed to be constant.   

 
•  Effect on bounds when dynamic nature of channel is varied. 

•  Different forms of dynamic channels can be considered.  
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Outline 

•  Introduction 
•  Akshay’s discussion 
•  Closing remarks 
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Closing Remarks 

•  Initial results show encouraging agreement, and more complex 
channels can be considered 
–  We welcome input from others here… 

•  Perhaps inform of important use cases to focus on 
•  Perhaps inform of models that have been successfully employed, etc. 

–  Perhaps inform what can be assumed about TX/RX hardware? 
•  e.g. # antennas, bandwidth, modulation schemes, etc. 

•  MCRB can help identify most essential aspects of modeling, e.g. 
–  Determine which dynamics must be properly captured  
–  versus which dynamics are less important 

•  CRB / MCRB can provide helpful reference points for performance 
comparisons 
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Backups 
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Regularity Conditions: Allow Reverse 
Order of Integration and Differentiation 

•  By linearity of integration we have 

Return 

•  Order reversal of integration / differentiation simplifies first term: 
Z

b✓@ ln p

@✓
pdx =

Z
b✓ · 1

p

@p

@✓
· pdx

•  Lastly, order reversal shows that second term vanishes: 
Z

@ ln p

@✓
· pdx =

Z
1

p

@p

@✓
· pdx

=

Z
@p

@✓
dx =

@

@✓

Z
pdx =

@

@✓
(1) = 0

E

⇢
(b✓ � ✓)

@ ln p

@✓

�
=

Z
(b✓ � ✓)

@ ln p

@✓
pdx

<latexit sha1_base64="paKGt1QgDjr3wUP/prxvKp9IOds="></latexit><latexit sha1_base64="paKGt1QgDjr3wUP/prxvKp9IOds="></latexit><latexit sha1_base64="paKGt1QgDjr3wUP/prxvKp9IOds="></latexit><latexit sha1_base64="paKGt1QgDjr3wUP/prxvKp9IOds="></latexit>

=

Z
b✓@ ln p

@✓
pdx� ✓

Z
@ ln p

@✓
pdx

<latexit sha1_base64="MkIMwpY6dW2mpjtWuk3segpLfk4="></latexit><latexit sha1_base64="MkIMwpY6dW2mpjtWuk3segpLfk4="></latexit><latexit sha1_base64="MkIMwpY6dW2mpjtWuk3segpLfk4="></latexit><latexit sha1_base64="MkIMwpY6dW2mpjtWuk3segpLfk4="></latexit>

=

Z
b✓ · @p

@✓
dx =

@

@✓

Z
b✓ · pdx =

@✓

@✓
= 1

<latexit sha1_base64="e5sYBhqCj8MslKu/vfm4kvHVfXs="></latexit><latexit sha1_base64="e5sYBhqCj8MslKu/vfm4kvHVfXs="></latexit><latexit sha1_base64="e5sYBhqCj8MslKu/vfm4kvHVfXs="></latexit><latexit sha1_base64="e5sYBhqCj8MslKu/vfm4kvHVfXs="></latexit>


